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Foreword 


More than a generation of German-speaking students around the world have worked their 
way to an understanding and appreciation of the power and beauty of modern theoretical 
physics — with mathematics, the most fundamental of sciences — using Walter Greiner’s 
textbooks as their guide. 

The idea of developing a coherent, complete presentation of an entire field of science 
in a series of closely related textbooks is not a new one. Many older physicists remember 
with real pleasure their sense of adventure and discovery as they worked their ways 
through the classic series by Sommerfeld, by Planck and by Landau and Lifshitz. From 
the students’ viewpoint, there are a great many obvious advantages to be gained through 
use of consistent notation, logical ordering of topics and coherence of presentation; beyond 
this, the complete coverage of the science provides a unique opportunity for the author to 
convey his personal enthusiasm and love for his subject. 

What makes Greiner’s volumes of particular value to the student and professor alike 
is their completeness. Greiner avoids the all too common “it follows that...” which conceals 
several pages of mathematical manipulation and confounds the student. He does not hesi- 
tate to include experimental data to illuminate or illustrate a theoretical point and these 
data, like the theoretical content, have been kept up to date and topical through frequent 
revision and expansion of the lecture notes upon which these volumes are based. 

Moreover, Greiner greatly increases the value of his presentation by including some- 
thing like one hundred completely worked examples in each volume. Nothing is of greater 
importance to the student than seeing, in detail, how the theoretical concepts and tools 
under study are applied to actual problems of interest to a working physicist. And, finally, 
Greiner adds brief biographical sketches to each chapter covering the people responsible 
for the development of the theoretical ideas and/or the experimental data presented. It 
was Auguste Comte (1798-1857) in his Positive Philosophy who noted, “To understand a 
science it is necessary to know its history”. This is all too often forgotten in modern physics 
teaching and the bridges that Greiner builds to the pioneering figures of our science upon 
whose work we build are welcome ones. 

Greiner’s lectures, which underlie these eelances are internationally noted for their 
clarity, their completeness and for the effort that he has devoted to making physics an 
integral whole; his enthusiasm for his science is contagious and shines through almost 
every page. 

These volumes represent only a part of a unique and Herculean effort to make all of 
theoretical physics accessible to the interested student. Beyond that, they are of enormous 
value to the professional physicist and to all others working with quantum phenomena. 
Again and again the reader will find that, after dipping into a particular volume to review 


a specific topic, he will end up browsing, caught up by often fascinating new insights and 
developments with which he had not previously been familiar. 

Having used a number of Greiner’s volumes in their original German in my teaching 
and research at Yale, I welcome these new and revised English translations and would 
recommend them enthusiastically to anyone searching for a coherent overview of physics. 


D. Allan Bromley 

Henry Ford II Professor of Physics 
Yale University 

New Haven, CT USA 
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Preface 


Theoretical physics has become a many-faceted science. For the young student it is diffi- 
cult enough to cope with the overwhelming amount of new scientific material that has to 
be learned, let alone obtain an overview of the entire field, which ranges from mechanics 
through electrodynamics, quantum mechanics, field theory, nuclear and heavy-ion sci- 
ence, statistical mechanics, thermodynamics, and solid-state theory to elementary-particle 
physics. And this knowledge should be acquired in just 8-10 semesters, during which, in 
addition, a Diploma or Master’s thesis has to be worked on or examinations prepared for. 
All this can be achieved only if the university teachers help to introduce the student to 
the new disciplines as early on as possible, in order to create interest and excitement that 
in turn set free essential, new energy. Naturally, all inessential material must simply be 
eliminated. 

At the Johann Wolfgang Goethe University in Frankfurt we therefore confront the 
student with theoretical physics immediately, in the first semester. Theoretical Mechanics 
I and H, Electrodynamics, and Quantum Mechanics I — An Introduction are the basic 
courses during the first two years. These lectures are supplemented with many math- 
ematical explanations and much support material. After the fourth semester of studies, 
graduate work begins, and Quantum Mechanics II — Symmetries, Statistical Mechanics 
and Thermodynamics, Relativistic Quantum Mechanics, Quantum Electrodynamics, the 
Gauge Theory of Weak Interactions, and Quantum Chromodynamics are obligatory. Apart 
from these, a number of supplementary courses on special topics are offered, such as 
Hydrodynamics, Classical Field Theory, Special and General Relativity, Many-Body The- 
ories, Nuclear Models, Models of Elementary Particles, and Solid-State Theory. Some of 
them, for example the two-semester courses Theoretical Nuclear Physics and Theoretical 
Solid-State Physics, are also obligatory. 

The form of the lectures that comprise Quantum Mechanics — Symmetries follows 
that of all the others: together with a broad presentation of the necessary mathematical 
tools, many examples and exercises are worked through. We try to offer science in as 
interesting a way as possible. With symmetries in quantum mechanics we are dealing 
with a particularly beautiful theme. The selected material is perhaps unconventional, but 
corresponds, in our opinion, to the importance of this field in modern physics. 

After a short reminder of some symmetries in classical mechanics, the great impor- 
tance of symmetries in quantum mechanics is outlined. In particular, the consequences of 
rotational symmetry are described in detail, and we are soon led to the general theory of 
Lie groups. The isospin group, hypercharge, and SU(3) symmetry and its application in 
modern elementary-particle physics are broadly outlined. Essential mathematical theorems 
are first quoted without proof and heuristically illustrated to show their importance and 
meaning. The proof can then be found in detailed examples and worked-out exercises. 
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A mathematical supplement on root vectors and classical Lie algebras deepens the 
material, the Young-tableaux technique is broadly outlined, and, by way of a chapter 
on group characters and another on charm, we lead up to very modern questions of 
physics. Chapters on special discrete symmetries and dynamical symmetries round off 
these lectures. These are all themes which fascinate young physicists, because they show 
them that as early as the fifth semester they can properly address and discuss questions of 
frontier research. 

Many students and collaborators have helped during the years to work out examples 
and exercises. For this first English edition we enjoyed the help of Maria Berenguer, 
SnjeZana Butorac, Christian Derreth, Dr. Klaus Geiger, Dr. Matthias Grabiak, Carsten 
Greiner, Christoph Hartnack, Dr. Richard Herrmann, Raffael Matiello, Dieter Neubauer, 
Jochen Rau, Wolfgang Renner, Dirk Rischke, Thomas Schénfeld, and Dr. Stefan Schramm. 
Miss Astrid Steidl drew the graphs and prepared the figures. To all of them we express 
our sincere thanks. We are also grateful to Dr. K. Langanke and Mr. R. KGnning of the 
Physics Department of the University in Miinster for their valuable comments on the 
German edition. 

We would especially like to thank Mr. Béla Waldhauser, Dipl.-Phys., for his overall 
assistance. His organizational talent and his advice in technical matters are very much 
appreciated. 

Finally, we wish to thank Springer-Verlag; in particular, Dr. H.-U. Daniel, for his 
encouragement and patience, and Mr. Michael Edmeades, for expertly copy-editing the 
English edition. 


Frankfurt am Main Walter Greiner 
July 1989 Berndt Miiller 
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1. Symmetries in Quantum Mechanics 


1.1 Symmetries in Classical Physics 


Symmetries play a fundamental role in physics, and knowledge of their presence in certain 
problems often simplifies the solution considerably. We illustrate this with the help of three 
important examples. 


a) Homogeneity of Space. We assume space to be homogeneous, i.e. of equal structure 
at all positions r. This is synonymous with the assumption that space is invariant under 
translations, because in this case the area surrounding any point can be mapped exactly by 
a translation from a similar area surrounding an arbitrary point (Fig. 1.1). This “translation 
invariance” implies the conservation of momentum for an isolated system. Here we define 
homogeneity of space to mean that the Lagrange function L(r;,7;,t) of a system of parti- 
cles remains invariant if r; is replaced by r; + a, where a is an arbitrary constant vector. 
(A more general concept of “homogeneity of space” would require only the invariance of 
the equations of motion under spatial translations. In this case a conserved quantity can 
also be shown to exist, but it is not necessarily the canonical momentum. See Exercises 
1.3 and 1.5 for a detailed discussion of this aspect.) Thus 


OL OL 
=e 5; =a: ) —— =0 ial 
éL X am ér;=a X ar, (1.1) 
must be valid. Since a is arbitrary this implies 
OL OL OL OL 
— = = —— —_—_ —— :. 1.2 
Lean Lon’ Las) ue) 
Here we have abbreviated 


a GEE al 


Or; Oz;’ Oy;’ 02; 

the gradient of L with respect to r;. From the Euler-Lagrange equations 
Gee | Eee 
Of Or Or. 


it follows immediately with (1.2) that 


d OL d 
ee ein P, =const. , 
ph os ee 


where P, is the x component of the total momentum 


a) 


P| a2 


zt 
P2 


Fig. 1.1. Homogeneity or transla- 
tional invariance of space means 
that the area around P follows 
from that of any other arbitrary 
point (e.g. Py, Fe, ...) by transla- 
tions (a), a2,... ) 


= {hore Sire mr. b-rR , (1.3) 


This is the Jaw of momentum conservation in classical mechanics. In nonrelativistic physics, 
it allows for the definition of a centre of mass. This is due to the fact that this law holds 
in all inertial systems, because in all of these space is homogeneous. Let P= });mjv; 
denote the total momentum in the system K. Then in the system, A’ ' which moves with 


the velocity v with respect to K, it is given by 
= So miv; = Se et —v)=P- @ yun: : 
a i i 


because nonrelativistically vi = v; — v. The centre-of-mass system is defined by the 
condition that the total momentum P’ vanishes. In K it moves with the velocity 


w-35-(Gom)/(E) 


where 


= (Emr) /(Em) aS 


is the coordinate of the nonrelativistic centre of mass. 


b) Homogeneity of Time. The homogeneity of time has no less importance than the 
homogeneity of space. It stands for the invariance of the laws of nature in isolated systems 
with respect to translations in time, i.e. at time t +t they have the same form as at time ¢. 
This is expressed mathematically by the fact that the Lagrange function does not depend 
on time explicitly, i.e. 


D=L(qi,4i) - (1.6) 
Then it follows that 

dL OL OL 

—_ = —q+)>) =-q . 7 


[Note that if L depends explicitly on time, the term OL/dt has to be added on the right-hand 
side (rhs) of (1.7).] 
Making use of the Euler-Lagrange equations 


dob ab _, 
dt 04; dq; 
one finds 
dL d OL OL df. oL 
dt > ‘he Ba BG = Da (agg) : 


or 


d Pol 
a (Dax -2)=0. ee 
This expresses the conservation of the quantity 
_ OL 
E= Lidigg — b= Lidim—L=H 5 (1.9) 
i : i 


which represents the total energy (Hamilton function H). The quantities 7; = OL/Oq; are 
the canonical momenta. Since the energy (1.9) is linear in L it is additive, so that for two 
systems which are described by L, and Lo, respectively, the energy is E = E) + E2. This 

is valid as long as there exists no interaction L312 between the two systems, i.e. if ZL, and 

DL depend on different dynamical variables q;; and g;2. The law of energy conservation is 
valid not only for isolated systems, but also in any time-independent external field, because * 
then L is still independent [the only requirement of L was time-independence, which led 

to the conservation of energy (1.9)]. Systems in which the total energy is conserved are 
called conservative systems. 


c) Isotropy of Space. Isotropy of space means that space has the same structure in all 
directions (Fig. 1.2). In other words: The mechanical properties of an isolated system 
remain unchanged if the whole system is arbitrarily rotated in space, i.e. the Lagrangian 
is invariant under rotations. Let us now consider infinitesimal rotations (Fig. 1.3) 


5 = (542, 5¢y, 562} (1.10) 


The modulus 6¢ characterizes the size of the rotation angle, and the direction 66/6¢ Fig. 1.2. Isotropic space is equally 
defines the axis of rotation. The radius vector r changes under the rotation 6¢ by ér. We _—‘Sttuctured in every direction of e 
have 

ér=|érl[=rsindd¢ , 


and the direction of ér is perpendicular to the plane spanned by 6¢@ and r. Hence 
ébr=ddxTr . nD) 


In addition to the position vectors r;, the particle velocities v; are also altered by the 
rotation; they change their direction. In fact all vectors are changed in the same manner 
by a rotation. Thus the velocity change év; is given by 


6u,;=65d Xvi. Cia} 


Since the rotation is assumed not to change the lagrangian, we have Fig. 1.3, Ilustration of an infinites- 
imal rotation of the position vector 


sb=T (FE iret 5-5) = (ee (1.13) r and an arbitrary vector A 
The canonical momenta are 
he | le ae OL 
mt Ou; ee =F) 
and according to the Lagrange equations we obtain 
d OL OL 
mi dt Ou; Or; 


After substituting these quantities and also using (1.11) and (1.12), Eq. (1.13) becomes 
Yo [ai (6b X ri)+ a+ (6d X vj)] 
i 


(1.14) 


2 


d 
=é6- dri x atom) = 66-2 (Dri 4 mi) =0 


Since 


L= Sy tr, x Ty 
i 
is the classical angular momentum, and the infinitesimal rotation vector 6¢ is arbitrary, it 
follows that 


dL _ (1.16) 


(1.15) 


LT =const. 


Because the sum in (1.15) extends over all particles, the angular momentum is additive 
— like the momentum, noted earlier in (1.3) —, i.e. if further particles are added their 
contribution to the total angular momentum is simply summed according to (1.15). This 


is valid, no matter whether the additional particles interact with the old particles or not. 
We may get further insight into these conservation laws by solving the following two 


problems. 


EXERC: == ee eee eee 


1.1 Angular Momenta in Different Reference Frames 


Problem. a) What is the connection between the angular 
momenta in two reference systems which are at rest rela- 
tive to each other and whose origins are separated by the 
distance a? 

b) What is the relation between the angular momenta 
in two inertial systems K and K’ which move with veloc- 
ity Vrelative to each other? 


Solution. a) Let us consider a system of particles with the 
position vectors r; in one coordinate system, and with the 
position vectors r’, in another system. Since the origins of 
the coordinate systems are separated by a, we have 


r= r, ta. (1) 

The total angular momentum of the system is given by 

L= 0X p; . (2) 
i 

Inserting (1) into (2) it follows that 


4 


L=Sor; X pp=>o XpitaXx Dp; . (3) 
1 i 1 


Now >0,; 7; X p; = L’, and >>; p; = P is the total mo- 
mentum of the system; thus, 


L=L'taxP . (4) 


The total angular momentum is composed of the internal 
total angular momentum and of the angular momentum of 
the entire system with respect to the origin, at a distance 
la]. LD = L' only if P is parallel to a (or P = 0), ice. 
if the whole system moves in the direction of the trans- 
lation. However, the angular momentum of the system is 
a conserved quantity, because the linear momentum P is 
conserved also! 

b) Consider K and K’ at the time when the systems 
coincide, ie. r; = rj. The velocities are v; = v,+ V; hence, 


L => > mir; xX v; 
t 
=>) mr; x v;, + So m;r; x o (5) 
; : 


2 


t — ele 
We have L' = $°;m;r; x vj;, and the position vector of 
the centre of mass reads 


R= (Sm) /(Lm) = 5 ne 


where M is the total mass of the system. Therefore, (5) 
yields 


D=L'+M(RxXW . (6) 


If the particle system is at rest in the system K’, then Vis 
the velocity of the centre of mass and P= MVis the total 
momentum of the system with respect to K,ie. D= L'+R 
x P= L'+Lg_ This means that angular momentum is 
composed of the angular momentum L’ in the rest frame 
and of the angular momentum of the centre of mass Ls. 


BRR >= 
1.2 Conserved Quantities of Specified Fields 


Problem. What components of the momentum P and the 
angular momentum L are conserved when moving in the 
following fields? 


a) field of an infinite homogeneous plane, 

b) field of an infinite homogeneous cylinder, 
Cc) field of an infinite homogeneous prism, 

d) field of two points, 

e) field of an infinite homogeneous semiplane, 
f) field of a homogeneous cone, 

g) field of a homogeneous circular ring, 

h) __ field of an infinite homogeneous helix. 


Solution. The projection of momentum and of angular mo- 
mentum onto a symmetry axis of the given field remain 
conserved, because the mechanical properties (Lagrangian 
and equation of motion) are not changed by a translation 
along this axis, or by a rotation around it. For the compo- 
nent of angular momentum, this is only valid if the angu- 
lar momentum is defined with respect to the centre of the 
field, and not with respect to an arbitrary spatial point. The 
momentum or the component of momentum, respectively, 
remains conserved in the sense of Lagrangian mechanics, 
if, and only if, the potential of the field does not depend 
on the corresponding generalized coordinate. 


a) field of an infinite homogeneous plane. We choose 
the zy plane. Because of the translational invariance of 


the plane, the potential does not depend on zx and y so 
that pz and py are conserved. In addition, the Lagrange 
function does not change when a rotation around the z 
axis 1s performed, i.e. Lz is conserved. 


b) field of an infinite homogeneous cylinder. Due to 
the infinite extent of the cylinder, the potential does not 
change under a translation along its axis (z axis); thus, 
pz is conserved. In addition, we have rotational symmetry 
around the z axis, i.e. D, is conserved. 

c) field of an infinite homogeneous prism (edges par- 
allel to the z axis). As in b), p, is conserved, but there is 
no rotational symmetry around the z axis, i.e. Lz is not 
conserved. 

d) field of two points (points on the z axis). Here we 
have only rotational symmetry around the z axis. The sole 
conserved quantity is L,. 


e) infinite homogeneous semiplane. Again we choose 
the zy plane, which is now bordered by the y axis, giving 
translational invariance only along the y axis, i.e. py is 
conserved. 


f) homogeneous cone (z axis along the cone axis). 
This time rotational symmetry lies around the z axis; DL, 
is conserved. 

g) homogeneous circular ring (z axis along the axis 
of the ring). Again rotational symmetry lies around the z 
axis; L, is conserved. 


h) infinite homogeneous helix (z axis along the axis 
of the helix). The potential (Lagrange function) does not 
change under a rotation through 6¢ about the z axis, as 
long as one simultaneously shifts along the z axis by éz. If 
the pitch of the helix is A (for a rotation through 27 on the 
helix, the change in the z direction is A), then a translation 
of 5z = (h/27)é¢ and a simultaneous rotation through 6¢ 
just conserves the symmetry of the potential; consequently, 
the variation of the Lagrange function vanishes, giving 


OL OL 

—4 eed Te . 1 
ESO ae ézt+ a6 6¢ (1) 
Now we have 
d OL d OL 
ame ae ap 
hence, 
d h 
mri ( 257 + Le) é¢ =0 


For arbitary 6¢ it follows that 


d h 
ay =, 
dt (rx +Ls) 


and, therefore 


h 
(v5 te i) =const. , 
T 


i.e. for the helix a certain linear combination of p, and L, 
remains conserved. 


Sa eS 


As in classical mechanics, the homogeneity of space and time, and the isotropy of 
space also play an important role in quantum mechanics. However, in quantum mechan- 
ical systems there also exist other symmetries. For that reason we want to develop a 
uniform approach to symmetry properties. In addition we distinguish geometric symme- 
tries — which correspond to the invariance of the system under translation and refiections 
in space and time, and under rotation, — from dynamic symmetries, which are often the 
reason for unexpected degeneracies of energy states, e.g. of the hydrogen atom or of 
the isotropic harmonic oscillator. Beyond that we have to mention other symmetries in 
different branches of physics (e.g. special relativity). Usually we consider only the single- 
particle problem (or the nonrelativistic two-particle problem in the centre-of-mass system, 
which is equivalent to the single-particle problem). However, most results can be trans- 
formed without difficulty into the problem of several interacting particles, as long as the 


fundamental symmetries are valid for all particles. 


1 For a full treatment see Vol.3 of this series, Relativistic Quantum Mechanics (Springer, Berlin, 


Heidelberg, to be published) 
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1.3 Noether’s Theorem (for improved insight) 


Noether’s theorem, which we will now prove, says the 
following: 

If the Euler-Lagrange equations of motion are invari- 
ant under a coordinate transformation t, q > t'(t), q'(q, t), 
then there exists an integral of motion, i.e. a conserved 
quantity. 

Given a Lagrange function L(q,q,t) of the coordi- 
nates g; («= 1,...,2) and time ¢, we introduce new coor- 
dinates t’, q’ by defining 


qq.) ae (1) 


This transformation shall be uniquely invertible. We can 
then write 


ot 


{:=t+h) , gGi=atéalad . (2) 


Initially the functions 6t and éq; are arbitrary, and the co- 
ordinate transformation of the Lagrange function is defined 
such that 

‘ dt 

L'q',q,t') = Liq’, t'), aq’, 7,0), t@)) 


Ww (3) 
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The velocities g, q' are given by 

ea i) waa 

EDs Ee as) ae ti 

The connection between these two quantities reads as 


: ad) Let t 
q; = sant = maiee = ai + Oaa5 


ec i 
= (4 c 580) T+ (ddiet ; (4) 
where we have used 
de il 
dt! dt!/dt 1+ (d/dt)ét 
For infinitesimal transformations this becomes 


: : 2 d - 
6q5:=G -—G= nov = ee (5) 


(4’) 


We have defined L’ as in (3), because with this definition 
the action remains invariant; since with 


to 
S(t1.tg) = / L(q(t), q(t), t)dt 
ty 


and t!(t2) 
SG, ye / Liq), qt’), t!)dt! 
t’(t1) 


it indeed follows that S(t1,t2) = S'(ty,t2). If the equa- 
tions of motion are invariant in form under such coor- 
dinate transformation, we call this transformation a sym- 
metry transformation. In the simplest case the Lagrange 
function itself remains invariant, i.e. 


NGG PS UG) 


but this is not a necessity. It is sufficient that 


Liq’, 7, t) = L(q',q',t') + = 2q,t/) : (6) 


or in other words, that CS — functions differ by 
a total derivative with respect to time. It is easily proved 
that for L = d[2(q, t)]/dt, the equations of motion 


a0 Om. O82 2. en 
peal Bag a ol Aer oe oe) 
400 _(s #0 . | #0 
7 99109; 9 8104; 
an . an 
2 59:00; 8 * eda 


C7) 9 ao 
5 (= 0qi99; -_ =. 


=0 , 
are fulfilled. Inserting (6) in (3), we get 


GG ett y= Ld, a4 H+ 20, oe 


and, reverting to the old coordinates, 


L(q, 4, t) = L(q'(q, t), a'(q, 4, t), t'() 
dt' 


d / / 
eae ae UM) , 
x at deed od) (t)) 


which together with (2) or (4’), respectively, yields the 
equation 


LQ, q: t) at L(q'(q, t), 2 OO t'(t)) 


= E(q'(a.t), EE i < naa ,@)) . 


If the transformation is continuous, it is sufficient to con- 
sider infinitesimal transformations in (2). Then (7) may be 
written (to a first order approximation), 


-~6L: = L(q,q,t) — L(q + 6q, 4 + 64, + 6t) 


aed 
= L(g. gt) ot + 5 (q+ 64,t + 5) 


In particular, if we choose éq, 6t = 0, then g=q', t=t' 
and [from (6)] it follows that d[2(q, t)]/dt = 0. We may 
use this to rewrite (—éL) as 


—6L = Lo < b+ “10g + 64,1 +) — 24,0) 


= [— — ; 8 
Lo ite £541) (8) 


Now if 
— dt (9) 


is inserted in (8) then, in view of (5), 
OL OLd 5) OL 
6q; + 


a dg; at 
+{ L ees re 
7 F dq; a 


is, for arbitrary q, t, the condition that a mechanical system 
described by L allows the infinitesimal symmetry transfor- 
mation (2). In particular, if 692 = 0, d(ét)/dt = 0, then 
é6L = 0 and the Lagrange function itself is invariant un- 
der the transformation. If (10) is fulfilled, then, using the 
equations of motion 0L/0q; = d(OL/04q;)/dt, it follows that 


d 
BEAC t) (10) 


FF i - X Fit) +60 
oe OL d 
. x OL, aL, - Fa) a] 
04; eh 04; mas 04; % 04; 7% 


OL OL 
pares = Se —§2=0 ; 
Wee sts (L D Fatt) ott 58 
ie. the quantity 
OL ( OL ) 
—6q+| L— > —4q; }6t+ 62 =const. (11) 
is an integral of the motion (conserved quantity). 


a 


RRS EEE SESE 


1.4 Time-Invariant Equations of Motion: 
The Lagrange Function and Conserved Quantities 


Problem. Which condition must be satisfied by the La- 
grange function L(q,q,t), and what conserved quantities 
can be found, if the equations of motion are invariant under 
translations in time? 


Solution. In this case we have éq = 6q = 0, ét(t) = 67 = 
const. and the condition [Example 1.3, Eq. (10)] reads 


OL d 

a = Se ae (1) 
If L is not explicitly time-dependent then 62 = 0, and 
the Lagrange function itself has translational invariance in 
time. The corresponding conserved quantity [Example 1.3, 


Eq. (11)] is the total energy, 
OL 
F=L-— ye Ba; : (2) 


If the kinetic energy T in L = T — V is explicitly time- 
independent, and a time-dependent potential V is present, 
then 6§2 ought to be found in such a way that 

OV eld 

Ot br dt ) 
is valid. In general this is not possible, because 6V/0t need 
not be a total derivative with respect to time. 


KXEROS =i ae ee ee 


1.5 Conditions for Translational, Rotational 
and Galilean Invariance 


Problem. Given the Lagrange function (in cartesian coor- 
dinates) 
L=4mr —V(r) (1) 


and the following transformations: 
a) spatial translations 


6x, =6z2=0 , dz3=const. , d6t=0 ; (2a) 
b) spatial rotations, 

621 =—6¢2rq , db2g=+6¢21 , 

623 =0 , 6t=0 ,(6¢=const.) ; (2b) 
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c) Galilei transformations, 


62, = 622 =0 , b23=du3t , 
$f =0 tos = CONSE) (2c) 


Which conditions must hold, so that these are symmetry 
transformations? What are the conserved quantities? 


Solution. For St = 0 the conditional equation for a sym- 
metry transformation reads 

OL OLd d 

— + — — ]bz; =—-—6N(7,t) . 3 
i id ou, a) * dt (r,t) @) 
The left-hand side (lhs) has to be a total derivative with 
respect to time. If such a 62 can be found then (from 
Noether’s theorem) the quantity 


OL 
— $2; + 6? = const. (4) 
» 055°" 


is conserved. In our case we have 

OL OV OL 

— =-— , —=mi; . 5) 

Dp lace wae ©) 
a) The condition for invariance in the form of the 

equations of motion reads here as 


Ov d 
are = Gb 2, t) 


O . O 
SS 2 Ba oe = Boe t) : (6) 
The Ihs does not contain z;; thus, 


g 62(r,t)=0 or 


6N(7r, t) =6N(t). (7) 
Oz; 
Hence our condition is 
OV O 


It follows immediately that OV/Ox3 must be constant (in- 
dependent of a,¢), and with 


OV 
622 = ao > (9) 


the equation of motion is form-invariant. In this case the 
spatial translation is a symmetry transformation, and the 
conserved quantity is (after reduction by 6z3) 


mzr3 + sae = const 10 


In particular, if the constant force in the x3 direction van- 
ishes, then 


OV 0 
and the conserved quantity is the momentum 
a ME 12 
= =—=mzi3 . 
P3= 55, 3 (12) 


Since now 6§2 = 0, the Lagrange function itself is invariant. 

We thus have shown that the conservation of mo- 
mentum follows from the spatial translational invariance 
of the Lagrange function, but not from the invariance of 
the equations of motion against spatial translations. The 
exceptional case is that of a constant, homogeneous force 
field: V(r) = —F-r. Here the conserved quantity is 


P=p-—Ft=mr-F , (10’) 


implying that the momentum is a linear function of time. 

From a broader perspective, the constant force field 
illustrates the difference between /Jocal and global homo- 
geneity of space. The field-filled space is locally homo- 
geneous, because no point in space can be distinguished 
from any other by local measurements. However, the force 
field must be generated by some source, e.g. a distant mass 
for a gravity field, or distant capacitor plates for a constant 
electric field. This source configuration destroys the global 
homogeneity of space (see figure below). 


b) Here we have 


LE ee i Le = _ ese or (13) 
Ore dt 


Difference between local and global homogeneity of space. Global 
homogeneity implies conservation of momentum, while in a locally 
homogeneous field the momentum changes as a linear function of time 


OV OV d 
(Fe = aati) 66 = — Gb es O : (14) 


The lhs is essentially the torque around the x3 axis, 


(r x VV)36¢ = < 500, t). (15) 


With the same argument as in case (a) we conclude that 
only for 


(r x VV)g3 = const. (16) 


are the Euler-Lagrange equations invariant in form. The 
student should check that if 


(r x VV)3 =0 (17) 
is valid, then we have 

62=0 . (18) 
The corresponding conserved quantity is 

—m£1r2 +mMzr22r1 = const. (19) 
which is just the z3 component of angular momentum, i.e. 
L3=(r X p)3 =const. . (20) 


Thus the conservation of angular momentum follows from 
rotational invariance of the lagrangian. 
c) For Galilei transformations (1) becomes 


OL OL d d 
el it 9 Stee EE Se 21 
& Par ovat How or (21) 
(—FEt+ més) 
Or3 
d 062 6) 
ee =— a ; 22 
Ae d Ee ee 22) 
Thus, 
6) 6) 6] 
——= | — eed = — 6 — ) > 
poe Ba 0, Din 22 m 6v3 
and 
O OV 
ee ee at 23 
ee ar @*) 


must be valid. It follows from the first three of these equa- 
tions that 


62 = —-MIZ3 6v3 + f(t) (24) 


and from the fourth equation that 


2) 


df(t) OV 

ie on dust. (25) 
Thus 0V/Oz3 = const. must be valid, implying that 
7 — (-mes + one ) ea : (26) 


If Z also has translational invariance, (OV/Oz3 = 0), then 
the corresponding conserved quantity is 


mi3t — mz3 = const. (27) 
or Pp 
x3 —- 23t = 273 - mt = 23(0) = const. (28) 


and the particle moves with constant velocity. 


EXERCISE Pa a ee 


1.6 Conservation Laws in Homogeneous 
Electromagnetic Fields 


Problem. Derive the conservation laws corresponding to 
translational symmetry for a charged particle in 

(a) a homogeneous electrical field E 

(b) a homogeneous magnetic field B. 


Solution. The Lagrangian of a (nonrelativistic) point par- 
ticle with mass m and charge gq in an electromagnetic po- 
tential described by the scalar potential @ and the vector 
potential A is given by?: 


(eS a ae (1) 
2 c 

The canonical momentum is 
OL Sout! 

p=ar=me+-A . (2) 
Oz c 


Furthermore one finds 

OL q0A ., poe 

Oz; ¢ Oz; — 182; 

From this one gets the equations of motion 


6 jf Bey as 
Gone Oz; 


(3) 


2 See J.D. Jackson: Classical Electrodynamics , 2nd ed. (Wiley, 
New York 1985). 
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G57 PAL d¢ 

ne i RT daT, 

P 10A; 0O¢ 
el le Ge, 

d57, (ae: See 4 
Re k in ( Fe, a) y 


or, written in vectorial notation 
i] 
mez “leet vs) +4 ++% x (Vx A) 


=qE+i2xB (5) 


According to Exercise 1.3 there is a conservation law if the 
Lorentz force (3) can be written as the total time derivative 
of a vector G: 


= ——(,: —— = = A 6 
Dn; pe EP G) =0 (6) 


(a) A homogeneous electric field EF can either be de- 
scribed by the potential 


@=—-E-z , A=0 (7a) 
or by 
OO cA = an (7b) 


Both representations correspond to different choices of the 
gauge. In the first case we can write 


OL O¢ d 
ee ae +qB; = — OgEit) 
d 
= es , (8a) 
from which we get the conservation law 
d 
a? —qEt)=0 . (9a) 


In this gauge the conserved quantity is nor equal to the 
canonical momentum. However, in the second case we 
have 
Oye 
Oz; 


so that the canonical momentum is conserved: 
d 


Fe We (9b) 


The apparent discrepancy between (9a) and (9b) can be ex- 


=0-4G'=0 , (8b) 


plained by the fact that (2) yields two different expressions 
for the canonical momentum. In the first case we have 


p=mz , (10a) 
whereas in the second case we get 

p=mez —qEt (10b) 
In both cases one finds that the quantity 

mz — qEt (11) 


is conserved. From that we learn that the physical meaning 
of a law containing the canonical momentum in the pres- 
ence of external electromagnetic fields may depend on the 
gauge! 


(b) A homogeneous magnetic field B can, e.g., be 
described by the vector potential 


g=0 . (12) 


OL eS OA, 
c 


1.2 Spatial Translations in Quantum Mechanics 


Ree 
5. d te Ge, ( = cum Been 
~ = Doth eKuBi : (13) 
wae I 
or, written vectorially: 
OL q d/q d 
— = —7 =— (|[_— =— ; 14 
Ox 5 Sie dt (s52 x B) ae (14) 


Thus the conservation law corresponding to translational 
symmetry reads 


< ( ~ Lex B)=0 . (15) 


Note that in this case the conserved quantities are not equal 
to the components of the canonical momentum. Due to (2) 
the canonical momentum is given by 


p=me+2Bxx=me-t2xB : (16) 
2c 2c 


Thus we can express the conserved quantity by the veloc- 

ity: 

mz—-texB . (17) 
c 


Consider a state which is given by the ket |a) or by the wave function wa(r, t). If this 
state is spatially shifted by the vector g, then a new state is created. We call it |a’) or 


wa(r, t), fespectively. More precisely, we have 


a ate Q, t) a Wall, t) 


(1.17) 


This is made evident by Fig. 1.4, for the wave function q(r, t) which has its maximum 


at r=To9. 

Then the shifted wave function 7),/(r) has a maxi- 
mum at r = ro + g. In this operation we have shifted the 
entire wave function w, although the coordinate system 
x, y, z Temains the same. 

This is a so-called active execution of the symmetry 
operation (in our case a shift). The passive execution of the 
symmetry operation, where the wave function 1) is imag- 
ined to be unchanged (fixed), but the coordinate system is 
shifted by the vector —g with respect to the original coor- 
dinate system, is equivalent to the active execution. (See 
Fig. 1.5 above, where the same concept is illustrated for 
rotations). 


ee . va, t) 


Fig. 1.4. Illustration of the 
translation of a wave packet 
S by o. ~,/(r) has the same 
™  valueatr=r’+oas Wa(7r) 
atr=r’ 


GI a(t, 0) 
| ‘N 
V 


x 


Fig. 1.5. (a) (active) rotation of 
the state w(x), about the angle 
8, into the state wp ,7(x). (bd) 
(passive) rotation of the coordinate 
system. The state w(x) remains 
fixed. However, with respect to the 
coordinate system rotated by —@, 
it looks like the state , (x) in (a) 
rotated by @ with respect to the old 
coordinate system 


(b) Usually we will deal with the active execution, ex- 
cept later? where the passive execution of, say, Lorentz 
transformations seems to be more suited: There the same 
physical system is observed from different inertial systems. 


1.3 The Unitary Translation Operator 


Earlier* we became acquainted with two kinds of transfor- 
mations in Hilbert space, namely 


Pultt) = >) Snutnr, t) (1.18) 


and 


wr, t) = exp (-;##) w(r, 0) . (1.19) 


The first equation expresses a transformation of the base vectors w,(r,t) of Hilbert space 
to new base vectors ¢,,(r,t). Thus it describes a coordinate transformation (rotation of 
the axes) in Hilbert space. Contrary to this the second transformation (1.19) retains the 
axes and changes the vector 7(r,0) into the vector ~(r,t) of the same Hilbert space. 
Therefore (1.19) describes a generalized rotation of the state vector y in Hilbert space 
without changing the axes. 

Here we shall consider transformations of the second type, namely active translations 
of the state vector in coordinate space, which correspond to rotations of the state vector 
in Hilbert space. Since, during the translation of the state vector in position space, its 
length remains unchanged, we expect that the corresponding spatial translation operator 
U,(g) is unitary (conservation of probability). The subscript r indicates spatial translations. 
Subsequently, we will become acquainted with the time-translation operator U(r) (which 
shifts by the time interval 7), where t is the usual subscript for time. For the shifted state 
we write 


belt) = U,(e) alr) (1.20) 
and because of (1.17) we conclude that 
Del?) = palr — 0) =U, (e)balr) . (1.21) 


To determine the operator U,-(o) explicitly, we orientate the translation vector g parallel 
to the x axis; thus, @ = ge,, and by a Taylor expansion we get 


wal? — @) = valz — 0,y, z) 
7 re) o” 2 
= ae Y, z) = 05 Paltz, ys ay, Bg2 Poles UY 2) — 2s . (1.22) 
Clearly the rhs of (1.22) may be written in the form 


3 See Vol. 3 of this series, Relativistic Quantum Mechanics (Springer, Berlin, Heidelberg 1989) 
4 Vol. 1 of this series, Quantum Mechanics I - An Introduction (Springer, Berlin, Heidelberg 1989) 


WZ 


ey ) lie Ge 
a(z, y, Zz) — 05 alts y, a+ x0 Bqr Pale ys 2) ia 


=e (8/92) 4 (x,y,z) 
If the translation vector g has an arbitrary direction, ie. @ = 01€1 + e2€2 +03€3, We may 


generalize the method just applied [o(0/Ox) must be replaced by 9- V] and we obtain by 
a three-dimensional Taylor expansion, 


Dalt — @) = alt — 01,y — 02,2 — 03) 
=exp(—@°V) pals, y, z) = exp (-2:) Walr) . (1.23) 


Here we have introduced the momentum operator p = —ihV. Comparing (1.21) with 
(1.23) yields the translation operator 


O,(@) = exp (-2) (1.24) 


Equation (1.24) is valid for arbitrary wa(r), i.e. for all state vectors. Because the V oper- 
ator (which is defined only in coordinate representation) was replaced by the momentum 
operator, equation (1.24) is valid in every representation. Using the hermiticity of p, we 
shall now verify that U,(g) is unitary. 


0; \(@) 


oat vai \ |! alee 
= exp(+&2) « lexp(—2P)) - [exr(-“-2)] =Ueiy) . (U2) 


It will turn out that for all Lie-groups the group operators can be written in the form 
U(az,a9, ...) = el(tlitozLet+...) with certain operators £1, £2, .... These operators 
will be called generators of the group. In this sense the momentum operators p; in (24) 
are the generators of the translation group. 


1.4 The Equation of Motion for States Shifted in Space 


The state ~,(r, t) is transformed to w,/(r, t) by a spatial displacement at a fixed time t. 
Also w.(r,t) satisfies the tme dependent Schrédinger equation, 


.+ Oar, t) 

OE 
Equation (1.26) describes the evolution in time of (r,t), and gives rise to the question: 
Under what conditions do we have the same temporal evolution of the shifted state b,/(r, t) 
and the initial state ~,(r,t)? This is precisely the meaning of the homogenity of space: 
All spatially displaced states satisfy the same laws of nature (here the same Schrédinger 
equation). No difference between shifted and unshifted states is observed. Hence, it follows 
that 


=Hylr,t) . (1.26) 


ee Oe et 
ih alr t) = ina Ur (aibalr, t) = T(ohin PTD 


= U,(o) Hvar, t) = 0 (@) HU, eby(r,t) , (1.27) 
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and using (1.25) we get 
= 0.) HON obartrst) . 
Clearly q(r, t)! only satisfies the same Schrédinger equation as pa(r, 2), if 
O-(o) HO! (0) = H 
or using (1.25) 


U,(@)H = HU,(e) . (1.28) 
Consequently the Hamiltonian HH and the displacement operator U,(@) must commute, i.e. 

[H,U,(@)]_ =0 . (1.29) 
According to (1.24) we can write this as 

\é. exp (-Z2 -»)| =). (1.30) 
Since o is an arbitrary vector, this equation leads to the condition that 

Lz. =0%- (1.31) 


i.e. the momentum operator p must commute with the hamiltonian H. Hence® the momen- 
tum p is a constant of motion; this equation is analogous to the classical equation (1.3). 
Furthermore, it follows from (1.31) that H and p can be diagonalized simultaneously. 
Therefore, states can be constructed that have fixed eigenvalues of the energy as well as 
of the momentum operator. 
According to these considerations, the displaced state wg/(r,t) will satisfy the same 
Schrédinger equation as the initial state w,(r, t), if the momentum is a constant of motion. 
Hence the requirement for the homogenity of space is equivalent to stating that each 
spatially displaced wave function has to satisfy the Schrédinger equation (i.e. the laws of 
nature) as well. This symmetry of the laws of nature (here the Schrédinger equation) with 
respect to displacements in space implies the law of momentum conversation. States are 
characterized by constant energy and constant momentum, and such systems are called 
space-displacement invariant or space-displacement symmetric. 
Free particles are examples of such systems. However, this symm i i 
Pen eco eve Une: force is aaateea (e.g. a a ina tier ana i a ave ec 
tion is not an eigenfunction of ’ 
the potential shown. Such a state Will be outside the potential: therefore, it decays because it is no longer an eigenstate. The 
would decay immediately potential disturbs the homogenity of space. Thus the eigenfunctions of such a potential 
are not translation invariant (see Fig. 1.6). 


Potential 2 


¢ 


\Wave function ,-” 
~ a 


*. displaced 
‘\wave function 


~ ! Dey 


—— = ae ers 


i bie 
¢ (] 
iJ 
‘ 
1 


5 See Vol. 1 of this series, Quantum Mechanics - An Introduction (Springer, Berlin, Heidelberg 1989) 
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1.5 Symmetry and Degeneracy of States 


The inital state y (r,t) is assumed to satisfy the stationary Schrédinger equation: 


Hibalr,t)f = Eaalt,t) . (1.32) 
Furthermore, the operator $ should commute with Hf so that 

[7,S5]_=0 . (1.33) 
For (1.32) also, $ da is an eigenstate of H with the same eigenvalue Ey, i.e. 

H (Sta) = Siva = SEata = EalStbe) . (1.34) 


If the state yg = Sw, is linearly independent of 7,, the eigenvalue Ey is degenerate. In 
the case of symmetry with regard to spatial displacement, the operator p commutes with 
the Hamiltonian according to (1.31). Hence, for all states XPo> 


1 
Xp) =a: ppp, (r,t) = a-p—, sep +5 (po°- r- £0| 


Vie 
x0 | (Po 2) 


ae 
Se 

with the arbitrary constant vector a will have the same energy eigenvalue E = pe/2m. 
In this case, however, the wave functions y differ only by a normalization factor, and 
we cannot draw a conclusion with regard to degeneracy. Degeneracy becomes apparent if 
we investigate rotations of the wave functions as later in (1.72). There we will utilize the 
rotation operator Up(@) similarly as we introduced the translation operator in Sect. 1.3. 
Accordingly, the plane waves rotated by the infinitesimal angle 6¢ are written 


xp(r,t) = Up(Sd)vp, (7, t) 


i 1 i 
vee ate 2) pegs ne 
i A 
= | $55.0 x nl —h| 5 (P97 ~ Bt) 
| ‘a 
= [a— gre x ro] earn jor Bo] 


i 1 i 
= E + 7 6¢ x Po) . | van (Po “TH z) 
=x Fa X Po): | — exp Fa a z0| 


i 
= 3 ser 5 (00+ 66 x po): 7 ~ Bi} 

‘ 
= earn [z@-r 20] ie 


where p = py + 6@ X pg is the rotated momentum, cf. (1.11). Furthermore we have 


15 


|p| = |po|, as can be seen in (1.35). The rotated waves yp(r, t) are not linear combinations 
of the waves (r,t) and therefore they do not depend linearly on them. Thus the waves 
Xp are degenerate if Op(6d) commutes with the hamiltonian, and pp, (7, t) is an eigenstate 
of the Hamiltonian. This is evident, because the energy of a particle depends on the square 
of the momentum, but does not depend on its direction. 


Resumé: The considerations presented above will be of interest if two operators S and 
A exist, which commute with H, but do not commute with each other, i.e. 


(A, 5]_=[(A,A]_=0 , [A,S]_ #0 


If %q is an eigenvector of A and H, wa is not eigenvector of &, i.e. Pal, t) and sda 
are linearly independent. This is utilized in the example above, where A is the momentum 


operator, and S the angular momentum operator. 


RE SSE _ 


1.7 Matrix Elements of Spatially Displaced States 


Let us investigate the matrix element of an operator A 
between translated states, 


(ai(r,t)|Alya(r, t)) 

= (dale NOMA Colbert) (1) 
If A= A(p), i.e. Ais a function of the momentum operator, 
the translated opertor can be written as 
01 (@ Ap, = A@OIO, = AG) , 
i.e. the matrix elements of A between shifted and unshifted 


states are equal. If A = A(r) is a function of position it 
follows by (1) that 


Of (@)AMO-(0) 
= exp (2 3 A(r)exp (-42) 


=A(r+o) . (2) 


Hence, the matrix elements of A(r) between displaced 
States are equal to the matrix elements between the origi- 
nal states, but in this case, applying the displaced operator 
Al(r) = A(r + Q). 


EXERCISE = ae eee 


1.8 The Relation (if/h)" B(z) 
and Transformation Operators 


Problem. Prove that the relation 


jl oye <8 n\ YB oe 
‘ajo SOOT 
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with p = (h/i)(0/Oz), is valid for every differentiable op- 
erator B(z). Use this relation to calculate 


U Aw where (2) 


U -exp(—Fe-#) 


Solution. a) We prove (1) by mathematical induction. For 
n = 0 the relation is valid, because it yields the identity 


B(z) = B(z) 


Now we assume (1) to be valid for n — 1, which means 
that 


iN ee n—-1 ee avB 1 Nae 
Gm ECIEGET” 0 


yv=0 


should be correct. We show that we can deduce (1) for all 
n by one further application of (ip/h), 


eS ie: Ss i 
(8) ig (8) { (58) ae} 
i \ a eee OUR (i ee 
OES Jee) 
cambay fey val (al bo 
=254("5 Male ae 
+ (is) "+ Vy avB i n—vV 
ha * Oar iP \ 


Re! (nwo eee Noga 
ECG 


v Oxrvt1 


Fame ‘ we 
_ oat avtlB i Ne (v+1) 
ie Neen) 
De” Biemion= 1\ee NG 
Cree (5 )8Ge) 
Beara O° 8 le aed 
1 ( ; \e @ - ) 


We have separated the summations above. Now we use the 
identity 


CS )202)-@)-Oa, 


and introduce = v +1 into the first summation; hence, 
we obtain 


ie 
@) B(x) 


In the last equation we relabelled yu as v. Using 
vas hela 
y—1 Vy V 
we can write (5) in the following way, 
Pe ee \ O'R (i Vad 
2 |) ere = ; 
(a8) 8- % () gee (a?) 


which corresponds to (1). 
To prove (2) we calculate 


Gt Ac) = exp G 06) A(z) . (7) 


With the series expansion of the exponential function, it 


follows that 
7) A(z) 


Ot A(z) 
o” n ava —-V 
nt 1D, 5) OxY (58) 


i] 
48 
sy iSs 
212 
iS ph 
——, 
3 
orn 
RS 
as 
Los 
ale 
RD 
83 
Se 
! 


n=0n=0 

CO py ayy oo p m 
= oO A Loar 
m a v! OxY Oy m! (26) ; (8) 


Here we have used (1) and then separated p” into two 
parts. Finally we have written the result as a product of two 
infinite series. The first one represents the Taylor expansion 


of A(z +) and the second is U f, Thus we obtain 

Ot A(z) = Ae+ pdt , 

and therefore 

Ol A@)0 = A(t) . (9) 


In an analogous way, we find in three dimensions that for 
an operator A(r), under the transformation 


U =exp[ —Wh)o-P] 

with the vector g, 

OtAw)t =Ar+o) . (10) 
EXERCISE Se 


1.9 Translation of an Operator A(z) 
Problem. Prove the validity of 


Ot Amt = A(r +o) for (1) 


0 = exp(—Fe- p) 


using the relations 


Ub(r) = Wr — @) and (2) 


OT or) = Wr + @) (3) 
which hold for all functions (7) that depend only on r. 
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Solution. We choose an arbitrary function (r) and cal- 
culate Ot A(r)Ob(r). Using (2) this yields 
Ot AMOve) = OTA) Wr - 0) (4) 


Because the function A(r)(r — g) depends only on the 
variable r, we can apply (3) and arrive at the result that 


Ot Ar)Od(r) = Ar + ov((r - 0] + 0) 
=A(rt pyb(r) . (5) 
Since 7)(r) is an arbitrary function, (5) will hold only if 


Ol A(t = Ar + p) 
EXERCISE ii eee ae oe 


1.10 Generators for Translations 
in a Homogeneous Field 


Problem. Derive the quantum mechanical generators for 
the translational symmetry of a charged particle in a ho- 
mogeneous electric and magnetic field. Suppose that the 
generator of an infinitesimal transformation has an explicit 
time dependence. Which relation must be fulfilled if this 
transformation is a symmetry transformation? Discuss this 
for a constant electric field [cf. Exercise 1.6, case (a)]. 


Solution. (a) We consider the infinitesimal transformation 
pop =p-iFéap or (1a) 
p=! +iP Say! (1b) 


up to terms of order 6a”, with the time-independent genera- 


tor F'(t). The original wave function x) obeys the Schrodinger 


equation 

ie poe (2) 
Oty i 

The transformed wave function then fulfills 

ina! = ino a no (Pbay) 


=Ay+ oF bau +hP6a = 


= Pine oF bay Z hea 


= Hy' + (we LH Pe iP it) Say’ . 3) 
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This is just the original Schrédinger equation if the oper- 
ator F’ satisfies the condition 
dF OF 1 

ee : (4) 
We oO al J= 
i.e. if the total time derivative of the operator F(#) van- 
ishes. Otherwise the Hamiltonian is transformed according 
to 


dE 
a 5 
+h ba (5) 


If F has no explicit time dependence, then (4) just means 
that F and H have to commute with each other. 
(b) In the gauge 


H-f'= 


) — —E “2x 6 A = 0 (6) 
the classical conservation law 

d 3g 

—(p — gEt)=0 7 
F qEt) (7) 


that we found in Exercise 1.6, Eq. (9a) suggests that we 
regard the quantity 


F@ =p —qEt (8) 


as the generator of a symmetry transformation. In this case 
the Hamiltonian is given by 


A 1 Hy q A 2 1 a2 
= _- = + = = BE. ; 
=} (° A) ab = 5~P* — gE +2 0) 
One easily verifies that the total time derivative of F van- 
ishes: 
Chor a 
ae cine 
i ae 
= —qE+-—[— qE-&, p] 
i 4 
=-qE+ 7 6G Bih) 0) (10) 


Note that the commutation relations of F and & are the 
same as those of p and 2: 


[Fi. 24] = [bi — g Ext, 24] = (Bi, 24] = ibn (11) 


so that the operators change in the same way for the 
transformations generated by F; and pj, Tespectively. 

(c) For the case of a constant magnetic field we have 
found (cf. Exercise 1.6): 


A=4Bxa , ¢=0 and (12) 


z 12x B)=0 
a p ay 4 = ; (13) 
Therefore we consider the generator 


A G} x 
TE) oe 
Pp ae xB (14) 


which does not depend explicitly on the time. The Hamil- 
tonian is given by 


P 2 
= Fa (e+ $e x3) (15) 
2c 
and we calculate the commutator 
bs + (é x Boy, | 
Cc 
ie eg F @ os 
= |p, + —-(Z X B)y, Pi — —(2 X B); 
2c 2c 
= = (Be, (2 x B)i] + [Bi (@ X BJ). (16) 


Obviously it suffices to calculate only the first commutator 
explicitly: 


[B,. (@ X B)i] => > [Be ettmt1Bm] 
lm 


= yy Elm (—ihd, DN) Bm 


lm 


m 


Thus we get 
eee 
E + aa xX B),, F; 
Cc 
= GND Orn tenant (18) 
ie m 
because of the antisymmetry of ¢;,,,. Therefore we find 


Oe (19) 


so that Fis the generator of a symmetry transformation as 
we have conjectured. Obviously, again we find 


(Fi, £4] = [6;, 24] = iho, (20) 


However, in contrast with p the individual components of 
F do not commute with each other: 


(Fi, Fu] = |B: — 3o(@ x Bi Be — Lx Bh 
=~ 5: ([Bis @ x Bis] - [Be (@ x BY) 
= — 1 (iM) (€ikm — Ekim) Bm 
c 
= ih scitm Bm (21) 


The two generators perpendicular to the magnetic field do 
not commute with each other, so that they cannot be diag- 
Onalized simultaneously. 


LES SET 


1.6 Time Displacements in Quantum Mechanics 


We shall now investigate the temporal displacement of a state #q(r,t) by a time interval 
7 (Fig. 1.7). We call the time shifted state ~ /(r, t). With analogy to (1.7) it follows that 


Pat, t+ 7) = Pal, t) 


Let us better understand this: If the initial wave function has 
its maximum at ¢ = to, the time-shifted wave function w,/(r, t) 
will have its maximum at ¢ = tg +7, etc. We express the connection 
between the time-displaced and initial state by the time evolution 


operator U(r), with analogy to (1.21), 


da (r, t) = Ui (r) bal, t) = Palr, t — 7) 


Cl37) 


(1.36) 
Fig. 1.7. The time-displaced wave 
function (r,t) possesses the 
same value for t = t’ + 7, as the 
initial wave function wWo(r, t) for 
t=t! 


alr, t) 


Patlr, t) 


In comparison to our former investigations (1.22) to (1.24), the Taylor expansion of 
wo(r,t — 7) yields 


=F) (—r)? d 
Or) dole, t) = val, t) res) 1! are yt) mI qe va Dee 
7 (—1) d nt d 
- [us en on ae 1. ¥atrt 
=e 8/8) yor, t) (1.38) 
Hence it follows that 
Oi(r) = 0779/94) = exp (578) = exp (;rit) ; (1.39) 


where we have introduced the energy operator E = ih(d/dt) (= H Ne Ur(r) is unitary, 
because 


tA (r) = exp (; 78") = exp (572) =U @® 


There we used the fact that E is hermitian so that B = Et. We can use each one of the 
forms of (1.39), but the last expression will only be valid, if the Hamiltonian H is time 
independent. This can be seen in the following way: From the Schrédinger equation we 
have 


le laoeb i OH 5 OE 
5a AG HY) = fog ee = apt NTs 
We notice that the higher derivatives with respect to time can only be replaced by powers 


of H if 0H/Ot =0. Then H is time independent and so (1.39) holds, implying that 


(4,0())_ = Es exp( zr) | =0 . (1.40) 
This relation is analogous to (1.30). It implies that the temporally displaced state will also 
satisfy the Schrédinger equation. Indeed, from 


Oat, t) _ 
aaa =Hyd(r,t) , 


it follows that 


ih “Pail t) Pox 


=ih— a; Ay Uibalr oc inOury 
= meek = HUi(r)ba = Adai(r,t) . (1.41) 


Alternatively, we may say that the assumption that the time-displaced state satisfies the 
Schrédinger equation implies (1.40), and vice versa. The assumption that the Hamiltonian 
F commutes with the time displacement operator U;(r) ensures that the temporally shifted 
state ~q1(7, t) also satisfies the Schrédinger equation. Then the system exhibits symmetry 
(also called invariance) against time displacements. Because this is equivalent to the time- 
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independence of the Hamiltonian, energy conservation is valid, as we know from classical 
physics, due to the homogenity of time [c.f. (1.8)]. Otherwise, if H is explicitly time 
dependent, the conclusion (1.40) does not hold and the time-shifted state does not satisfy 
the Schrédinger equation. 

Let us draw attention to an apparent contradiction; we know from (1.19) that the time 
development of the state 7.(r,0), known at the time t =0, may be written 


ie 
alr, t) = exp (-;#%) Polr,0) . (1.42) 
On the other hand we find from (1.37) and (1.39) with temporally constant H 
ils 
i Tat rexp € fir) Wyre ieee (1.43) 


At first glance both statements may appear inconsistent. This is clarified when we consider 
that the time shift 7 in (1.42) has been denoted by ¢ and the time-shifted state has the 


index a while it carries the index a’ in (1.37)! Hence we replace ¢ = —r in (1.42) and 
obtain 

bolt, —T) = exp (47) talr,0) . (1.44) 
Now, in (1.43) we also fix the initial time at t = 0. This yields 

Bas(7.0) = exp (<r) balr0) (1.45) 


and finally we express 7,/(r,0) through #o(r, —T), using (1.32), 


alr, —T) = exp (;47) ta(r,0) , 


which is clearly identical with (1.44). Thus we can state that w -(r,t) has the same 
structure at t = 7, as ~Q(r,t) at t = 0. Thereby one can obtain (7, 7) from pa(r, 7) by 
reverse evolution from time ¢ = 7 to time ¢t = 0. 


1.7 Mathematical Supplement: Definition of a Group 


Symmetries are conveniently described by group theory, and in order to get acquainted 
with group theoretical methods we need to discuss some definitions. The elements of the 
set {a, b,c, ... } form a group, if a combination ab of these elements can be found, which 
is called multiplication and satisfies the following conditions: 


1. The product (ab) is also an element of the group G = {a, b,c, ... } for all a and b. 
In other words, the group is closed with respect to multiplication. 


2 The set G = {a,b,c...} contains a unit element e, which satisfies 
ge=ca—=a, 


where a is an arbitrary element of the group. 
3. To each element of the group there exists an inverse element aa}, which fulfills the 
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condition that 


4. The multiplication is associative, i.e. 
(ab)c = a(bc) 


Examples. The set of the integers N = {0, +1, +2,...} form a group with respect to 

addition +. The group multiplication is normal addition, and the unit element is obviously 

e = 0. The inverse element of a is —a and the associativity of addition is well known. 
Some further terms associated with groups are: 


1) We will call a group abelian, if we can write 
ab=ba , 
for every element of the group, i.e. if group multiplication is commutative. 


Examples. The addition of integers yields an abelian group. However, the group of square 
matrices with dimension N under multiplication is not abelian. 


2) We will call a group continuous, if its elements are functions of one or more con- 
tinuous variables, e.g. G = {a(t), b(t), c(t), ... }, where ¢ is a continuous parameter. 


Examples. The group of spatial displacements within a plane (vector addition) is con- 
tinuous along with the group of temporal displacements. 


3) We will call a group continuously connected, if a continuous variation of the group 
parameters leads from any arbitrary element of the group to any other. 


Examples. The translation group of the elements {a = aze) + aye2 + aze3} possesses 
three continuous parameters az, ay, az. We can generate each displacement vector in 
space by continuous variation of these parameters. However, rotations combined with re- 
flection in space [called O(3)], form a continuous, not connected group. We obtain the 
same result for the group of Lorentz transformations, which contain reflections in time 
and in space as discontinuous parts. 


4) In each sequence within a compact group there exists an infinite partial sequence 
{a,,} of group elements, which converges to an element of the group, i.e. 

hinieed,; — Ged eG 

n—- oo 


Examples. (a) The group of the translation vectors on a lattice 
T= {an =nje, tngeg+n3ze3} , with ny,nog,n3 € N 


is discontinuous and not compact, because lim a, does not belong to T and (in usual 
n— oo 


metrics) does not even exist. 
(b) The group of rotations in three-dimensional space SO(3)={n, with |n| = 1, 
0<¢<v7} is compact. Here n denotes the axis of rotation, y the angle. Any vector 


n' = lim n; is again a unit vector, and the range of angles is closed, hence containing 
t— oO 


the limit of any series of angles. 
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5) Two groups {a, b,c, ...} and {a’, b,c’, ... } are called isomorphic, if a bijective trans- 
formation between the elements of both groups exists (e.g. aca’, b«+b’, etc.), such 
that 


abeva'l’ , ete. 


Products of the first group are thereby uniquely associated with products of the second 
group and vice versa. 


Example. The group of spatial displacements is isomorphic to the group of three-dimensional 
vectors with vector addition as the group operation. Also the group of the translation op- 


erators U = {U,(e)} is isomorphic to the group of three-dimensional vectors and their 
addition as group operation. 


6) If a group Gj is isomorphic to another group G2, whose elements are matrices, G2 is 
said to be the matrix representation of G4. 


Example. If G, = {U,(e)} is the group of the displacement operators with three pa- 
rameters and #,(r) is a complete set of wave functions, then the matrices 


(mlOs(e)In) = (mbexo(—F0-b)in) = [ viniren(—Fe-P) vnre?r 


will be a matrix representation of the displacement operators. 
More examples and explanations appear in the following section. 


1.8 Mathematical Supplement: 
Rotations and their Group Theoretical Properties 


As in classical mechanics, isotropy of space means invariance of the laws of nature — in 
our case the Schrédinger equation — against any rotation of the wave function. Let us call 
the inital wave function pa(r, t). It is transformed to %,/(r, t) by an (active) rotation, in 
which the position vector is transformed from r into r’ (see Fig. 1.8). This section covers 
the mathematical knowledge required to discuss the physical consequences of the isotropy 
of space. 

First we write 


4 ae (1.46) 
The three orthonormal basis vectors e; are rotated into e, (Fig. 1.9). We know® that 
e. =Rije; , (1.47) 


where we use Einstein’s sum convention and always sum over all indices occurring twice. 
Thus (1.47) signifies that 


i 
e; = Rj,e, + Rj, e2 + Riz e3 


6 See H. Goldstein: Classical Mechanics, 2nd ed. (Addison-Wesley, Reading 1980); W. Greiner: 
Theoretische Physik, Mechanik I (Harri Deutsch, Frankfurt 1989) Chap. 30. 
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€3 


A r'rotated vector 
Aj 


Fig. 1.8. The rotation of a vector r 
yields r’. The rotated vector r’ is 
described within the initial frame 
of the unrotated basis {e; } 


€2 


Fig. 1.9. Rotation of the coordinate 
system 


The 3 x 3 matrix Ri; must be real, because the basis vectors are real. We will denote 
the inverse transformation of (1.47) as 


e;= Ue, (1.48) 

From (1.47) it follows by scalar multiplication with e; that 

e; en = Rizej eg = Rijdjn = Rig (1.49) 
and simply from (1.48) by scalar multiplication with e), 

e;-e, = Uj;e; ey, =Uijb;~ =Uin (1.50) 


Hence the matrix elements Rj, and U;,, respectively, are the directional cosines. Making 
a comparison between the final parts of (4) and (5) yields the result that 


Ui = Rei, 
or since U is the inverse matrix of R by definition (1.48), 

(RO), = Rai. (1.51a) 
Written in matrix representation, 

RO=R , (1.51b) 


R is the transpose (i.e. reflected along the main diagonal) of the matrix R. From the 
orthonormality of both basis sets we conclude that 


Sik = e; i e}, = Rim Renem °€n = RimRkndmn = yn hin . (1.52) 
This implies the orthogonality of the rows of the matrix #. Equally from (1.48) and (1.51) 


/ 3 
a it follows that 
es ! ! 
pn ae bik = €1* Ck = VimUkn€m * en = VimUkndmn = UimUkm = RmiRmk » (1.53) 
t “x A 
Se Uy ae implying the orthogonality of the columns of R. In order to obtain an expression for the 
K Ly transformation of the vector components, we note that r rotates along with its frame. 
e5 BR | Accordingly r’ has the same components in {e’,} as r in {e;} (Fig. 1.10). These consid- 
~ , erations lead us to the following equations: 
x : . 
Mi =. pace r=f:e- =, r= xje, = rie; or rye, = xi(R~" jae’, 
Fig. 1.10. The rotated vector r’ Relabelling the summation indices, we find 
has the same components in the 1 ea ! 
rotated base {e/} as the initial rje;=rj(R jie; ; (1.54) 


vector r in the initial base {e; } 
which yields 
r= Cie: =Riyjxy . CLS) 


Thus the components are transformed contragrediently’ with respect to the basis set, 
if an active rotation is performed. Elsewhere® we have only investigated passive rotations 


7 From the Latin gradior, I walk; contragredient, walking in opposite directions; congredient, 
walking in the same direction 


8 See W. Greiner: Theoretische Physik, Mechanik I (Harri Deutsch, Frankfurt 1989) Chap. 30 or H. 
Goldstein: Classical Mechanics, 2nd ed. (Addison-Wesley, Reading 1980) 
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of the coordinate frame, where the vector r remained fixed in space (r = r’), whilst the 
coordinate system rotated. Accordingly components and basis set were transformed in the 
same way, i.e. congrediently. 

The inverse transformation of (1.55) can be calculated immediately with respect to 
the orthonormality of the matrix R;; or by the substitution of e’, in (1.54), ie. 


x. = Ryiz; (1.56) 
Matrices with row and column orthogonality, such as 
Ri Ry = ae Ry Rj); =O ais (57) 


are called orthogonal matrices. Because the determinant of a product of square matrices 


is equal to the product of the determinants of the individual square matrices, it follows 
that 


det (RjjRj;) = det (Rj;)det(Rj;) = det d;5 
which implies (det (Bar = 1, and hence 


det (R;;) =+1 (1.58) 


Thus the rotations can be separated into two disconnected sets; namely, one with det (R; pF 
+1, which forms a group, and the other with det (R;;) = —1, which does not form a group 
by itself (it is not closed and contains no unit element). The first are called proper, the 
second improper rotations. The rotation matrix R;; contains 3 x 3 = 9 real arguments. 
Only three of them are independent due to the six requirements (1.57). Accordingly the ro- 
tations can be described by three independent parameters (three components of the rotation 
vector). They form a continuously connected, three-parameter group®. 

This can easily be seen, because matrix multiplication of the matrices R;; is asso- 
ciative, the R;; contain the unity matrix 6;; as identity element and each R;; has an 
inverse element CRs = R,;;. The rotation group is not Abelian, because in general two 
rotations in different directions do not commute. This is illustrated in Fig. 1.11: The cases 
(a) and (b) show the same two rotations carried out in different order. The resulting vector 
a’ is different in both cases. 

The mathematical reason for a non-abelian character of the rotation group is given 
by the fact that matrix mulitplication is not commutative in general, so that 


(1) p(2) 4 pl2) p(t) 
Ry Rey # Ri Ry 


It will be shown later that the rotation matrices RO) and R@) really do not commute. 
The (proper) rotation group is denoted as SO(3). This indicates an orthogonal group in 
three dimensions, which includes all real 3 x 3 matrices with determinant equal to +1. 
Here S stands for special, denoting orthonormal rotations with det R;; = +1. SO(3) is a 
typical example of a Lie group, which is defined as a continuous group for which the 
elements are differentiable functions of their parameters. For example the group of space 
and time displacements is a non-compact Lie group, while rotations form a compact Lie 


2 Only proper rotations represent a continuously connected group. Improper rotations contain 
a reflection in space, which is a discrete transformation. Therefore all rotations including improper 
ones form a disconnected group. 
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Fig.1.11 (a). 1. Rotation about 
the z axis through 6,, a— a’. 2. 
Rotation about the x axis through 
n/2: a' — a". (The vector a” lies 
in the xz plane). (b). 1. Rotation 
about the x axis through 2/2 
does not change a, a = a’. 2. 
Rotation about the z axis through 
6,, a! — a”. (The vector a” lies 
in the zy plane) 


(a) 


b= {br by.d2} 


Fig. 1.12. (a) The end points of 
the rotation vectors @ fill a sphere 
of radius +. Diametrically opposed 
points on the surface of the sphere 
describe the same rotation. (b) The 
rotation vector describes direction 
and magnitude of the rotation 
angle $ = [62 + 2 + g2)'2, 
Rotation and rotation vector are 
connected in the sense of a right- 
handed screw 


Fig. 1.13. The vector a’ = -a 
can be obtained by a rotation ¢ = 
(0,0, x) or ¢’ = —d = (0,0, —7), 
respectively 


Fig. 1.14, Illustration of two paths 
from @, to @, that are not 
continuously deformable into each 
other 


group. The Lorentz group’® is a six-parameter Lie group (3 parameters for rotations, 3 for 
velocities v = {vz, Vy, vz} of the inertial systems). It is non-compact, because there exists 
no Lorentz transformation for v = c, whereas a sequence with v, — c can be found. 


1.9 An Isomorphism of the Rotation Group 


Each orthonormal 3 x 3 matrix R corresponds to a rotation, which can be represented 
by a rotation vector f = {¢z,¢y,¢z}, giving the direction of the rotation axis and the 
magnitude of the rotation. Arranging all possible rotation vectors @ around the origin 
we find the end points of all vectors @ lying within a sphere of radius 7, because the 
maximal rotation is given by ¢ = |@| = 7 : Each rotation about an axis can be expressed 
through a rotation angle —7 <¢< 7. The rotations @ and —@ with || = a describe the 
same rotation. The end points lie diametrically opposed on the surface of the sphere (see 
Figs: 1212; 13), 

Note that the result @ of two successive rotations @, and @o is not obtained by 
vector addition. #1 + dg, except for rotations about the same axis, i.e. collinearity 
of @, and @». In general the resulting rotation vector can only be determined by matrix 


mulitplication of the matrices RY (by) and Ri) (2) and subsequent calculation of the 
rotation vector from the complete rotation matrix 


Rij(#) = RY (PDR (bo) 


Clearly, however, there exists a one-to-one correspondence between Ra), Ri2) and R on 
the one hand and ¢,, $4 and @ within the “rotation sphere” on the other. This obvious 
isomorphism between rotation group (R) and rotation vectors (#) can be used to show 
that the rotation group is not simply connected. Although SO(3) is continuously connected, 
it is not simply connected. This means that one can reach every element 
[Rix (b2)] of the group, starting from another element [Ri,(1)], by vari- 
ation of the group parameters (the rotational angles ¢z, dy, ¢z), but that 
different paths from @ to @» cannot always be transformed into each 
other by continuous deformation. 


(1.59) 


a 


For the rotational group there exist two paths from R(d1) to R(do) which cannot 
be continuously transformed into each other: The first path leads from 1 to dg while 
completely remaining within the rotation sphere. The second one, first leads from 1 to 
the point P; on the surface of the sphere, then appears at the diametrically opposed point 
P, and from there finally leads to $2 (Fig. 1.14). If a possible third path makes a second 
jump from P» back to P,, it will be equivalent to the first path. This can be seen from 
the fact that paths of the type (1) and (2), cannot be produced from one other and are the 
only paths, which are not continuously deformable into each other. Hence, the rotation 
group is doubly continuously connected. 


10 See H. Goldstein: Classical Mechanics, 2nd ed. (Addison-Wesley, Reading 1980) or W. Greiner: 
Theoretische Physik, Mechanik I (Harri Deutsch, Frankfurt 1989) 
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1.9.1 Infinitesimal and Finite Rotations 


From the example of the rotation group we can explicitly study many general character- 
istics of Lie groups. The properties of the group elements (rotations) under infinitesimal 
variations of the group parameters (infinitesimal rotations) are of particular interest. In 
this case much is simplified. Let 66 = {6¢2, d¢y, 6¢,} be an infinitesimal rotation vector, 
then according to (1.11) the rotated vector becomes 

‘=r+6dxX>?r (1.60) 


or expressed in components 


t 
€; = 2+ €jj,6Pj cy = (Sin + €jjn6b; aE = Rye, = Ric, - (1.61) 
This can be written symbolically or explicitly as components in matrix representation, i.e. 


r =Rr 3 
7 


ae Rir Rio Rig Ly Ry, Ro Rai Ly 
ty }=( Ro Ree Reg to ]=| Ri2 Roo Rese £9 
r4 R31 R32 «=R33/ \ 23 Ri3s Ro3 =-R33/ \z3 


Rj, 1s the rotation matrix according to (1.56) and is given explicitly by 
. {1 bb: bby _ { 1 bbe bby 
R= | 6¢, 1 —bdbr , R={ -b¢, 1 dz |. (1.62) 
—5¢y 6$2 1 bby —b¢2 1 


Again we define the rotation operator Up(6o) in such a way that the rotated scalar state 
Wat (r, t) follows from the initial state Ya(r, t) by 


der (r, t) = Og(Sd)valr,t) (1.63) 


The rotated scalar wave function has to satisfy the requirement analogous to (1.17) and 
(1.36), namely that 


Pa! (Rr, t) = dal?, t) (1.64) 
or equivalently 
Pol (r, t) a Ya (2s ) — Walr, t) . (1.65) 


Equation (1.64) shows the value of the rotated wave function for the rotated position 
vector, r’ = Rr, to be equal to the value of the unrotated wave function at the unrotated 
position r. From (1.65) we obtain 


voy(r,t) = va (#". 7 = vo(r — 6r,t)~ dalr — 6 X 1,1) 
= valr, t) ae (dp x r) a Vibalt, t) 
= Halr,t) — (68 X ¥)-Phalrst) 


: ¢ : 66-2) a (1.66) 
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Comparison with (1.63) yields 
O(64) = 2 ~56-L , (1.67) 


L =r x p being the angular momentum operator. This holds for infinitesimal rotations. 
For finite rotations @ the rotation operator can easily be found according to the following 
consideration: We choose the coordinates in such a way that, say, the x axis lies along the 
rotational axis. Carrying out first the rotation Up(¢z) and then an infinitesimal rotation 


Up(Adz) = 1 — (i/h) Ad¢zrLz yields the complete rotation 
Un(bz + Adz, by, bz) = Up(Ads)UR (bz, by $2) 
= (1 - i Adebe) Op(¢z bys ¢z) 


Therefore, 


AUR($2, by, ¢z) _ Un(d2t Adz, by, 6z) — Orda by, $2) 
Adz 7 Adz 


= ~<L.Opl¢e, dy bz), 


i.e. in the limit Ad, — 0 the differential equation 


IU R( bz, dys iam 
BEER = dy) (1.68) 
Obz h 
is obtained. Analogous relations hold with respect to the other coordinate directions 
oUR(¢) 
re =-zi, Upn(d) , (1.69) 
dUR(¢) A 
= cats U. : 1.70 
36, 7 LVR) (1.70) 
Integration of (1.69, 70) with respect to the boundary condition Up (0) = 1 yields 
2 i a 
UR(@) = exp (-;4-2) (1.71) 


for finite rotations. This result is completely analogous to our former results (1.24) and 
(1.39). It shows explicitly that the rotation group possesses three parameters (¢;, bys bz): 
The rotation operator (1.71) is unitary since 


Og) = On(@) = exp (56 i) 
and, because L is hermitian 
Oh d) = exp (56 i!) = exp (;¢ i) 
Hence, 
Ohio) = 0516) . (1.72) 
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The three operators ibe iy E z are Called generators of rotations about the three coordinate 
axes. This is analogous to our former results (1.25) and (1.39a) for the operators p and E 
for space and time displacements, respectively. From the fact that the three generators p,, 
Py, Pz commute for translations in space, we can conclude that the translation group is 
abelian (the order of two translations can be interchanged). The rotation group, however, 
is non-abelian, which is expressed formally by the three non-commuting generators of this 
group Ls, Ly. be. 


1.9.2 Isotropy of Space 


Isotropy of space means symmetry of the laws of nature (here of the Schrédinger equation) 
with respect to rotations in space. Therefore, the following has to be valid 


PO itt OU ial a nn OLLIE a a 
ina ip = Da(Gyin PA? = GrldyAvale.t 
= On @)HOR War.) = Aba.) (1.73) 


Here we have used the fact that the initial state ,(r, t) satisfies the Schrédinger equation 


: Ovalr, t) 

fees 

SE 
The last step made in (1.73) expresses the requirement of invariance of the Schrédinger 


equation concerning rotations or, equivalently, isotropy of configuration space. Hence, for 
arbitrary rotation vectors @¢, 


=Hvg(r,t) . (1.74) 


Up(d)HUR (¢) = Hor (1.75) 

[(Ur(p), H]_ =0 (1.76) 
and, since ¢ is arbitrary, 

[~,H#]_=0 . La 


The equations (1.75—1.77) are equivalent and express conservation of angular momentum. 
As in classical mechanics (cf. (1.16)], we can infer the conservation of angular momentum 
from spatial isotropy in quantum mechanics. 

Isotropy of space means that all directions are equivalent. Of course, a field of force 
may be present, but only one that does not exhibit a preferred direction, i.e. the field must 
be spherically symmetric. Otherwise isotropy would be destroyed. Spherically symmetric 
fields always allow for conserved angular momentum with respect to the centre of the 
force. 


| 
Se 
= lene, 
ali 


All directions of an isotropic force 
field are equivalent 


PXAMPLE = EES 


1.11 Transformation of Vector Fields 
Under Rotations 


An example of a particle that is described by a vector field 
is the photon. Its wave field is described by the vector 


We examine a vector field = {1, H2, 3} as another potential A(r,t), which obeys Maxwell’s equations. Vec- 
example for the behaviour of wave fields under rotations. tor mesons are other examples, being subnuclear particles 
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with a non-vanishing rest mass, which are also described 
by a vector field. 


pr’) 


V(r) 


(a) 
(a) The vector x)(r) is attached to the position r. The rotated vector 
ap'(r’) is attached to the rotated position r’. (b) The operator R locally 
rotates the vector y)(r) into its new direction 


The equation for the rotation operator U (@) of vector 
fields is more complicated than that for scalar fields (1.64). 
It is important to recognize that the rotation operator not 


only shifts the vector 7 from r to r’ = Rr, but also rotates 
the direction of 7% into a new direction 2’ as in (a) of the 
above figure. The operator U transforms the vector ap into 
the new vector 2’. We call this transformation an active 


rotation of the wave field. The operation F rotates the 
vector w at r (locally) into the same direction as ~’(r’) 
(Fig. b). If the wave field is scalar function we do not 
need this additional operation, since the local rotation at 
r transforms the scalar to itself. On the other hand, the 
vector #(1r) is rotated. Hence, 


ap'(r’, t) = Reb(r, t) or (1) 
ab'(Rr, t) = Reb(r,t) or (2) 
ap'(r,t) = Rep (2's ) (3) 


On the other hand, the defining equation for the rotation 
operator is 


b'(r,t) = ORP)vet) , (4) 
so that by comparing with (3) we obtain 
On (bert) = Rp (27. ) : (5) 


From this relation, we derive the operator for infinitesimal 
rotations Up(é6¢) 
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Op (Sd)0(r, t) 
= Rep (#' ) ~¥ (#1) +5h x o(#"r) 
~w(r—66 X r,t)+6d X o(r—- 6¢ X 7,1) 
~ Bln) — 166 DUG) +50 x Hr). © 


In the second line of (6) we have neglected quantities of 
second order in 6d. We can write the last term more ex- 
plicitly as 


(6@ XK Wr, t))i = erjROGidE 


1 A 
= — 7b oj Sp ike 
1 x 
= —75¢ CS), > (7) 
where we have introduced the matrices: 
(S;)ik = ihe sje (8) 
: 0 0 O 
($1);4 =thejy, = ih (0 0 -1) ; 
0 1 0 


7 0 0 1 
(S2)i% = ihe jap =ih ( 0 0 o| ’ 


ah ow 

, Wool 
($3) sk = ihe;34 =ih (: 0 | : (9) 

0 0 0 


We can regard these three matrices as components of a 
vector S = {.S1, So, $3}. Returning to vector notation, we 
can now write (6) in the form 


Up (5) (x, t) ~ E _ ~ 5 (L+ 5) (r,t) . (10) 


We thus obtain an expression for the infinitesimal rotation 
operator 


On (64) = U- 55g-(E+5) (11) 


Since L =? X pis a differential operator, while, accord- 
ing to (9), S is a matrix operator with position-independent 
components, the two operators obviously commute so that 
[Le Sel2 =O (12) 


In order to obtain Ur(¢) for finite rotations we could make 
use of the method expressed in (1.67—70), but here we 


choose to follow a different way. By dividing the finite 
angle @ into N small rotations 6¢ = ¢/N, we can obtain 
the operator Up by N successive infinitesimal rotations. 
Hence, 


? d N 
Upn(d) = ee [ -= AG (L + 5)| 
i a @ i Fs 
= exp 74 “(E+ 5) = exp (-74 : 5) . (13) 
Here we have introduced the operator J=Lh+ S, whose 


components J; are the generators of the rotations for vector 
fields. As before, isotropy of space implies that 


(J,f)_=([£+5,H]_=0 . (14) 
Thus, for vector fields the quantity 
J=L+8 


is conserved. Since L is the operator of orbital angular 
momentum, it seems to be natural to interpret S as an 
intrinsic angular momentum or spin of the vector field. The 
commutation relation (14) expresses the conservation of 
the total angular momentum J. 

We know that the components of orbital angular mo- 
mentum satisfy the commutation relations 


[Li L,)_ =ihe;yLy (16) 


From (9) we can easily infer, by explicit calculation, that 
the components of S obey analogous commutation rela- 
tions, i.e. 


[ooo ihe. Se (17) 


For instance, in the case of i= 1, 7 =2, k =3 we have 


$159 — $25) 
00 O 0 01 
- ane | (0 0 -1)(0 0 0) 
® 1 @ =I 0 
0 0 1 0 0 O 
pects) 
il 0) OW oe 
0 
-an?) (3 
0 
Ome «(0 
= (ih)(ih) (: 0 0 
0 


= ihS3 


Hence, the components $; of the spin vector satisfy the 
commutation relations for angular momentum operators 


too. This also holds for J;, as from [£:,5; ]_ = 0, it fol- 
lows that 


= ihez jp Ly + thesia S, =ihesjn dp - (18) 
This result provides further justification for the interpre- 
tation of J as the operator of total angular momentum 
and S as the spin operator. Remember that we accepted 
the commutation relations (16)—(18) as general definitions 
for angular momentum operators, when we introduced the 
electron spin. Now we will calculate the absolute value of 
the spin S (intrinsic angular momentum) of vector fields. 
From (9) we get 


3 =5.5= 524 $2 +83 


=n 0 
Ce) 
0 oO O 
lo 6 
= 2h? (0 1 0| =1(1+1)h7 . (19) 
ce @ 4 


Here we have written the value 2 in the form S(S + 1), 
known to hold for the orbital angular momentum. Obvi- 
ously, we have to attribute to S the value 1. This result is 
very important: vector fields have a spin (intrinsic angular 
momentum) of I, i.e. they describe spin-I particles. Hence 
photons and vector mesons have spin S = 1. 


Comment. In the previous example we learnt that the ro- 
tation operator 


Op (o) = exp (-74 5) (20) 


contains the sum of the orbital angular momentum and 
the spin (intrinsic angular momentum) of the considered 
field, because UR(¢) contains the operator J. If we exam- 
ine a general wave field (scalar, vector or tensor), in order 
to determine the spin of the particles described by this 
field we must study the transformation properties of the 
field under rotations. This means that we have to construct 
the operator Up(). The generators J; we obtain indicate 
the angular momentum properties, in particular the spin of 
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the particles described by the field. This was exactly the 
method applied before. In the case of a scalar field we 
obtained J = L =# x #, ice. it describes particles which 
have only orbital angular momentum, or particles without 
spin (S = 0). In the case of a vector field we obtained 
J = £+5, where 5” = 5(5 + 1)h? = 1(1 + 1)h?. Hence, 
vector fields describe particles with spin S = 1 (cf. Exam- 
ple 1.10). 


EXAMPLE it ee | 


1.12 Transformation of 
Two-Component Spinors Under Rotations 


The rotation of scalar and spinor wave fields was evident 
and easy to comprehend, as easy to imagine as a rotated 
scalar or vector. In the case of two-component spinors 
it is not so easy. We have to modify the direct method 
of determining the rotation operator, which we developed 
in previous sections. We have to study not only a single 
wave function, but also the behaviour of an equation for 
two-component spinors under rotation. For simplicity we 
choose the Pauli equation, 


2m 


1 
= {a (6 = <a) +V(r) — une Bh (1) 


= co The 


rotation operator is again denoted by Ur(¢) and the rotated 
spinor by 7’. Both are related by 


v'(r,t) =UR(Pvr,t) (2) 


We do not know enough to construct Ur(o) directly, but 
we can follow an alternative route: [ blydx must be 
invariant. Hence, Up(@) is a unitary operator, 


[oleae = [ol yies 


We denote the two-component spinor by # 


= [vol@ingyds , 3) 
and 
Gh@On(@) = 0. (4) 


From (1.65), we can infer that the value of a rotated scalar 
function f(r) at the rotated location equals that of the orig- 
inal function at the original location. If f(r) is a product, 
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C28; bly, this statement holds too, and we must take the 
related locations of the individual factors [cf. (1.65)]. This 


means that the scalar density bloer,t) behaves under ac- 
tive rotations like a scalar wave function, and 
wy) = vl Rn). (5) 


We can write the rhs of (5) as a sum over the two spinor 
components. The terms of the sum are scalar functions 
which are transformed by exp (—(i/h)¢ - LD), as in (1.71), 
Ne: 


wR ry(R1r 
2 
= > ot (Ro r)bm(R 1) 


m=1 


y lexe(- =o-L ib) bm(e)| 


m=1 


x exp (-; : =P: i) b(n) 
= (OP) br] (OOo) 


In the last step we have introduced the operator 


Or(d) = exp (-;¢ : i) 6) 


known from (1.70). U y takes into account the orbital an- 
gular momentum of the components. We denoted this part 
by U L» as there will be another part originating from the 
spin. Clearly 0 L(@) determines the behaviour under trans- 
formations dependent on the coordinates. Hence, we need 
another term that depends on the spinorial properties, as in 
the case of the vector field (cf. Example 1.9). This term Ug 
must not be coordinate-dependent and, we can now write 
for the total rotation operator 


Ur(¢) =Us(b)0,(¢) (7) 


Relations (3) and (4) only hold if Us(¢) is a unitary op- 
erator, because Up and Uy, are unitary. So we make the 
following ansatz for Us(@): 


Us(#) = exp(—74-a) (8) 


where the hermitian vector operator @ has still to be de- 
termined. 

In order to find @, we have to study the transformation 
of the Pauli equation (1). We require that the spin vector 


s or — being identical up to a constant factor — the Pauli 
vector operator o = [&1,%2,03] transforms under space 
rotations as a vector. This leads us to the relation 


O1(G)5:Os() = Ryd; « 9) 
which simply expresses that the matrices 6; transform in 
the same manner as the components of a vector under space 
rotations. If (9) holds, we can be sure that o really is a 


vector. Restricting ourselves to infinitesimal rotations é¢ 
by writing [cf. (1.61)] 


Ryi = 555 + Eimjbom (10) 
and 

Us = {u- 7 5bnin} (11) 
Writing (9) in the form 

Ryd (G)i05(4) =6; (9a) 


and using (10) and (11) yields 

Caen + cimjb¢m}4 Ul + bia} 34 i- 7 bniin 
a cimiS dm) 8 =P + 5$nlan ei} 
85 — impo oma; + +5$n{an, orl (12) 


where we have omitted terms of higher order in 6¢. Since 
the 6¢dm can be chosen arbitrarily, (12) implies the relation 


[apse ;l— = ihepnj Fk . (13) 


The operators @,, must be represented by 2 x 2 matrices. 
Since the three Pauli matrices combined with the two- 
dimensional unit matrix form a complete basis for all her- 
mitian 2 xX 2 matrices, the 4, can be written as a linear 
combination, i.e. 


an = Anmom ar Bnil ’ (14) 


where the coefficients anm and Bp are real (c-numbers). 
Without loss of generality, we may set 8, = 0, as the unit 
matrix only generates a (trivial) phase transformation in 
(8). Furthermore, it commutes with 6; in (13) which now 


becomes an equation for the coefficients anm: 
(15) 


Pe lemon o;)_ = len jk Fk 


Taking the commutation relations of the Pauli matrices 


[Gm,oj)_ = 2ihem jn on (16) 


into account, (15) reads 


2anmEmpkok = hEnjkok - (17) 
This can only be fulfilled by 

On Syn (18) 
Thus, we get 

Gn = Zhen (19) 
and, after inserting this into (8) 

Us() = exp(—gihd-6) (20) 
Introducing the spin operator 

s=the , (21) 


we get the complete rotation operator for two-component 
spinors according to (7) and (8), i.e. 


Salo) = 0,(o)05(o) = exp |-76- (z R te) 


= exp -z¢ (E+ i) (22) 


We conclude therefore, that the two-component spinors 
transform according to 


'(r) = exp (-;0 : 5) pr) , (23) 


where the total angular momentum is given by 
J=L+3 . (24) 


Such an expression is known to us from scalar (total an- 
gular momentum = orbital angular momentum) and vector 
(total angular momentum = orbital angular momentum + 
spin 1%) wave functions, but now the spin eigenvalue is 
|s| = 1/2h. 


EXERCISE Gif? GE a eae eee 


1.13 Measuring the Direction of 
Electron Spins 


Consider a device that allows the measurement of the com- 
ponent of spin of an electron in an arbitrary direction. As- 
sume that such a measurement has been performed on a 
certain electron with respect to a certain direction (e2), and 
the result is spin up (7) in the direction of e2. 
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Problem. In which state is the electron after this experi- 
ment? Draw the state vector in two-dimensional (complex) 
spin space. 

Let the spin component of the same electron now be 
measured in another direction (e,/), which is inclined to 
the original direction by an angle of 6 = 90°, 6 = 180°. 
What is the probability of the result being spin f or spin |? 
What are the positions of the vectors spinf and spin | in 
the 2’ direction in spin space? By what angle are they ro- 
tated compared with spin and spin | in the z direction? 


Solution. The spin of the electron is represented by a vec- 
tor (spinor) in two dimensional complex vector space with 
two orthogonal basis vectors, which choose as |fz) (spin 
up in z direction) and ||z) (spin down in z direction). To 
simplify thus we restrict ourselves to the graphical rep- 
resentation of real linear combinations a;|fz) + a_||z) 
(a4,a_ € R). The state vector |¢) is an arbitrary linear 
combination with length 1 (see Fig.a). With the first mea- 
surement it is projected onto one of the basis vectors, in 


ITZ) ItZ) = |¢) 
ey 


I!) 
ITZ) = |¢) 


IZ) 
Spin state vector before (a) and after (b) the measurement. (c) and (d) 
show the appearance of the state vector from coordinate systems that are 
rotated by 90 and 180 degrees, respectively 


our case to |} z) (Fig. b). Therefore, after the first measure- 
ment, the state vector is 


! (tz|¢) a+ 
= Teretayt?? ~ Jas 
For a measurement of the spin component in the z 
direction (6 = 90°) we assume 50 % spin f and 50% spin |. 
The vectors |fz) and ||z) can be written as linear 
combinations of |fx) and || z), 


[tz) =altx)+ ble) , |lz)=elTx) +d|lx) (2) 


with 
lal? = |b]? =|cl? =|a)?=2 . (3) 
Therefore, 


Xdltz)|? = |(tz)|T2)|? = al? etc. 

is the probability of finding the result “spin {” in the sec- 
ond measurement. The vectors |x), ||) are inclined by 
6/2 = 45° compared with |fz), || z) (Fig. c). We can infer 
directly from the figures that by a projection of |¢) = |Tz) 
onto |fx) or ||), respectively, we obtain the probability 
1/2. If we rotate the measuring device by 6 = 180°, we get 
the result “spin |” with the same probability as for spin T 
before. Clearly, the vectors |f — z) and || — z) are rotated 
by 6/2 = 90° compared with |fz) and ||z) (Fig. d). Instead 
of rotating the apparatus we could have rotated the elec- 
tron in the opposite direction by the angle 6 (for instance, 
with the help of a magnetic field), and then we could have 
measured the z component. 

From the same considerations we can infer that the ro- 
tation of the electron in configuration space about an angle 
@ is related to a rotation of the state vector in spin space 
about the angle 6/2. Configuration space and spin space 
are not directly related, their dimensions are different. It is 
important to keep this fact in mind, especially in the case 
of spin 1, when both spaces have three dimensions. 


1.10 The Rotation Operator for Many-Particle States 


We consider a scalar (Schriédinger), many-particle wave function 


da = valrira, +e 


j= Wal7;, t) 


(1.78) 


It is dependent on the various particle coordinates r; and on time, and obeys the many- 
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particle Schrédinger equation 


ihe alist) = Hj rvalrint 


(1.79) 


The rotation operator Up(@) may be defined in precisely the same way as for the single- 


particle case by the equation 


birt) =OR()dalrit) , 


(1.80) 


and can be determined in analogy with the method used in (1.63—1.71). For instance, the 


determining equation (1.66) for infinitesimal rotations is 


byrist) = Po(R!;, 2) 


= Palti — 6 X rit) Paltit)— D6d X ri)+ Vidalrist) 


where 


be Ts = ae X Pi 
z t 


= alrirt) — 565 D Lidalrint) = (1 = 56-1) Pa(rint) , (1.81) 


(1.82) 


is the total angular momentum of the system. Hence, the rotation operator is now 


Up (d) = exp (-;6¢ i) 


(1583) 


Formally, it is identical with the operator for single-particle states (1.71), but now I stands 
for the total angular momentum of all particles. Again the symmetry of spatial isotropy, as 
in the single particle case, leads to (L, H (p;,7;)|_ =0. This means that the total angular 
momentum is conserved, a result which is not surprising. 

From a mathematical point of view, the operators of angular momentum J; in (1.71) 
and L; in (1.83) are the generators of the Lie group SO(3). This will be explained in detail 
in the third chapter, but from now on we will occasionally use the language of group 
theory. They satisfy a Lie algebra, which is defined by the commutators 


Uipdile Siliaeir (1.84) 
The Lie algebra is closed, i.e. the commutator of an arbitrary pair of generators J; can 
be expressed as a combination of the generators (in our case by just one generator). We 


will show in the next chapter that the Lie algebra largely determines the possible matrix 


representations of the generators J;. 


ROCA ADDED LLL L—=aE=E_[==ESESEam— ESSE EE Eee eee ee 


NOETHER, Emmy, * Erlangen 23.3.1882, ¢ Bryn Mawr 14.4.1935. N. 
studied in Géttingen and Erlangen, becoming associate professor in Got- 
tingen in 1922. After her emigration to the United States in 1933, she 
obtained a guest professorship at the the small college of Bryn Mawr. N. 
has deeply influenced various branches of algebra by her work. It may 
be ascribed to her influence that structural theoretical thinking became a 
dominant principle of modern mathematics. 


LIE, Sophus, * Nordfjordeid 17.2.1842, + Kristiana (Oslo) 18.2.1899. L. 
passed his examination as a teacher in Kristiana in 1965. in 1869/1870 
he visited Berlin and in 1870, together with Klein, Paris. From 1872 L. 
was professor in Kristiana, and between 1886/1898 in Leipzig, until he 
returned to Kristiana as professor in the theory of transformation groups. 
In Paris L. had perceived the fundamental importance of group theory 
for mathematical investigations, had discovered tangential transforma- 
tions and thereby shown that dynamics can be interpreted as a part of 
group theory. Nearly all his further investigations dealt with the theory 
continuous transformation groups and their applications. 
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2. Angular Momentum Algebra 
Representation of Angular Momentum Operators 
— Generators of SO(3) — 


2.1 Irreducible Representations of the Rotation Group 


In many applications of atomic and nuclear physics, states of particles in central poten- 

tials are examined. Angular momentum is a conserved quantity in central potentials, i.e. 

its eigenvalues can be used to classify the states. Due to this significance of angular mo- 

mentum in the applications of quantum mechanics, in this chapter we study once again 

the angular momentum operators and their eigenfunctions. Furthermore, the commutation 

relations of the angular momentum operators represent the Lie algebra of SO(3). 
Angular momentum is classically defined by the relation 


L=rxXp . (2.1) 
If we replace the momentum variable by the operator 

p= —-ihV (2.2) 
in (2.1), we obtain the commutation relations 

ey lea) | See (2.3) 


for the components of the angular momentum operator. If the total angular momentum 
L is the sum of angular momenta L) of single systems (particles, spin, orbital angular 
momentum, etc.), the commutation relation (2.3) holds for the sum as well. With 


B-3wO) aad API sown, 
we obtain 
fe tee I> £0), ay SpE. Si a. 


We emphasize once more that the angular momentum operators belonging to different 
systems commute, as they act in different spaces, i.e. they act on different coordinates. As 
the commutation relation (2.3) holds generally, we may define: 


Any vector operator J, whose components are observables and satisfy the 
commutation relation (2.3), is called an angular momentum operator. 


Based only upon the commutation relation [the Lie algebra of SO(3)} we can infer 
several fundamental properties of the angular momentum operator and its eigenfunctions. 
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The square of the angular momentum commutes with all components, that is 
(5, a0 with a ee (2.4) 


We know this to be valid for the orbital angular momentum operator from elementary 
quantum mechanics and we can easily check (2.4) in the generalized case, making use of 
the commutation relation (2.3). 

From (2.4) we may deduce that one component of the angular momentum and its 
total square can be measured simultaneously, i.e. they have a common eigenfunction. 

To obtain the spectrum of these operators it is appropriate to use the following 
Hermitian conjugate operators: 


Vis, = Ue Nd pea el eS pe (2.5) 
These operators, which are not Hermitian, are called step operators or shift operators. 

From relation (2.4) it follows that 

Gime. SHAS (2.6) 


The three operators Nes, we shi determine the vector operator J entirely and are more 
convenient for algebraic transformations than the operators ee das a From (2.3) we can 
easily infer the commutation relations of the operators (2.5), 


el hae [J21 a) ee eee (2.7a) 


To remove the constant h from the right-hand side (rhs) we use the transformation J; = AJ;. ji 
The operators u Clearly satisfy the dimensionless commutation relations. 


[=I 1 = a ee (2.7b) 
They are identical to the relations in (2.7a) with f = 1. From now on we will implicitly 
use the operators J;, f’, but will denote them by J; for simplicity. All further work in this 
section will be based on the relations (2.7b). 

Expressing the square of the angular momentum operator by the step Operators we 
get 

EG ae 

= 45+ LID) +P (2.8) 
as well as the relations 

JJ edi, 1) Basie =e ee (2.9) 


~2 : ; : ; 
As J commutes with all of its Cartesian coordinates (2.4), we can find a set of com- 


mon eigenfunctions for one component (we take J,) and for J 2 with the corresponding 
eigenvalues j(j + 1) and m. We write, therefore, 


FT bim =IG+Dbjm I ane (2.10) 


As the eigenvalue of ge which we denoted by j(j +1), must be positive, j can be chosen 
as positive without loss ii generality since all positive numbers can be represented in the 
form 7(j + 1) for positive 7. 

We want now to obtain the spectrum of the operators by algebraic methods; hence, 
using (2.9) we get 
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J Jabjm = GG +I) -—mm—Vbjm 


I_Ssbjm=GG+1)—mim+V]bjim_ (2.11) 
The step operators are Hermitian conjugate to each other, Jt = dae and thus, 
05 [\idimldv = [ bind —FedimdV (2.12) 


holds. Using (2.11) we obtain 

| nd Jahan GES y= ada) i bjml2dV>0 (2.13) 
and, analogously, 

[On F+FbjmdV = GG +1) — mon 1] f |bjmlPaV 20 
Hence, we can infer the following relations for the quantum numbers 7 and m : 


IG+1)—-m(m+)=G-mU+m+1)>0 , 


IG +1) —m(m—-)=G+tmYG-mt+)>0 . (2.14) 
For the quantum number m they set the bounds 

~j<msj . (2.15) 
For m = +7 we can infer from (2.12), using (2.13), that 

Jedjm=0 for m=j and J_djm=0 for m=—j 


In order to examine the effect of the step operators acting on the eigenfunctions 7;,,, we 
examine the relation 


AQ a 2) ani - 
J Sa jm = I4J Yim =IG + I+ bjm 


This signifies that J4djm is an eigenfunction to the eigenvalue 7(j + 1), as indeed is Je, 
The step operators do not change the eigenvalue of the square of the angular momentum. 
From (2.7b) we see that 


she = Pod. + 1) 
or, written as an eigenvalue equation for Wp 
F(F4bjm) = (m+ WIEPjm) (2.16) 


The step operators J4. and J. raise and lower, respectively, the eigenvalue m by one unit. 
With step by step operations of J+ on the wave function ~;,,, we obtain the eigenfunctions 


of J * and J z which correspond to an eigenvalue increased by one in each case. We can 
arrange these functions with respect to increasing m: 


Yim IER ava re 200 eG) en ’ 
and the corresponding eigenvalues of Jz are 
m,m+1,m+2,...,m+p=] 


The number p is a positive integer and the maximal value of m + p must equal j, as 
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(2.15) forbids any larger value of m. Operating on ,;; with a yields a result that always 
vanishes. Furthermore, j must actually occur as one of the values of m+p, because this is 
the only possible way of terminating the series. Correspondingly, we get for the operator 
J_ the sequence 


Yims J_—Dsm> seey Jen 
with the eigenvalues 
m,m—Il1,....m—q=-7 
From the construction used, q is also a positive integer number. We can use the same 


arguments for the minimal value m — q to prove that for qg > 7 +m the result must always 
be zero to fulfill the second part of (2.14). From these conditions we can infer that 


Dag 2) 
As p and q are positive integers we get the following values for the quantum number j: 
5 =0, 4,1, $,2,3,3, cee 


This is a very important result since it means that from the commutation relation (2.7) 
we can infer directly that in quantum mechanics there exist only systems with integer 
G = 0,1, 2,...) or half-integer G = 3, 3, 3, ...) angular momentum. Other values, for 
instance h/3 or h/S are not allowed by the commutation relations. 

The quantum numbers are 


= 1 3 
Un SUN ear ieell yee Site 
The eigenvalues of the angular momentum operator J 4 are 7( + 1), and for each fixed 
value 7 there are 2; + 1 different eigenvalues m of J,. They are 
—j,-j+1,...,0,1,...,49 


We have shown that we can generate from a single eigenfunction jm, all 27+1 eigenfunc- 
tions of a fixed eigenvalue j by the step operators. We now show that they are uniquely 
defined in this way except for a phase factor. 

Since the eigenfunctions are to be normalized to unity, 


Jabim = ImYjm+1 
holds and from (2.13) for the constant factor we obtain 
lanl? =G+ 1) —m(m+)] 


We choose the phase so that a,, is positive and real (Condon-Shortley Phase). With the 
same choice of the phase we apply J; and J_ and obtain 2j+1 orthonormal eigenfunctions 


UE il co salen ake Yij 
satisfying the eigenvalue equations 
os?) aes a 
Fbjm=IG+ Vim» Iebjm=mbim . (OM) 


The original definition was first given in the book by E.U. Condon, G.H. Shortley: Theory of 
Atomic Spectra (Cambridge University Press, Cambridge 1935) 
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According to the choice of the phase they also satisfy 


Iybjm = VIG +) —m™mt+Ddjmo1 and (2.18a) 
Jim = VIG +1) — mim — Dobjm—1 with (2.18b) 


J4.55 = J_j-j =0 


The 2) + 1 eigenvectors are transformed into one another by the operators pre es J. 
and J,. Applying these operators, i.e. in the context of the rotation operator Up(@), we 
always get these eigenvectors and their linear combinations as a result. In other words, the 
(2j +1)-dimensional vector space spanned by the eigenfunctions dim} is invariant under the 
application of the angular momentum operators. We therefore call it an invariant subspace 
of Hilbert space. It cannot be separated into smaller invariant subspaces and every one 
of the (27 + 1) vectors can be transformed into any other vector by applying the step 
operators. This leads us to the expression of the irreducible representation of the rotation 
group. 
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Note. In general there are several states ~;,, for one pair of values j and m, which we 
denote by %njm. Here n is a new quantum number which distinguishes between these 
states (e.g. the principal quantum number of the hydrogenic atom eigenfunctions). The 
operators J4, J, transform the wave functions ~,,;,, with the same n and j into one 
another, but wave functions %,7;7,,7 with n' #n and/or j'#j are never obtained. 


2.2 Matrix Representations or Angular Momentum Operators 


Utilizing the relations obtained up to now, we can easily calculate the matrix representa- 
tions of the angular momentum operators io Ly il z- We choose the basis of eigenvectors 
jm Which are diagonal in J,. To calculate the matrices for J, and de we apply the 
expressions 


2 A 3 Nog 2 
=45,+5.) . Jp=504-2) . (2.19) 
The matrix elements are the integrals 
/ Brim IbjmdV = 535 Iintm - (2.20) 


In the case of angular momentum j = 4, we obtain the Pauli matrices 


. , MRT \ ack 2 


a A 1] 0 1 x 
Cyan = Se = G i) = 57 . (22) 
and 
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“2 m3 / 1-0) _ 3 ele im) 
Pm =F (4 fala Yih 1 


In the case of angular momentum 7 = 1 (absolute value /2h) we obtain three-dimensional 
matrices with m = —1,0, 1. Using the same notation as above, we infer from (2.19), (2.20) 
and (2.18) that 


, (2 1 a 5. Se (< =i 0 
Se=—={1 0 1] , Sy=—[-i 0 -i] , 
° at 1 ) v2\o i 0 


i mene (0) ete boom 
5. = (0 0 0 , $7 =101 +1) (0 1 0| . (2.22a) 
0 0 -!l 0 0 1 
In the same way as we used the spinors yi ,, (v4 and x_) to describe the states with 
2? 


spin T we now may use the vectors y1,,3 i.e. 


1 0 0 
m=(0} : vo (4) : wi (9] ; 
0 0 1 


which represent all possible states for spin 1. 
The vectors y1m are eigenvectors of the matrix S,. Hence, 


a 


S2X1m =mMmX1m 


holds. An angular momentum vector with 7 = 1 may take three distinct states, correspond- 
ing to the vectors yim. Formally, there is a complete analogy between the spin vectors 
and the unit vectors of the three-dimensional space, implying that 


-Q)m() 8 


This will be discussed in detail in the next exercise. In spherical representation the vectors 
of three-dimensional space transform under space rotations just like the spin functions y1;. 
We have shown (cf. Example 1.11) that it follows from the behaviour of vector fields under 
rotation that they possess spin 1, e.g. the photon as a ‘particle’ of the electromagnetic field 
(a vector field) has spin 1. The relation between the S;-operators [Example 1.11, Eq. (9)] 
and the representation in (2.21) will be clarified in Exercise 2.1. 

For spin 3 we get the 27 + 1-dimensional matrices 


oO «6 ee) 0 Siva. 0 0 
cry Von 0 aoa goi{-iv3 oO -2 0 
2a >) 6 2 0 VY aes) 0 2i 0 -i/3 
0 0 VW O 0 0 iv3 0 
Sem O oe 0 
oe OP nO 6 ap 88 Co 7 t © 
rs poe || ee -3(5+1) Se ao (2.22b) 
Os 000 1 
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which will not be discussed further here. We can get the matrices for higher angular mo- 
menta in a similar manner. The corresponding eigenfunctions are column vectors (spinors) 


with (27 + 1) components. 


We have constructed the matrix representations as matrix elements of the angular 
momentum operators, with the states of the invariant subspaces which are not further sep- 
arable. As we have mentioned above, such representations are called “irreducible”. They 
play an important role in quantum mechanics, as in general every matrix representation is 


separable into a product of irreducible representations. 


LR [en Se ee eh 


2.1 Special Representation of the Spin-1 Operators 


Problem. Find the basis in which the spin-1 operators oe 
and $3 are diagonal. Derive $;, $5, and 53 in this rep- 
resentation. Show that the generators of SO(3) for vector 
fields can be transformed by a unitary transformation to 
the form 22) 


Solution. From Example 1.11, Eqs. (9) and (19) we know 
(setting A = 1) that 


i, | ot 
s*-2(0 1 0| and 


OOF 1 

: 0 -1 0 

s=i(1 0 0) : (1) 
0 Oo O 


Obviously S g is already diagonal with eigenvalues 2. Since 
(1) [respectively (9), (19) from Example 1.11] was based 
on the vector w = {1, ~2, 3} in Cartesian represen- 
tation, {y1,~2,%3} are the Cartesian components of wp. 
Thus, 


—- OE ON (1 P1 
s*¥-2(0 1 0| (2) =2( Ys) =24 : 
0 0 1/7 \¥3 ps 


. OM oN —p2 
S3y -i() 0 0 (\ = V1 . (2) 
Ow Oy 0 3 0 
We are looking for a unitary transformation of the spinors 
py Uy, Uy2 Uis\ /¥1 
(%) = (en Uz2 U3 | | ¥2 
3 U3; U3q U33/ \¥3 


or, in shorthand notation, 


y= Uy @) 


such that 
Sey =2y' , (4a) 
Ssp' =p! . (4b) 


Equation (4a) is always fulfilled, since by inserting (3) in 
(4a) it follows 


aA 


S?Op=20y , or 


U-570y =W , 
O-l(2-M0y =20 , 
2 =2y 


Independent of the unitary transformation U, (4a) is always 
fulfilled because of (1). Equation (4b) is an eigenvalue 
equation with yp as eigenvalue. Explicitly it reads, 


0 -1 0O vi v4 
(2 9@-@), 
OO ew ps Ps 


H H 
0 -1 0 Loe vt 
(2 0 0) (0 1 0)| (| =0 , 
OO G01 V37 
thus 
ee =O 6/4), 
0 0-H O37 


This is a linear, homogeneous system of equations, which 
has a non-trivial solution only if the determinant of its 
coefficients is zero, i.e. 


—p i 0 
1 P= pee Olja) — Gy 1 =0 
QO -p 
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Hence, the three eigenvalues py are 


(= ae (5) 


The corresponding eigenvectors can be easily determined. 
Let us first consider the eigenvalue p = +1: 


-l -i O 
( i -l 0 ( 
0 0 -1l 


Ho =0 ’ pp =tl ’ 


—$1 —ipy = 0 oy = Al 
ip, —oy=0) => ¢ oh sia! 
=e =0 ps =Q 


where A’ is arbitrary. Thus, 


Ta A’ 
(3H) -() 
37 4 0 


After normalization we find, up to a phase factor, that 


(3) =a 
“| = (+) ; (6a) 
3/4 v2 \o 


Analogously, one obtains 


(3) (9) » ) -2(2) 
we = and ape = —/| -i . (6b) 
wh) 1 oh _ v2\o 


The phases here have been determined in complete analogy 
to the eigenfunctions of the orbital angular momentum 1h, 
1.€. Y1m(9, ¢). In order to make this clear, we combine (6a) 
and (6b) to form spherical basis vectors a i (u = +1,0): 


as 


oh 


(e, + ie2) 


These spherical unitary vectors € ,,, according to (4) and (6) 


represent the eigenvectors of Ks ? and 53. Comparing them 
with the spherical harmonics Yj,,(6, ¢)? for m = 1,0, —-1, 


, ~(x +iyyVv2, oll 
Yim(6, 6) = V 3KAn)— Be m=0 5 
(x —iy/V2, m=-l 


the analogy becomes evident. The spherical harmonics 
Yim(@, ¢) correspond — up to the factor /3/(4x)/r — to 
the spherical representation of the position vector r = 
es Tne) The transformation (7) is achieved by the ma- 
trix U 


f1 7 £1 
(2) (2) 
35 €3 


=I/V2" =i-/2 0 7ex 
-( 0 0 : («:) 2 (8) 
WV2  -i/V/2 0/ \es 


It is the same matrix as in (3) leading to (6). The 
transformation (3) describes the transition from Cartesian 
components 2 = {1,%2,%3} to spherical coordinates 


{p1,%9. 01}: 

b= (Chi tiveyVv2 , 

po=va . 

ply =(h1 —iveyV2 or (9) 
v 2 -/2 0) (hh 

Ch )-Coe ts (8) 

py WV¥2 -i/V2 07 \¥3 


An arbitrary vector can be represented in the spherical 
basis with the help of (7) so that 


~1 
A= 3 Anen = > An(JE yp - (10) 
pal It 


Since 


ce 2G = Onn 
which can easily be proven from (7), it follows that 


A,=A-E, 


? See J.D. Jackson: Classical Electrodynamics, 2nd ed. (Wiley, 


New York 1975) or W. Greiner: Theoretische Physik, Elektrodynamik 
(Harri Deutsch, Frankfurt 1986), Chap. 3. 


Thus, 
Al = A-+€, =—(A; +iAoyv2 
Ag =A- &o = A3 ’ 


Al, =A-+€_,=(A) —iAgV/V2_, 
in accordance with (9). Due to the relations 
Ei, i foe = nye and ia = Ces. ’ 


the scalar product of two vectors A and B in spherical 
representation simply reads, 


A:B = 3 Angi BLE = dAy leis (=) Boy 
Se eel 8 y= “Et 1)" Al,B!, 


yy 


ee Co (11) 


The spin vectors 5; in the eigenrepresentation of 5? and 
S3 can be calculated in two different ways: 


a) (Su =e Sie, (12) 

This gives 

; ; 10 0 

Suv = eh, = (0 0 0 | | (13) 
0 0 -!l1 


As an example we check the element (5%)11, giving 


(S3)11 = ¢! S56, 
1 0 -1 O 1 1 
=-——(1 —-i O)i| 1 0 O ae i 
Vi von(3 0 0) ( A) (%) 
; 1 : 
i 7 gl Waele 
Sie -10)(i) =3 2i) =1 


The diagonal representation of 53 [in (13)] clearly ex- 
hibits the possible eigenvalues (spin orientations along the 
z axis), namely 1,0,—1. For the other components of S 
we find analogously 


1 0 1 0 
Bowe () 0 | ? 
v2\o 1 0 


Oo -i O 
e 1 ; : 
(Giny = V2 (: 0 -') ’ (14) 
1 


. P00 
(Saag = (0 0 O 
0 0 -1 
We have already seen this representation in (2.21) 


b) The diagonal representation of $3 can also be ob- 
tained in the following way: Let 


; oo 
s-3(1 0 o| (15) 


be the Cartesian representation of the $3 operator. We next 
evaluate the matrix elements 


(Sider = EnlS51&,) = L558, Ge 
According to (8) we have 


= 1,0, -1) 


3 

w= >, Uunen , where 
n=1 

_ {v2 v2 0 

o-( 0 0 ) a ese 
WV/2  -i//2 0 


3 
eh= So utnel with eh = (in, ban. San) 


m=1 


Using &, = se — Uvmem:; the matrix elements follow as 
Con = SU el, 8 emUum 
n,m=1 


Sy ey = cn however, is just the Cartesian repre- 
sentation of the S operator, given by (15) above, i.e. we 
obtain 


3) 
(Spee US Uim 
n,m=1 


Introducing a matrix V = U*, we can write in a more 
compact form 


> Vy 


nym=1 


(Sane 


3 
Os 


nym=1 


or in operator notation 
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ap a, ‘ 
3,spher. — ee 


We verify it by writing out explicitly 


oy, a 
Sea 


ee) ae 1.2. 0 4/72 
-i(1 0 0) ( =wa 0 “Ws 
0 


(16) -VV2 V2 0 v2 Ol ye 
-i( 0 0 , (12 0 vr 
WWE RD @ 0 0 0 


+(iti/2 0 0 
-i( 0 0 0 
0 0 -G+iR 


OF 070 0 1 iter 
vVJ2 0 V2 — 
=j (192 0 v/ ’ CHa. = V Ss cart.V1 = (0 0 0 ) 
: : 0 0 -!l 


and, therefore, 


VS) aaa 


Thus we have explicitly shown that the unitary transfor- 
mation Vspene al diagonalizes the z component of the 
spin operator. 


2.3 Addition of Two Angular Momenta 


Now we want to consider the case of two angular momenta J; and Jy which are combined 
to form a resulting total angular momentum J, 


J = J jas J ) 
At the beginning of this chapter we showed that the sum of angular momentum operators 
obeys the same commutation relations as the individual angular momentum operators. Let 
: : m2 
~%j,m, and jm, be the orthonormal set of eigenfunctions of the operators J,, Jj, and 
2 4 : 
Jo, Jaz, respectively. We then have that 


rep, = AG + Dw), and FY, = joint Iw, 


2) 
22 


jp 


AM 


=mp) and fraw = my! 


27m? 
The arguments r,t, and ro, tg are here abbreviated by “1” and “2”, respectively. How- 
ever, these will generally be omitted in the following unless necessary for clearer under- 
standing. 

The eigenfunctions of the total angular momentum operators J * and J, are denoted 
by ~jm(1,2). As long as there is no coupling between the two systems, the angular 
momenta 1, Jo, and J are fixed. The wave function w separates into (1) and 7)(2), and 
we can write Wj, as a linear combination of products Viim, X jam. We write the 
coefficients in the form (j1j2j|m1m 2m) in order to show the dependence on the various 
quantum numbers. These coefficients are called Clebsch-Gordan coefficients. 

Thus, we write for the total wave function 


re 1 2 
Pim(12)= SD Grjailmimomyp, yO (2.23) 
mime 
If there is coupling between the angular momenta, then Pj,m, and jm, are no longer 
good eigenfunctions, since the constituent momenta are precessing around the total angular 
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momentum. This is already expressed in the sum over m1 and mg in (2.23). The relation 
(2.23) gives a transformation of the Hilbert space, spanned by the orthonormal vectors 
~j,m, and }j.m.> to the new orthonormal basis set jm Of the same subspace. The total 
product space is invariant, but can be further decomposed, whereas the invariant subspaces, 
spanned by jm for a fixed j, cannot be decomposed. We decompose, mathematically 
Speaking, the representation of the rotation group generated by the product space into its 
irreducible parts. 

If } jm denotes an eigenfunction of the operators J ? and J z» then conditions for the 
evaluation of the coefficients (j1j2j7|m 1mm) can be found, and we write 

Jebjim =(izt+ Jez) >> Gij2j|mimem) bj, my Pjom2 


my ,m2 


= DS (m1 + ma) G1 j25| mimem)Pj, m, Pjgmy 


m1,m2 
and in the same way 
Jebjm = mYpjm Se mi j2j|mimgam)P;,m, Djomg 
my ,m2 


The m sum is performed over all values —j) <m, < ji, and analogously in the me case 
over the interval —j2 < m2 < jo. By identifying the above relations we obtain, because of 
linear independence, the condition 

(m — my — m2)Gijoj|mimgm)=0 . (2.24) 


Thus it follows that the Clebsch-Gordan coefficient vanishes if m#m,+mg. This means 
that the double sum in (2.23) reduces to a single sum, since either the coefficient vanishes, 
Or my can be determined by my = m — m}. Equation (2.23) thus becomes 


Dim = Y_Gisjoj|mimem)P;,m, Djom—m, . (2.25) 


my 
The conservation of angular momentum (more precisely: of the projection of the angular 
momentum on the quantization direction) is expressed by the relation m, + mg = m. In 
the next step we want to calculate the possible values of the quantum number j defined 
by 

~2 oe 

J Yim =jGt Ie jm 
Since J is an angular momentum and obeys the commutation relations (2.23) we have 

HSS) 


In the following we assume that there exist several values of j (at least two). The states 
jm are assumed to be orthonormal. Since the wave function contains the coordinates of 
two particles (angular momenta), we have 


653mm! = i Pi mn jtmi dV dV9 


= / aviave 


oi Glens t t ij / 
my 


* 
S—G1j2j|mim = mym)wp;, my Pjom—my \ 


my 
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(a) (b) (c) 
a2 j2 
j2 


/ a 
j v 


Fig. 2.la—c. Illustration of the ti- 
angle rule: (a) maximal coupling 
by equally oriented 7; and 72; (b) 
the angular momentum is between 
jmax and jmin; (€) minimal cou- 
pling by opposite 7, and 72 


From this equation it follows that 


6535/6 mm! = 1B Gijag|m1 — mym)+G1J2j'|mm' 7 mim! )6 nym! m—m,m'—m} 
m1,m} 
Or 
5331 = SGiseg|my — mym)*(j1J27"|m1 — mm). (2.26) 
mi 


Equation (2.26) expresses the orthogonality of rows of the Clebsch-Gordan coefficients. 
Since they are real — as we will see — we may omit the complex conjugation sign “*” in 


(2.26). 
From the relation m = m1 + mg, derived above, it follows that the greatest value of 


m, which we call mma, iS 
™Mmax = a +72 . (2.27) 


This value appears only once in (2.25), namely if m1 = 71 and m2 = jg. This shows that 
the largest eigenvalue j, which we call jmax, must be 


jmax =jitj2 - (2.28) 
The second largest m value is mMmax — 1. It occurs twice, for 

m=j1 » me=jo—1 and mjy=3,—-1 , mo=jo . (2.29) 
One of the two possible linearly indpendent combinations of the two states (2.29), 


Uae CU ee Ce (2.30) 


must belong to j=}, +4j,m(1,2), since m assumes all values 7; + 72 >m => — j1 — j2 in 
integer steps. The other possible combination necessarily belongs to the state 


Yim with a =] +32 —1 (2.31) 
because there are no states with 7 > jmax = j1 + jg. There can be only one state of the 
kind (2.31), i.e. with 7 = 71 +j2 —1, since for a second state of this kind the corresponding 
basis combination (2.30) with m = 7; + j2 — 1 is missing. 

Continuing with this argument we notice that for j, all values 

ia? 
Pee sn ae! 
j= : (2.32) 
| 
appear precisely once. This is the so called triangle rule, 

ENG) 
which tells us that two angular momenta 71, j2 can only be combined to form such 
a resulting total angular momentum j as is compatible with vector addition (triangle). 


This model, illustrated in Fig. 2.1, is also called the vector model of angular momentum 
coupling. 
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We can now count the number of coupled states Yjm(1, 2), namely, 
Dist? 
SS (27+) =2j1 + 1)2jo4+1) . (238) 
j=|h1-32| 
As expected, it equals the number of basis states Pj, m, Yj9m- 
It is difficult to derive algebraically the lower limit for the resulting angular momen- 
tum 7 in (2.32). A simpler approach is given by the following consideration on dimensions: 


Since the dimensions of Hilbert spaces spanned by jm and %j,m,%j2m_ Must be equal, 
and jmax = 71 + J2, one may write (2.33) in the form, 


jmax 
dS 23 +1) = 271 + DQjo +1) 
J=Jmin 
This equation determines j,pin, for which we find jmin = 71 — j2 (if 71 > 32), OF Jmin = 
Jo — ji (for 71 < jo). 


2.4 Evaluation of Clebsch-Gordan Coefficients 


Equation (2.23) defines a unitary transformation from the orthonormal basis set #;, m, (1) 
~jymz(2), consisting of the direct product of single-particle wave functions jm, (1) and 
~)jomq(2), to the orthonormal basis set %jm(1,2). The Pjm(1,2) are two-particle wave 
functions. In order to simplify the notation, we will now employ Dirac’s bra (| and ket |) 
vectors. Equation (2.23) then reads? 


[jm) =|mymo){myme|jm)_ . (2.34) 
The matrix element 

(imal jm) = fDi may DPfmng @bjm(1,2)dVi dVs (2.35) 
corresponds, according to our previous notation (2.23), to the Clebsch-Gordan coefficient 

(mime|jm) = Gijej|mimam) . (2.36) 


Here |m mg) stands for the product |mym2) = j1mi|j2m2). The quantum numbers 7; 
and j9 are Omitted, and must be considered as fixed numbers wherever m and mg appear. 
From the orthonormality of both basis sets we deduce that 


5;3'8mm! = (jmlj’m') = (jm|mim2){mimalj'm') (2.37) 
which, together with 
(jm|m m2) = (mym2|jm)* , (2.38) 


forms our earlier relation (2.26). For the inverse transformation of (2.34), describing the 
transition from the two-particle basis |jm) to the product basis |j1™1)|j2m2) = |mimg), 
we have 


3 We are also making use of Einstein’s sum convention, i.e. we sum over all indices occurring 
twice on the same side of an equation. 
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|mym2) = |jm)(jm|mym2) , (2.39) 
where we now sum over the double indices 7 and m. From this relation follows 
bm, mi, mgm}, = (mim3|m1mz2) = (mm|jm)(jm|mym2) ’ (2.40) 


ie. the complementary relation of (2.37), namely the orthogonality of columns of the 
unitary transformation matrix {jm|m m2). The sum over 7 and m is performed, according 
to (2.32), over all possible quantum numbers 


ln —JolS3Sg1t+g2 , -jSm<j . (2.41) 


In our original notation (2.40) reads 


jitje J - 
De G1j2j|m1mzm)"(G1 525 |My MyM) = bins mi Smom! 
j=lA—ja| ™=—J 


(2.42) 


As we have already mentioned, one may construct the Clebsch-Gordan coefficients, i.e. 
the matrix elements (m 1m |jm), as real numbers. This will be shown in the following 
section, and for this reason the asterisk in (2.42) and all other formulae can from now on 
be omitted. 


2.5 Recursion Relations for Clebsch-Gordan Coefficients 


It is possible to deduce explicit, albeit quite complicated, relations for Clebsch-Gordan co- 
efficients*. There also exist extensive tables that are especially useful for practical work®. 
Here we intend only to show how to calculate them with the help of recursion relations, 
and to give some examples. The starting point is the operator of total angular momentum, 


= Jy > 

with its spherical components 
Ja = Sis + Jo = Je tidy = Sie + Jax) iia og) 
Jo = Fy + Jog = Fz = (Siz + Jaz) 

Applying it to (2.34) we obtain 


Ie lim) =(iy4 + Jos) |jm) = (I4 + Jo4.)|m1m2){mimg|jm) 
= [(Jy+|mime) +(Jo+|mime)](mimel|jm) _, 


and by threefold application of (2.18) we find that 


4 M.E. Rose: Elementary Theory of Angular Momentum (Wiley, New York 1957); A.R.Edmonds: 
Angular Momentum in Quantum Mechanics (Princeton University Press, Princeton, N.J. 1957); D.M. 
Brink and G.R. Satchler: Angular Momentum (Clarendon, Oxford 1962) 


5 M. Rottenberg, R. Bivins, N. Metropolis, and J.K. Wooten, Jr.: The 3j- and 6j-symbols (Tech- 
nology, Cambridge, Mass. 1959). 
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LG +1) — mm + D]/?\j, m+ 1) 
= {[i1G1 + 1) — mi(my + 1)]/? | my +1, m2) 
+ [j2Ga + 1) — ma(me + D)]!/? |, mz +1)} X (mimaljm) . (2.43) 
Substitution of (2.34) on the lhs yields 


LG + 1) — m(m + 1)]/?|myme) (mi meljm +1) 
= [71G1 +1) — mi(m, - 1)]}/? (mm) (m!, — 1,me|jm) 


+ [jae + 1) — mh(m — 1)]'/?|mim))|mim))<m1,m) —1jm) . (2.44) 


Here we have introduced m4 = mj, +1 in the first term on the rhs, and in the second term 
ms = m2 +1. The sum goes, just as before, over m', from —j, to 71, and over m‘, from 
—jg tO 72, the reason being the vanishing factor in front of the terms with m, = 3 and 
m2 = jig in (2.43). Thus, in (2.44), the terms with m{, = 71 + 1 and mj, = j2 + 1 do not 
contribute. 

Similarly, we find that the terms with m/, = —j, and m4 = —j2 in (2.44) belong 
to the null vectors | — 7; — 1,m2) and |m,,—j2 — 1) in (2.43) and, therefore, do not 
contribute to the result. Since m‘, and m4, are summation indices, they can be renamed 
my for mj, and mg for m4. 

This yields 


iG +1) —m(m + 1)]/? |mime)(mima|jm + 1) 
= [j1G1 + 1) — mu(my — 1]? {my m2) (mi — 1, malim) + GaGe2+ 
—mo(m2 — 1)]}}/2 (my, m2 —1|jm) (2.45a) 
is obtained. Here m1 and mg are fixed numbers and not summation indices. Repeating 
this procedure with J_ gives the analogous result 
iG +1) —m(m = DP? (my maljm — 1) 
= Gi + 1) — mig + D2 (m1 + 1, mali) + [ioe +) 
~mo(m2 +1)]!/2(m1,m2+ lim). (2.45b) 
This recursion relation allows us to derive the Clebsch-Gordan coefficients for the same 


total angular momenta 7, having same j1 and j2 but different m. This is shown in the 
following section. 


2.6 Explicit Calculation of Clebsch-Gordan Coefficients 


With the help of the recursion relations one can now evaluate step by step the quadratic 
Clebsch-Gordan matrix (mjm2|jm) of dimension (27; + 1)(2j2 + 1). In deriving (2.33) 
we proved the dimensionality. However, the matrix now breaks up into disconnected 
quadratic submatrices in accordance with the value of m = m + mg, which can be seen 


in the following way: 
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For the different m values we have: 
m=), +] only a single value each for j = 71 + jo and 


for (m1, m2) = (1,72), ie. a 1 X 1 submatrix. 


m4, =Q ’ ] —1 ’ 
m=jitjo—1l,j=jit+e, and two possibilities . 1, m2) G1 2 ; ) 
(mj,m2) = G1 — 1,J2), 


J=J1+j2—1 ie. a 2x2 submatrix; 


Sf 2 oe =e on 
(mi,m2) =(1 »J2—-2), 
J=jitja—1, and 4 (mjy,m2) =G1-1,j72—-1) 
(m1,m2) =(G1 —2,732), 
J=J1+jo—2, ie. a 33 submatrix, 
Cie. (2.46) 


The structure of the matrix is shown in Table 2.1. The rank of the diagonalized submatrices 

at first increases in steps of one until a maximum rank is reached for a certain value of m 

(if j1 = j2 at m = 0), thereafter it decreases in steps of one. The last 1 x 1 submatrix has 

m = —J,—J2 and 7 = j1+J2. Since the whole matrix is unitary, each of these submatrices 

on the main diagonal must be unitary. From this observation it follows that the 1 x 1 

submatrices must be numbers of modulus 1. We choose the value +1 by convention®. 
5 See Footnote 1, Section 2.1 This is the reason for 


Table 2.1. Structure of the Clebsch-Gordan matrix. The Clebsch-Gordan coefficients Qijeg |mimgm) = 
{mm2|jm) are given for fixed j,, j2. The rows are characterized by the pair m;, m2, the columns by 
m. For a given m only a finite number of m1, m2 pairs, obeying the condition m = m, + mz are possible; 
moreover, only j values with j, + 32 > 3 > m are allowed 
See 


m=, + j2 M=fitjo—1 m=jpt+j2-2 
(mim2) = Gi, j2) (irjo|g1 + 5251 + j2) 0 0 
= Gi, J2 am 1) *) 
(mim) = Gi as I) 0 (2 x 2) 0 
Gi, j2 — 2) 
(mym2) = ¢ Gi -— 1Lj2- 2D 0 0 (Gx 3)ae nee 
Gi — 2, j2) 


ee 
*) (2 x 2) = (it ae (id2 - UNjrtj2- Lj +j2-1) 
Gi -Loglitinite—1). Gi- Lalitha +j2-1) 


(Sas 52 — 2| 51 + Joe + Jo — 2), (ite da — 2|j1 +52 — Lj +52 -2), (iso — 251 +2 — 2, ja + jo — 2) 
OG XS Gi 1,57 = Ih oe ee YWAate—-Lite-2), Gi-lie—ih + jo — 2, jr + j2 — 2) 
(ii - 2 jalirt+jd1+h2- 2 (i - geld +52 -Lj +j2-2), (i -— 2 j2ld1 +52 - 2,91 +52 — 2) 


52 


(1J2l91 + j2.31 +52) =1 (2.47) 
This is at once evident, since coupling Yj,m, and Pj, m, to maximum angular momentum 
Vishitiamaftie = Vij Pirie 


can be done only with the maximally oriented single wave functions Pj, jq and Pj, 5. 
The relation (2.47) may be used as the basis of a calculational algorithm if the 
recursion relation (2.45) is taken into account. We start with (2.45b) and set m1 = 31 
m2 =j2—1, 9 =j1+ 2, and m = 7) + ja. This gives 
[Gi + 52)G1 + 32 +1) — Ga + 52)G1 + 92 — DY i, je — Maia + 52051 +52 — 1) 
= [jaGe+ 1) — Go — Ij2]"/? (irjal ii + 52, 51 + 52) 
= LiaGi2 + 1) — Ge — Dj]? 
Thus 


DP ae 
In similar fashion, by setting m, = j; — 1, m2 = jo, j =j1 + Jo, mM = j1 + Jo, we obtain 
from (2.45b) 


— je 1/2 
Gj1.92 — Wii +jo91 +52 —-1) = ( | : (2.48) 


. 1/2 
Cie alae 92, 71+ 72 — 1) = (45) | (2.49) 
ier IP 
Thus, we have determined the first column of the 2 x 2 submatrix of the Clebsch-Gordan 
matrix given in Table 2.1. The second column of this submatrix, belonging to m = 3] + 
j2 — 1, J = 91 +72 — 1, may be calculated by use of the orthonormality relation (2.37). 

We must then have: 


72 2 a. 7. ae 
————— (91, J2 — 1]91 +92 — 1,91 +32 — 1) 
Thaw hy: 
UM ee 
——— (7; — 1, j2|j1 +32 — 1,91 +32 -1) = 
llgbed 2 


and 
(51552 — Uda +42 — Ij +52 —1)/ 
+|(j1 — Lgeld +32 — 131 +42 —-1)/? =1 
The solution of both equations is unique up to an arbitrary phase factor of modulus one. 


We choose it in such a way that the first matrix element of the form (31,3 —3j1\j7) is real 
and positive. This yields 


ent? 
Ge ae ie i 
(3192 = 191 1 me ot oP i 1S = ( ; : ) 9 


eet /2 
P : j2 
1 —1,970191 +92 —1,91 +92 -1 --(-2-) : (2.50) 
(1 jalg1 +32 — 1,51 +32 — 1) as 
We continue our discussion with the 3 x 3 submatrix of the Clebsch-Gordan matrix 
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(Table 2.1). By inserting (2.48) and (2.49) into the rhs of (2.45b), we obtain, after a brief 
calculation, 

Gits52 — Wir + ja.51 +42 — 2) -( jo(2j2 — 1) y" 

J1+J2 J1*IJ2,I1 7 32 Gi Fup Die = 1 

oe 1/2 
a eee 45132 ) 
4 — 1,92 —1]91 +92,91 +32 —2) = | ———_ 5 
Gi — yp EM or pegs) 22) (aspen =i) 


ee ( ju2j1 = 1) y (51) 
= tee oP Pe = a eee eS a oe . . 
Cn Ne arg Gi + joN2h1 42s — 1) 
This corresponds to the first column of the 3 x 3 submatrix. Similarly, we obtain the 
second column by inserting (2.50) into (2.45b), giving 


ae: 1/2 
af nae oe ji(2j2 — 1) ) 
,J2 — 2/91 +32 —1,91 +92 —2 S(a- 3 3. ’ 
(j1.J2 — 2|j1 + j2 — 1,91 +52 —2) (= ea ee) 
. xe Oe a T= 2 
Gn — l,j — 191 +92 — 1,91 +52—2) = (4-2 __,) , 
[G1 + 52)G1 + ja — D7? 


eT Nae joQn-1)  \? 
Gi 22) 7s ey oe) (= SC 3) a2 2) 
We continue in the same spirit: the third column of the 3 x 3 submatrix follows from the 
orthonormality relation (2.37). The column vectors (2.51) and (2.52) must be orthonormal 
to the third one, and the latter must be normalized. In order to fix the arbitrary phase 
factor, we choose, as before, the first component of the column vector to be real and 
positive. The result of this longer calculation is that 


ji(2j1 — 1) i 
(j1 + Jo — 1)(291 +27 — 1) ; 
QO) y 2 
Gj1 + go — 1)(271 +272 — 1) j 
jo(2j2 — 1) i g 
G1 +32 — 1)(271 +272 - 1) 


The procedure continues in this way. At the next step the 4 x 4 submatrix of Table 2.1 is 
evaluated. The calculation of the last column becomes, due to the use of the orthonormality 
relation (2.38), more and more complicated as the rank of the submatrix increases. One 
solves this problem in practice by calculating the coefficients numerically for given 71 
and j2, abandoning closed expressions’. As we have already mentioned, there also exist 
tables of Clebsch-Gordan coefficients. Another way of calculating the relation (2.45a) is 
to start at the other end: For the 1 x 1 submatrix at the lower and the assignment is 
m = —j1 — j2 and j = 71 + ja. In the following example we apply the above method to a 
simple problem. 


(j1,92 — 2|91 + 2 — 2,91 + 92 — 2) = ( 
(1 — 1,92 — 1]j1 +32 —2,91 +32 —2) = ( 


(91 — 2, 92191 + Jo — 2,91 +32 —2) = ( 


EP. Wigner gave the first closed analytical expression for the Clebsch-Gordan coefficients in 
1931 [E.P. Wigner: Gruppentheorie (Vieweg, Wiesbaden 1931)]. 
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AM PL a a a I IF eI 


2.2 Calculation of the Clebsch-Gordan 
Coefficients for Spin-Orbit Coupling 


The calculation of the coefficients for vector coupling is 
performed by the application of step operators on the wave 
functions. For the general case one gets long and cumber- 
some expressions; we will demonstrate the working prin- 
ciple with a simple example. 

We consider an electron with spin f/2 and orbital 
angular momentum 1h. We thus have 


= =! 
eee ag = 5 
and the magnetic quantum numbers can take the values 
=0,t1 , ms=+4 


The total angular momentum 7 = [+s, according to (2.32), 
must lie in the range 


s= un) 


ose 3 
wa) SS 


j=322 


Possibilities for j if 1= 1 and s = } 


Since the angular momentum quantum numbers a 
ways differ by one unit, ere. are two different states 7 = 5 
(s and l parallel) and 7 = 3 (s and l anti-parallel) Se 
above figure). Here we restrict ourselves to the state 7 = 4. 
The wave functions of the first excited state, with / = 1, of 
an electron in a hydrogen atom are 


peu) , 


Since we are only interested in the angle-dependent part, 
we neglect the radial part and write for the total wave 
function, according to (2.25), 


dim =P1m 
= = 3 $|mym — mIM)Y1mXLm—my ¢ (1) 


= Yim, X1ime 


dnjmims = bn, mims 


For the spin function we write here Xi» m, instead of 
X-£, in order to unify the notation. Since we have selected 


j= , m can assume only the two values +3 or —}. For 


the wave functions (1) this yields: 


x YimpX2 1 —m ’ (2) 


bas. (bl —4-m-¥) 


m,=0,+1 
x Yim X1,—1—m; : (3) 


Since m has only two values, the sums contain only two 
terms (yi 3 and yi_3 do not exist) which are 
22 2 


2 
Sei  y 
via 2 2102 5) Yioxa1 
+(193ll-94) Mxia > 4) 
and 
eles 1$3|-14-3)Y-ix11 


Al 
2 

as (13 310-3 — 3) Yaoxa_a (5) 

From the normalization condition follow the two equations 
11ljg11/ i 11\2 _ 

(1331039) + (gall-39) =1 . ©) 
ier Lele i ey 

(1g ols Wat) © (13 S105 5) = 


By application of Jt = £4 + $4, (4) and (5) are trans- 
formed into each other. The step operators yield the result 
that 


Jedjm = VIG+D—mm+Dbjmgi 5 (8) 
VIG +I) —mm—Dbjm-1 - (9) 


Similar results hold for ine and Ga In our case the ex- 
pressions are as follows 


Japa _ ee 1 , 


LsYi0 = ae ’ Th Gis = V2Y 10 > 
Gate OS = 
Py PA 2 2 22) 


J_tbjm = 


Applying J, on %1_1 and inserting 71 1 we obtain 
2 


al al 
2 22 


OS 


(15 3103 3) Yioxaa + (15 311-44) Mixa_a 
= v2 (1341-13 -3)Yioxia 
YB} H0-4- 9) Yaxs-g 


The wave functions are linearly independent, thus we can 
compare the coefficients, obtaining 


il shy il Po 

(13 31033) =v2(13 51-13-39) 
+ (1530-3 7) 

it ral es 
(15 511-34) =v2 (19 410-5 - 4) 
For clarity we write these equations in the abbreviated 
form, i.e. 
a=V2c+d , b=V2d . (10) 
The same abbreviation yields, if we apply J. = L_ + $_ 
on #14 and insert Wi_i, 

2 2 23 92 
=V2a , d=atvV2b . (11) 


The numerical values of the Clebsch-Gordan coefficients 
[with the phase factors given by (2.50)] follow easily from 
(10)/(11) and (6)/(7): 


=-d=-,/} 


Substituting these values into (2) and (3), the eigenfunc- 
tions of the total angular momentum read 


Se aS aye: 
b=—c=+4/5 


tia =-y3n- 1X11 + + 4¥oxsa 
2 2, 


As a further exercise one may calculate the Clebsch-Gordan 
coefficients for the case j = 3. The following wave func- 
tions are obtained: 


33=VYiix1i , 
Pi 4 PD 
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ia , 
WA 24 Die: 2 24 
15 = /4Ni-1 xaa + $¥ioxi_a : 
2 22 2 2 


=Yj_ 1X doe 
2 


“ 


a 
i) i 


is) 


The complete wave functions for these (ps and pi) 


states of the hydrogen atom follow by multiplication with 
the radial part R,, (r) = ren These states are en- 
ergetically degenerate in the pure Coulomb potential, but 
they split up into two states if there is spin-orbit coupling. 
Furthermore, the state p3 is four times, and the state pi 
twice, degenerate. If one populates these states by irradia- 
tion of the atom with light of a broad frequency spectrum, 
then one obtains a value of 2:1 for the ratio of intensities 
of the emitted fine-structure doublet. 

In general, the wave function of total angular mo- 
mentum j in a spherically symmetric potential can be 
constructed by coupling the orbital [Y;,,(6,¢)] and spin 
(x 1 ae) angular momentum eigenfunctions, giving 


vim = 2) (1pJlmmsM) Yin bX 1 mg 

Mm ,Msg 
The allowed values ae = ise rT so that in the case / = 2, 
j a take the values 2 = and 3; for! = 3 itis 7 = 4 
and 3 . In the first case the oe are called “ds” and 
cil Tespectively ("7 7”, (d saaguednd 6 | represent the 


l = 3,2,1,0 states, respectively). In the second case we 
refer to fr and fs states. In the Coulomb potential all 


States are degenerate, and only after introducing the spin- 
orbit coupling potential V(r) - s is the degeneracy lifted. 
This leads to the fine structure of atomic spectra. 
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3. Mathematical Supplement: 
Fundamental Properties of Lie Groups 


3.1 General Structure of Lie Groups 


The rotation group is composed of the infinite number of operators (setting h = 1) 
On() = exp(—id,, Ju) = exp(-id -T) (3.1) 


The fact that these operators are functions of only three fundamental operators {Jy} = 
{ Jy, Jo, J3}, allows us to represent them in a simple way. Every operator Up(@) is 
characterized by three real numbers, the parameters $1, ¢2, ¢3. We immediately recognize 
that the fundamental operators Jy can be obtained from the continuous group elements 
Up(o) by differentiation, so that 


-iSOaPg-0 = —idy = ORPVOdul pao - (3.2) 


Obviously the differentiability (analyticity) of Ur(¢) is required with ee Pee to the pa- 
rameters ¢, in the “neighbourhood” of the identity operator Up(0) = 

We now generalize this concept. Continuous groups, whose cae are given by 
operators U(a1,a9, ..., &p; 7), which depend on n parameters (coordinates), are called 
Lie groups, after the Norwegian mathematician Sophus Lie. Their elements depend ana- 
lytically on the n parameters a; and the argument r stands symbolically for a possible 
coordinate dependence. For example, in (3.1) the operators J, = Sicha 0/02 Occult 
which depend on the x; and the corresponding derivatives. In the following, we drop the 
argument r as a reference to this dependence, although we always continue to bear it in 
mind. 

It is advantageous to choose the parameters such that 

0(0) = 11 (3.3) 


holds. As we shall now show, analogy to (3.1) one can represent the operators of the 
group in the form 


nm 
U(az...anj 7) = exp (- SS anh) : (3.4) 


p=1 
where the operator functions fp are still unknown. Referring to (3.2), we have 
Sh, Soa (3.5) 


The Bi are called generators of the group. Indeed, one obtains for the infinitesimal trans- 
formation in the neighbourhood of the identity 


O(Sa,) = 000) + OO (a VOay|q—oSay = U-iLyday,=U+dA , 
where we put dA = cae We proceed as previously [cf. Example 1.11, Eq. (13)], 


Si 


and set 

dA=A/N=—~iLyay/N , 
where JN is an integer. Performing N successive infinitesimal transformations, in order to 
obtain the finite transformation U(a,), yields 


Olay) = jim [+ ANN = e4 sexp(-iLay) (3.6) 


Here we have made substantial use of a group property, by constructing a finite operator 
(a finite group element) from the product of infinitesimal elements. Because of the group 
property, the operators of the Lie group must always be representable in the form (3.4). 
We shall illustrate this from another point of view in the following Example 3.3. 

From the assumed analyticity, it follows for small éa; that 


A 


n n 
Ubap)=U-i > Sayly—4 > baybeyLyby +... . (3.6a) 
pal byl 


One recognizes that the £; must be linearly independent (; da;L; = 0, only if all 
5a; =0), since U for a = {6a;} = 0 has to be identical with the identity operators Il in 
a unique way. The existence of a da # 0 with L-éa = 0 would imply that at least two 
operators U(éa) = ll exist. 

If O (ay) is unitary, i.e. OT (ay) = 0-1(a,), then from (3.6) we obtain 


n n 
Ot ay)=B+i > bay) =O bay) =1+i D bayby (3.7) 
p=1 p=1 


The parameters a,, are chosen to be real in (3.4), i.e. ay, = a,. From this follows the 


hermiticity of the generators 


a (3.8) 
Next we calculate the inverse operator up to the second order in a p according to (3.6a), 
al = a 1 ie eas 
U~ (6a) = 141 ye baypLy — 5 3 bapbayvLyLy , (3.9) 
w=1 Hjv=1 


and with that, exploiting of Einstein’s summation convention, 


U-"(6By)O~ '(Sap)U (680 Say) 
= (1+ 168;L; — 468;58;£;£,)(1 + iba, Ly — $5a,5a)L,L)) 
X (1 -ibBmbm — $686 Baim inl — dap, — 75a,5ayb,L,) 
= (1 = §Bnbaybmby + 5Pmbaz Lp im — SBSont hey + 6B5aph7£,,) 


ae 


See bapod.,. (lel elt ae (3.10) 


Since all four factors on the Ihs of (3.10) are elements of the group, the whole product 
(3.10) is a group element located in the vicinity of a = 0. We denote it by U (6y,), where 


U(oy) =U-idyjE;+... Gay 
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Therefore, we have the relation 
U-"(6By)O (Sap)O (6By)O ap) = OS), (3.12) 
which is illustrated in Fig. 3.1, and hence by comparing (3.10 and 3.11) we write 
50,5Bm(LyLm — LmL,) = -iby;L; 


We now put 


—iby; = Pa 6a45Bm  , Fig. 3.1. Dlustration of the relation 
: : : (3.12). The four rotations éa, 
as 6; must tend to zero with 6a,, or with 63,,, and consequently has to be proportional 63, —Sa, —68 from (3.10) are 


to both. We obtain, therefore, equivalent to a single rotation 
ae fe éy, which again belongs to the 
[Le ty |e = Cknj L; : (3.13) neighbourhood of the identity (0). 


Notice that a rotation refers to 

ie. the generators have to satisfy commutation relations of the form (3.13). They form ‘he respectively valid coordinate 
losed tat loeb : ith a system, Therefore a and —éa 

a closed commutator algebra, as once again only the generators L; appear on the rhs Of are not antiparallel to each other, 
(3.13). Since for example. 6-y might be zero, but 


S pa eS needs not to be 
ee = (27, G3) A 


the structure constants C;, are antisymmetric in the first two indices, i.e. 


Cie = —Chi (3.14) 
Furthermore, the Jacobi identity 
(Ei, £;]_, £y)_ + [[£j, Le] _. La)_ + [[Ze. £i]_, £;)_ = 0 (3.15) 


holds, as can easily be verified by inserting the definition of the commutator [L,, Lee = 


ibe — L; Le Substituting (3.13) into (3.15) yields an additional condition for the structure 
constants, 


ee Cela Lo + (Cen mn. b;)_ =0 
and furthermore, 
OCG Lat Carin lant Gaerne 
= (CijmCmkn + CjkmCmin + ChimCmjnl£in = 0 
Therefore, due to the linear independence of the rane we have 
CijmCmkn + CjkmCmin + ChimCmjn =9 - (3.16) 


The relations (3.13) to (3.16) form the fundamental relations of the Lie algebra, which is 
characteristic of the group. The structure constants contain all of the information concern- 
ing the group, since they stipulate the exchangeability of the infinitesimal group operations 
performed in different order. All finite operators can be successively constructed from the 
infinitesimal operators. 
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EXAMPLE (GcmccepacS tis ee a eee are] 


3.1 Lie Algebra of SO(3) 

We remind the reader of the Lie algebra of SO(3), 

bash slew. (1) 
which is just the relation (3.13) applied to the group SO(3). 
The structure constants are the components of the ¢; jk ten- 
sor. In general they change if we form linear combinations 
of the generators (or the parameters Ou). For example, if 


we pass from ihe by Js to J = Jy +ify, J3, then the 
commutation relations are modified to 


owielee + Jen (J.J). =2), . (2) 


and obviously the structure constants differ from the above 
€i;- Thus, we can state that the structure constants depend 
on the representation of the Lie group, i.e. on the choice 
of parameters. The €;;, apparently fulfill the antisymmetry 
relation (3.14). Likewise the Jacobi identity relation (3.16) 
can be explicitly verified in this case [according to (1) we 
have Ci;, = ie;;4], 
CijmCmkn + CjkmCmin + ChimCmjn 

= —(6ijmEmkn + EjkmEmin + EkimEmjn) 

= —(6indjn — Sindjn + Oji8 kn — On Ons 

+ bn; 6in — Skndig) =O, 

since €;;, = 1 if the triple (¢jk) can be transformed into 
the triple (123) by an even permutation, and Eig, = 


if an odd permutation leads to (123). Otherwise Eijk = 0 
holds. 


EXERCSE 
3.2 Calculation with Complex n x n Matrices 


Problem. Let A, B be two complex n x n matrices. Show 
that: 
(a) if [A, B]_ =0, then 

ence Bee eAtB. 


(b) if B is regular, then 
BeAB-1- eBAB-. 


(c)oit AG, 
er, at 


An are the eigenvalues of A, then 


An 


. e*” are the eigenvalues of e4; 
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(a) feA]* =e4", fe]? = 04” 


eA}! =o" 


[cAI aene, 
(e) dete! = eTrA 


Solution. To begin with, we remind the reader of the def- 
inition of an exponential function 
os 1 1 
Se a eee ee. ; (1) 
‘ea 2! 3! 


With this, the solution offers no further difficulties. 
(a) In the first instance we expand the product e4 
to obtain 


ab oluL G1 yg; 

- Pas 2A) 

att Ss Doe 
k j=0 


and introduce a new summation index m = k +], such that 


SE 


<A lowe a Laer Lyk jm-k 
“2 Sk mo! 
(oe) 1 [oe Ake 
=> — mi _ 4k Bm 
a m! | & Tion — i] [E!(m — k)!] 
(oe) a“ a 
= De — (A+ By” =e EEL: (2) 


m=o ™ 


In the last but one step we exploited the assumption that 
A and B commute. 
(b) We start with an expansion of the product on the 


(BAB-* =-B84B7 (3) 


(lf a; — le 
to A;, that is 


-, 2) are the eigenvectors belonging 


Aa; =;a; , (4) 


then obviously 


Aen ne = 4k — 1 k i. 
ee i), aie “a, (5) 


holds, i.e. a; is an eigenvector of e4 with eigenvalue e+. 


(d) We solely want to consider the case [e4]* = eA" 
therefore we write 


> 


os 2 ] rs * [oe 1 ae 
er =| a = ea 
= W (Atk eA” (6) 
past) 7 


The cases “{” and “T” are proven similarly. 
According to (a) e4e—4 =e® = 1, ice. 
[e4}-1 =eA (7) 
(e) The determinant is the product of the eigenvalues, 
the trace is the sum of the eigenvalues, hence by (c), 


M1 » Ait..d 


ee TrA : (8) 


dete“ =e ne 


LR —————L_L____= Saas 
3.3 Proof of a Commutation Relation 


Problem. For f, M ¢€ GL(n), i.e. elements out of the 
general linear group of all n x n-matrices, prove the rela- 
tion 
hop oat oe le 
e- Me = 2 LE Ma) , 
n= 
where 
[L, M ](0) =M 
[L, M] (4) = [£,.M)_ 
[L, M] (2) = [L, [£, M]]_ 
[L, Mn) = (2, [£,M]n—a]- 


Solution. We define a matrix-valued function of the real 
parameter a, 


F(a) = eth nemo, (1) 
F(a) can be expanded into a Taylor series at a = 0 
: se Gee z 

=> -=(— (2) 
F(a) py 7 (Ze )_a 


Now we obtain (observe the ordering of factors!), 
(i) neem 

A {A(a)B(a)} 
Q 


= lim {-l4Ca + Aa)B(a t+ Aa) 
Aa 


Aa— 90 


5 Acayan)} 


= lm {qrdlat Aa)[Bla+ Aa) ~ Bra) 
Aa—0| Aa 


x [Ala + Aa) — Ate] Bc} 


= Aa) {B(a)} + = {A(a)} Bea) 3) 
and 
4 ab =e) eek = elf , (4) 
da 
Therefore 


© Fa) = eel fypenok _ gol iy pe-ok 
a 


= ob [E,a]ee! (5) 
a) = # peak th, Me-ohy 
da? da ; 


= eat DM ene! = eo [L, ML en ok 
=e (7, [L, Meo 


=e [EM] 0 (6) 
Now assume 
Ore abr e -of 
Fee: EME [L, M)(n-1)& 9 (7) 


To complete the proof by induction, we show that 
AM d qr-1 Pe 

ae pea PE cet 

da” ae) da { data ca} 


= ect A, M](n-1) eal 
= eat li, M(n—1L ee 
= eat (ie M](n) e ol 5 (8) 
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whence follows 
: so ol elipe Gn er 
F(a) = SS Alo (ee M)(,)€ > ages 


n=0 ~ 


le n 
= eat M)\(ny@ : (9) 


EXERCISE Gee ee 


3.4 Generators and Structure Constants 
of Proper Lorentz Transformations 


The (proper) Lorentz group L is composed of all 4 x 4 
matrices @ = (a4) which describe a (proper) Lorentz trans- 
formation, i.e. for which the following holds: 


i) Invariance of the scalar product; 
(Gea outage) =x" gue” (1) 
where gj, is the Lorentz-Minkowski metric. 


il) @ is contained in the same set of Lorentz transfor- 
mations as ll (G@ arises continuously from 11). 


The Lorentz transformations form a six-parameter group. 
One can take as parameters, e.g. the rotation angle w and 
the rapidity €. 


Hint: Compare with Sect.3.13 and Exercises 3.16 and 
ale! 


Problem. a) Determine the corresponding generators; b) 
Find the structure constants! 


Solution. As usual we make the ansatz 
&(w, €) = exp(-iw -S—i¢-K) , (2) 


where w, & represent the parameters and 5, K are the 
corresponding generators. For infinitesimal transformations 
this becomes 


a(éw, 6£) =I —-idw-S—idt- K (3) 


Here S and K are three-vectors of 4 x 4 matrices. Let us 
start by investigating the spatial rotations, i.e. setting 6 = 
0. The transformation matrix for a rotation of the coordi- 
nate system around the z axis (6w;, #0, édw2 = dw3 = 0), 
in the positive sense of rotation is given by 


0 Se 0 ae 

ae 01 0 

| 0) O° ule eso nen 
010 -6w, 1 
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hence according to (3) éw S= ida — ll) = 61S} and 
therefore 


LONE ees Ui 
. ij oO 6 oO i 


0] 0 mE 
é ~ 0 | 0 O +1 
CSS owe wi ° 
Ol =i o a0 
0 | SOR Os 
; 010 =O 
= 5 
ae | 0| ile eo. = 


0| 0 06 
We see that the spin-1 matrices appear as submatrices, but 
with negative sign [see Example 1.11, Eq. (9)]. Concerning 
the Lorentz “‘boosts”, we first recall the definition of the 
rapidity variable €, for which 


B v 
€=—artanh|[B| , B=- . (6) 
iia : 
With that we obtain, after a straight forward calculation, 
Be=tanh€E , y=coshé , yS=sinhé€ . (7) 


Then the matrix, describing a boost in the z direction, is 
simply 


cosh |—sinhgé 0 0° 
mp. | ~Sinhé | coshE O O 
0 20 Cael 


Observe that there is a certain similarity between the boost 
and the rotation matrices, the differences originating in the 
asymmetry of temporal and spatial directions in Minkowski 
space. 

A benefit of the “rapidity representation” consists in 


the property 
G(6)H(G) = 4G +&) (9) 


that is, rapidities in the same spatial direction are additive 
just as rotation angles. For an infinitesimal boost (€ — 6), 
6& = 63 =0) we obtain 


| Soe 

oe SiG) (oo we 
Se ee |, 

Oa | er ei 


hence according to (3) 6€-K = i(a — Il) = 6€, Ky and 


therefore 
EOP 0 
H 

K,=-i| 0 | (10) 
0 | 0 
0 | 

and by analogy 
Ol O 1 0 

Ko =-i 

2a 1 O ’ 

0 | 
1 emer) 

“ 0 

K3=-i| 5 | 0 . (11) 
1 | 


We have hereby determined the generators of the Lorentz 
group. Of course one should bear in mind that these ma- 
trices depend to a high degree on the definition of the 
parameters. 


b) If we enumerate the generators S., K; GC — 1,23) 
in some way, ae them to form a six-component 
vector L; (2 = 1, ..., 6), then the structure constants Co 
are defined by 


ee Cae (12) 


Hence we have to calculate all commutators between gen- 
erators, and as we already know, 


[53,53] = ie: 5, Sy (13) 
holds for the negative spin matrices. The reader should 
note the sign here. If we had chosen —w as a parameter 
instead of the rotation angle w, a “+”-sign would have 


resulted. A commutator between boost generators is, for 
example 


0 ay 
[Ky, Ke] = - if 1 
M 0; 0 tj} 
0 | 0 | 

0/0 1 07 fOj1 0 0 
as Hy (14) 

1 0 0 | 0 

0 | 0! 

Calculation yields 
[K1, Ko] =i53 , (15) 
and altogether we obtain 
[K;, Kj] = ms : (16) 


A 


Eventually [5;, K;] must be calculated, e.g. we get 


oft ee ee 
(3 Ky) _ afc 0 0 0| 
1 2] = 0) 0 1 lia 0 
0; +1 0 0 | 
0 On LS) LD 
7 7" Tk we a 
1; 0 0; 0 0 =1 
0 | 0| 0 +1 0 
uO GeOmmOn 0: 0) es 
__fot fo 
"| 0) 0 o} 0 
+1 | 0! 
=ik; (17) 


and more generally, 
(Si, Kj] = tie; 3, Kj 3 (18) 
The structure constants are thus given by the coefficients 


of the rhs of (13), (16), and (18), ie. essentially by + Eijk 
This completes the exercise. 


3.2 Interpretation of Commutators as Generalized 
Vector Products, Lie’s Theorem, Rank of Lie Group 


The commutation relations (3.13) can be comprehended as a direct generalization of the 
vectorial cross product of two vectors. In fact Eq. (12) in Exercise 3.4 can be written as 


L; x L; = Crp Ly ’ 


(3.17) 
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meaning that the cross product of two “basis vectors” L; and L; is also a vector of the 
same space, and thus a linear combination of the basis vectors. This is the generalized 
relation e; X e; = e, (t,j,k = 1,2,3, cyclic), valid in three- dimensional vector space, 
where the e; are the basis vectors. The Lie algebra of rank 2 is particular noteworthy with 
regard to this viewpoint; it contains two vectors, the cross product of which vanishes, i.e. 
[£1,L2]_ =, although £1 and Le are linearly independent. Therefore, the comparison 
with a normal vector product in three-dimensional configuration space must not be taken 
too far. With the exception of the Lie algrebra of the group SO(3) it is not an isomorphism, 
merely an analogy. 

Up to now we have started with the Lie group, determined its generators and then 
calculated the commutators (3.13). In this way we were led to the Lie algebra. This 
procedure can be reversed: If a set of N hermitian operators LE; is given, which is closed 
under commutation [hence fulfills equations of the form (3.13)], then these operators [; 
specify a Lie group, whose generators they are. This is called Lie’s theorem. 

This theorem is evident, for we can immediately write down the infinitesimal group 
operators U(day) 


N N 
U(Say) = 1-1 >> Sayin =-i > ne , On=Mban . (3.18) 
n=l n=1 


Successive M-fold application of these operators in the limit Mf — oo then yields the 
operators of the pertinent Lie group, corresponding to finite rotations, 


a A An + si N a 
U(ay) = «pn (2 -i> sate) = exp (= a anbn (3.19) 


This construction of U(a,) is exactly the same as the one which lead to (3.6). 

An essential characteristic of a Lie group is its rank, which is defined as the largest 
number of generators commuting with each other. For example, the abelian translation 
group has three generators p, = —i0/Ozr,, which all commute with each other, and hence 
has rank 3. In this case the rank is to a certain extent trivial since, in view of the com- 
mutativity of the generators p,, one can write 


e712 °P = e—i01P1 e—le2b2 e—iesps (3.20) 


This means that this group of rank 3 is actually a product of three groups of rank 1. 
More interesting examples are provided by the rotation group SO(3), in which none of 
the generators J, commutes with any other (rank 1); and by the group SU(3) (which we 
shall introduce later), in which the third component of the isospin T3 and the hypercharge 
Y (which is connected with strangeness) commute (rank 2). 
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3.5 Algebra of j, and J, 


a) The three operators p, = —i0/Oz,, fulfill the trivial com- 
mutation relations 


[Bys Pu] _ Sate (1) 
If the group parameters are denoted by 01, 02, 03, then 
U(@) = exp(—igv pr) = exp(—g: V) (2) 


are the operators of the translation group, as we alrady 
know. These operators U(g) represent an Abelian group. 
All three generators commute; hence the rank of the trans- 


lation group is 3. 


b) The three angular momentum operators ds satisfy 


(ii, es = icin Jy : (3) 
Therefore 
Up(¢) = exp(—id; J) (4) 


are the known group operators of SO(3), and the angles ¢; 
are the parameters of the group. A generator J; commutes 
only with itself; hence the rank of the special rotations 


group is 1. 


3.3 Invariant Subgroups, Simple and Semisimple Lie Groups, Ideals GC 


Lie groups which have special importance in physics are semisimple. In the following, we 
shall explain this concept and the reason for its particular relevance. 
Let us investigate a group G = {G,} with an abelian subgroup A = {A;} (Fig. 3.2). 


Then, if 
GAiG; =A; , 
A;Ay, = Ap Aj 


A 


et) Fig.3.2. Group G and Abelian 


subgroup A 
(322) 


hold for every A; and for every element G,, of the full group, ie. G,A;G7! is again 
an element of the abelian subgroup, the group A is called an abelian invariant subgroup. 
If the subgroup A is invariant but not abelian, i.e. (3.21) holds, but not (3.22), then it is 


simply named an invariant subgroup. 
EXAMPLE 


3.6 Translation-Rotation Group 


The group of all translations and rotations has six gener- 
ators p1, p2, p3, sis iby Je More concisely, it is called a 
translation-rotation group and has the translations (p,,) as 
an abelian subgroup. Intuition shows us that 


ae) ae 

where f is a rotation and 7 a translation, is again a 
pure translation T’ (see next figure). Consequently the 
translation group is an invariant abelian subgroup of the 
translation-rotation group. This property will also be pur- 
sued analytically in Exercise 3.18. 


p> 


Vas : 


Illustration of RT R-! = T’ 
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We now arrive at the definition of simple and semisimple Lie groups and state that 
Lie group is called simple, if it does not possess a continuous (hence Lie type) invariant 
subgroup. A Lie group is called semisimple, if it does not possess a Continuous abelian 
invariant subgroup. One should notice that a semisimple group can well contain a contin- 
uous invariant subgroup, although it is nor allowed to have a continuous abelian invariant 
subgroup. 

Henceforth, we want to study Lie algebras of groups with continuous invariant sub- 
groups. We argue that with 


A;= @, KES” 
and A>} also 
Al AVA, GAG) | Av (3.23) 


is an element of the invariant subgroup. Since G and A are Lie groups, we term G;, the 
generators belonging to G, and A; the generators belonging to A (note the operator sign 
“). It then follows that 


G, = 11 —ida;G; — }6a;50;G;G; (3.24) 
and 


A; = 1 —i6B, A, — 468,66, A, A; (3.25) 


for the rhs of (3.23) by complete analogy to our previous calculations (3.10) 
Ay = 1 — 60;68;[Gi, Ap]_ (3.26) 


Since A; has to be located within the group A in the neighbourhood of the unit element, 
we Can write 


Ay =1—idymAm . (3.27) 
If we put — as previously — 
164 = ajpaidBy , 


because é-y; has to vanish for 6a; — 0 as well as for 5G; — 0, then from (3.26) and (3.27) 
follows 


[G;, Ay]_ = a;x1 A) (3.28) 


for all G;. Therefore, if one can linearly combine M generators A (M < N) out of the 
N generators G; of a Lie group, so that (3.28) holds, then the Lie group possesses an 
invariant subgroup. Obviously the M generators A, = {A,, Ag, ..., Aag} of the invariant 
subgroup form a subalgebra of the original Lie algebra. Indeed, the set of commutators 
[A;, A,]_. is evidently closed among itself. Such a subalgebra, for which (3.28) holds in 
addition, is called ideal. One says by analogy to the definitions for groups: 

A Lie algebra is named simple, if it does not possess an ideal apart from the null 
ideal {0}, and semisimple, if it does not possess an abelian ideal. Thus (3.28) may hold in 
the latter case, but not all commutators [A;, A j)_ within the ideal are allowed to vanish. 


66 


LN ANLPL FSS SSS Sy 


3.7 Simple and Semisimple Lie Groups 


a) The three generators of the translation group Pv form a 
closed subalgebra within the TR group (translation-rotation 
group), since [p,,p,]_ = 0. Together with the generators 
J, =(? X p), of the rotation group, one gets, for example 
Bade as 158 =0 , 
Pedy = JyPz = ipz ? 
Ped; —Jzbr =—ipy , and so forth . (1) 
These are relations of the form (3.28). Therefore, the ion 
algebra is an ideal within the TR group (more precisely, 
an abelian ideal). Consequently the algebra of p; and J, 
is neither simple nor semisimple. 


b) If one tries to apply (3.28) to the rotation group, 
it is Clear to see that these equations can only be fulfilled, 
if the Ag span the total Lie algebra. Namely, if one puts 
{Gy} = {Jz}, then the commutators 


(Ji, Jo]_ =iJs 5 
Bele =is> 
[Jo, Js]_ =id; (2) 


do not generate a subalgebra analogous to (3.28). Solely 
the three J; operators together are closed. Therefore, the 
angular momentum algebra does nor possess an ideal, it is 
simple. 


c) Typical examples of semisimple groups are the di- 
rect products (Kronecker-products) of simple groups. For 
example, in many physical discussions of angular momen- 
tum couplings, the semisimple group 


SO(3) x SO(3) (3) 


plays an important role. The elements of this group have 
the form 


exp(—id + J) x exp(-id! - J’). (4) 
where @ = {¢1, $2, ¢3} and ¢' = {44, 45,63} are six in- 


dependent parameters and the generators (separately) fulfill 
the algebras 


(Ji, J = ies Je and Eeeela = icin dy : (5) 
In addition they commute, i.e. 
ign St 5 Sea lage (6) 


The generators J, and J', act in different spaces, e.g. in 
the well known spaces of orbital and spin angular momen- 
tum or in the configuration space of particle 1 (71, 51) and 
particle 2 (rg, 52). Here s denotes the spin variable. 

Thus, we recognize by comparison with equation (3.28) 
that the generators {J1, Jo, J3} as well as the generators 
{Jt, Ji, J4} constitute — each set for itself — a non-abelian 
ideal of the Lie algebra, which is spanned by { Ah, Jo, J 
a : ae Aly 

The algebra and the group is semisimple, since indeed 
there is an ideal (i.e. an invariant subgroup), but the latter 
is not abelian. As may be seen from this example, it is a 
typical property of semisimple Lie groups that they can be 
set up as a direct product of simple Lie groups. This holds 
generally for every semisimple Lie group. 

d) Note that the definition of a simple group requires 
that there exists no Lie type (i.e. continuous) invariant sub- 
group. Quite possibly, however, there may be a discrete 
invariant subgroup, although this subgroup must not form 
a Lie group, as is of course the case for a continuous in- 
variant subgroups. As an example we mention the SU(2), 
with which we became acquainted earlier, in connection 
with the rotation of spinors (Example 1.12). Its elements 
are given by 


Up = exp(—i¢ - 3) = exp(—Zi¢ - 6) 
= exp(—gig¢n- 6) 
= Il cos(4¢) —in-& sin(4¢) (7) 


(see also Exercise 3.8). However, the two discrete matrices 


oi) En ey 


form a discrete invariant subgroup for these continuous 
2 xX 2 matrices. Nevertheless, the group is simple, since 
indeed there is an invariant subgroup, but it is discrete, 
not continuous. Furthermore, the generators $,, possess the 
same Lie algebra as the generators of the rotation group. 

e) We now draw attention to a physically important 
Lie algebra, which is not semisimple. Let P and Q be mo- 
mentum and position operators in a well-defined direction 
and F the identity operator. Then obviously 


[PyO)o= ib (8) 
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holds. The algebra of these three operators (sometimes 
called Heisenberg algebra) possesses an abelian subalge- 
bra which is spanned by E and P, for example. Simulta- 
neously, it is an ideal, for it fits into the scheme (3.28). 
The commutators 

(2, P]_ =0=([F, £)_ =[P, P)_ (9) 


define the abelian subalgebra. At the same time the relation 
(3.28) is fulfilled with [E,Q]_ = 0 and [P,Q]_ = ik 
Therefore, the Heisenberg algebra is a Lie algebra, which 
is neither simple nor semisimple. 


REC, =i a ae ee 
3.8 Reduction of exp{ — din -6} 

Problem. Show that 

ll cos($¢) — in + & sin(4¢) 


holds [see Example 3.7, (7)] for any angle ¢ and any unit 
vector n. 


exp(—}on +6) = 


Solution. According to the assumption that n is a unit 
vector, 1.€. 


ninjg=1 , (1) 

then, furthermore for the Pauli matrices, 

Gio; = 16 ijk 7h ar 6:31 (2) 

holds. Hence, with (1) it follows that (one should bear in 

mind Einstein’s summation convention) 

(n- a)’ =njnjoj0; = Injn;6;; + ININ;E GET 
=Injnj=1 , (3) 


because njn;éj;~ = 0 is true for every k, since nin; is 
symmetric and €;;;, is antisymmetric in 7 and 7. The result 
(3) can obviously be generalized. Thus, 


(n-6)?" =I and (4) 


(n-6)2"t1 =1(n-G)=(n-&) . (5) 


Now the desired transformation may be carried out: 
a 
~ = (-gid)"(n- &)” 
n! 


n=0 


exp(—zidn -o)= 
ae! 
me ei aetie  aae 
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+ neo Oe: a (-1ig)?"+1(n gent 


[oe] 


si nytt 2n 
1S, aay 13) 
1 


. a _1\"1 zy2nt1 
—i(n-a) » Qn+D! Th 1)"(3@) 
= I cos(44) —i(n-&) sin($¢) 


for the two series just represent the trigonometric functions. 


EXAMPLE i. iar eee ee 


3.9 Cartan’s Criterion for Semisimplicity 


There is an elementary criterion for finding out whether a 
Lie algebra is semisimple, which originates from Cartan. 
To that end we define the symmetric tensor 

Jor = Gro = CoorC rrp ’ (1) 


which is built from structure constants. g,, 1s called a 
metric tensor, sometimes also Killing form. This tensor 
can be defined for any Lie group and its associated Lie 
algebra. Sometimes the metric is likewise defined as 


(Li Lj) = TEL; , 
where the L; are generators. This is the so-called regular 


representation of a Lie group [see (5.34) ff. later on]. The 
matrix elements of L; are defined to be given by 


(Yio = Ciap 
in this representation. From this follows 
(iT) = IL lie Yo Lael, yee 
af 

= CiapCj Ba = 9ij 
(ie L;) fulfills all properties of a metric, for example 
(Li, L;)=(Ly, Li), 
(L; + L;,L,) = (Li, £,)+ (L;,L,) , 
but it is not necessarily positive definite [i.e. (L;, £;) > 0], 


as is evidently the case for, e.g. the Minkowski metric. 
Now we show that a Lie algebra is semisimple if 


det(g,y) #0. (2) 


For this we have to demonstrate that det(g,,) = 0, if there 
is a nontrivial subalgebra (an abelian ideal). Let us there- 
fore suppose that the Lie algebra possesses an abelian ideal. 
We discern the generators belonging to the ideal from the 
remaining generators by marked indices. Then for the \/ 
column of the metric tensor, 


Jor = CoorC \'r9 a Co ptr Or ro! (3) 


holds, since C’y,, = 0 for those values 0 # g! which do 
not belong to the ideal [cf. (3.28)]. Furthermore, it follows 
from (3) that 


Dok Oe te og = Copter! Cyt rt ot ’ (4) 


since Cy,, = 0 for all r #7’ for the same reason. But 
now for an abelian ideal 


Cyr pt vm 0 (5) 
holds. Thus follows 
Joy =O . (6) 


Therefore, the \’ column of the metric tensor vanishes and 
we obtain 


det(g,,)=0 . (7) 


We here remark that Cartan’s condition (2) has the meaning 
that the metric tensor must have an inverse tensor g7* = 
(go)~!, for which then 


Ga der = 6a (8) 
holds. 


EXAMPLE Se 


3.10 Semisimplicity of SOG) 
Problem. Show by means of Cartan’s criterion that the 
group SO(3) is semisimple. 


Solution. The structure constants of SO(3) are identical 
with the antisymmetric tensor ic;;, (see Example 3.1). 
Therefore the metric tensor of the SO(3) is given by 


Jor = —EagjkEdkj = EojkEdjk =250r - (1) 
Then 
det(g,,) =8 #0 (2) 


follows, which demonstrates that SO(3) is semisimple. In- 
deed, already by means of our earlier considerations we 
know that SO(3) is simple (cf. Example 3.7). 


3.4 Compact Lie Groups and Lie Algebras 


Here we want to introduce one further concept: A Lie group is usually called compact, if 
its parametrisation consists of a finite number of bounded parameter domains. Otherwise 
the group is called noncompact. The related Lie algebra is correspondingly called compact 
and noncompact, respectively. Any compact Lie algebra is semisimple. Earlier we defined 
the compactness more precisely (Sect. 1.7). The present definition is less precise, but it is 
also correct: Each group element is uniquely related by the parameters. For example, for 


O(2), ¢ describes the group element e'?/-. 


If there are a finite number of parameters (i.e. finite number of generators), and if 
the parameter domain is compact (if it is bounded, it can be compactified by including 
in the parameter domain every element, which can be obtained by limiting process), then 


the definition of Sect. 1.7 holds. 
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3.5 Invariant Operators (Casimir Operators) 


The spherical harmonics Y;,,(6, ¢) are characterized by the “quantum numbers” / and m. 
More precisely, one says that the Y/,,,(6,¢) are simultaneous eigenfunctions of the two 
operators of orbital angular momentum L? and L3, which are connected to the generators 
J; of the rotation group for spinless fields by 


Sle eins J 
z 


L? (and also J) is not a generator of the group, but it is a bilinear function of all 
generators. L” has the distinctive property of commuting with all generators, i.e. 


[J?, fj]. =0 . Therefore, 
[J?, Or()|_ = 0 


holds too, ie. J? also commutes with all group operators Up(@). Therefore J? is called 
an invariant operator of the group or Casimir operator. 

The importance of the operator J? rests in the fact that its (27 + 1)-fold degenerated 
eigenvectors exactly represent the multiplets of the rotation group. j = O is a singlet, j = = 
a doublet, 7 = 1 a triplet and so forth. This property is no peculiarity of the rotation group, 
but is a general characteristic of semisimple Lie groups in a slightly generalized form. 


Namely, Racah proved the following theorem: 


3.6 Theorem of Racah ? 


For any semisimple Lie group of rank 1, there exists a set of | Casimir operators. These 
are functions Cre. oe (A = 1, 2,..., 2) of the generators lbp, and commute 
with every operator of the group and therefore also amongst themselves: [C), C}) = 0. 
The eigenvalues of the Os uniquely characterize the multiplets of the group. 

This theorem provides us with the possibility of a precise formulation of the notion 
multiplet. Let us, therefore, begin to explain this concept. 


3.7 Comments on Multiplets 


We begin with the concept of an invariant subspace of the total Hilbert space, i.e. of 
all states on which the operators of the symmetry group act. By that, one understands a 
set of states which reproduce themselves by application of some operator of the group, 
i.e. yield other states of the same set. The operators of the group transform the states of 
the invariant subspace among themselves. In other words, the matrix elements of group 
operators (i.e. generators) between states of the invariant subspace and states outside of it 
vanish. A multiplet is an irreducible invariant subspace of a group, i.e. a subspace which 
does not contain a further invariant subspace. 


; To some extent, we follow the article by K.W. McVoy: Reviews of Modern Physics 37 (No. 1), 
84 (1965). 
2 G. Racah: Group Theory and Spectroscopy, Princeton Lectures (CERN Reprint). 
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3.11 An Invariant Subspace to the Rotation Group 


The orthogonal vectors {Yo0, Y11, Yio. Yi-1} form a four- 
dimensional invariant subspace with respect to the rotation 
group, because any of the generators Jt (=angular mo- 
mentum operators L, in this case) of this group can only 
change — as we know — the quantum number m, but not J. 
Consequently the J;, transform these vectors among them- 
selves, as do the Ur(¢), which are functions of the J (cf. 
Vol. 4, Chap. 4), so that 


T4Vim = (Si tide)Vim 


ey CD) eracrmi ate), 
TES fry Se ce 


EXAMPLE iii iii ae ee ee] 
3.12 Reduction of an Invariant Subspace 


The four-dimensional invariant subspace {Yoo, Yi, Yio, 
Y,-1}, which we have already mentioned in the previ- 
ous example, is a reducible subspace, because it contains 
smaller subspaces (which are not further reducible, i.e. 
which are true multiplets), namely the triplet 


(ied, 11) (1) 
and the singlet 
{Yoo} . (2) 


This is so because the operators J,, do not change the / 
quantum number, for example 


J Vim = Jil + 1) —m(mt£D¥imt1 
Jove =MYim_ - (3) 


The triplet (and also the singlet) cannot be further reduced. 
From (3) it also follows that 


(Yoo|Ur(@)|Yim) =0 (#0) (4) 
for every rotation operator Op() of the group. There ex- 
ists no group Operator with nonvanishing matrix elements 
between singlet and triplet (more generally, between one 
multiplet and another). The complete decomposition of the 
invariant subspace {Yoo9, Y11, Yi0, Yi:-1} into a singlet 
and a triplet is expressed by the notation 


Yoni to 1e1) 
= {Yoo} @ {Yi1, Yio. Yi-i} - (5) 


We recognize from the last example that the states contained in a single multiplet 
are obviously related to each other. This becomes clearer by considering the following 


alternative construction of a multiplet: 


We start from a normalized state 79, which lies completely within a multiplet of the 


group. Then all vectors 
bar) = T (eho 


(DA) 


are constructed which can be reached from 7g by application of the group operators O(a). 
Each successive application of a group operator U() has to transform the vectors »a(r) 
among themselves because U(3)U(a) = U(-y) again must be a group operator. The sphere 
of vectors 7 is transformed into itself (cf. Fig. 3.3). The (1) alone do not form a vector 
space (because each element is normalized to unity), but all linear combinations of #a(r) 
together span a vector space. The later is obviously invariant under the group. /t forms 
exactly that multiplet, which contains wo. 

The name “multiplet” originated in atomic spectroscopy, where the invariant sub- 
spaces are characterized by the total angular momentum j and the orbital momentum I. 


For example 
2p3 /2 means n =2 (principal quantum number) 
P= (psidtess i) 


j=3/2 
71 


Fig. 3.3. The states woa(r) can 
be interpreted as vectors on a 
unit sphere (normalized states) 
[~-(r) appears only perspectively 
shortened] 


j= 1/2 
Fig.3.4. Line multiplet obtained 
by splitting of the state multiplet. 
The splitting of the multiplet states 
indicates that the symmetry un- 
derlying these multiplet is not ex- 
actly valid. One says: the symme- 
try is (slightly) broken. Otherwise 
it would be impossible to recog- 
nize the multiplet (here: the multi- 
plet of X-ray lines). See also the 
following discussion of invariance 
under a symmetry (Sect. 3.8) 


3ds 2 means n = 3 (principal quantum number) 
tala States) ony) 
jy =5/2 

3p3 /2 Means n = 3 (principal quantum number) 


l=1 (p state Yym) 
gy = 3/2 eic. 


In the absence of an external field, all these multiplets are (27 + 1)-times degenerate. In the 
presence of an external field (for example a magnetic field), these states split up, which 
can be demonstrated, for example, by the Zeeman effect, and lead to a series of multiplets 
of neighbouring lines in the spectrum of the atom (Fig. 3.4). 

This splitting indicates that the symmetry, which is represented by the multiplets, 
is no longer exact. Usually one speaks of a (weakly) broken symmetry. Otherwise, one 
would not be able to recognize the multiplicity of states in the multiplet, in our case the 
multiplet of lines, (compare also to the following discussion on the invariance under a 
symmetry group). 

In terms of group theory, a set of degenerate states is called a multiplet. The multiplets 
depend on the symmetry group. So in atomic physics we deal with angular momentum 
(spin) multiplets which follow from the rotational invariance. Yoo is a singlet with respect 
to the rotation group; the A particle (cf. Table 6.1) is an isospin-singlet; neutron and proton 
(n, p) form an isospin doublet (cf. Chap. 5), as do the ground states of the nuclei ?H and 
3He; the pions {x+, 9, 7} form an isospin-triplet, etc. 

The important qualitative insight that we gain from this discussion is that each group 
has a well-defined, unique and partly characteristic set of multiplets. Although these mul- 
tiplets are determined by the structure of the group, there exists no general method to 
find them for arbitrary continuous groups. Only for semi-simple Lie groups, we have the 
Racah theorem at hand. 


3.8 Invariance Under a Symmetry Group 
Let U(a) be the operators of a Symmetry group (for example, the rotation operators). 


Then the invariance of the system under the group U(a) means that both the initial state 
w which fulfills? 


.O ~ 

ine =Hy , (3.30) 
and also the state generated by the symmetry operation (rotation) 

b'(r) = U(a@)p(r) (3.31) 
fulfill the same Schrédinger equation (3.30) with the same Hamiltonian H, hence, 

.O A 

ine = el G22) 


In order to recognize the consequences of this requirement, we multiply (3.30) by U(a) 


3 Note that here we set ht = 1. 


Ue 


ie. a Aes ef 
iw Ula)p(r) = U(a@) AU '"(a)UW(a)b(r) (sue) 


Above, we have inserted 1 = U—!(a)U(ax) between H and w on the rhs. The group pa- 
rameters o are fixed numbers; they are especially independent of time. Therefore, because 
of (3.31), (3.33) takes the form 


inv, t)=U(a@) HU Na)p'(r,t) (3.34) 
so that a comparison with the requirement (3.32) yields 

H =U(a)HU-\(a) or (3.35) 

(O(a), H]_ =U(@)H- AU(a)=0 . (3.36) 


Hence, the invariance of the system under the group U necessarily means that H commutes 
with all group operators U(a), and, therefore, that it also commutes with all generators 
L; of the group. One immediately recognizes that the inversion is valid, too. From 


[L;, #]_ =0 (3.37) 
and U(a) = exp(—ia;L,), it follows that 

[U(a),fj_=0 . (3.38) 
Whenever a state, for example wo, is an eigenstate of the Hamiltonian 

Hyo=Eovo . (3.39) 
then, according to (3.36), we obtain 

Ula)Hyy =U(a)Eovo , HU(a)po= EoV(adbo , (3.40) 


ie. all other states U(ax)yo of the multiplet are eigenstates of the Hamiltonian with the 
same eigenvalue Eo. In other words, the Hamiltonian is degenerate on each multiplet. This 
also holds for the eigenvalues Cy of the / Casimir operators Cy which commute with H 
because the generators L; of the symmetry group U commute with H, and because the 


Ce x Ub Be Pel) commute with iis This can be understood in the following way: From 
EN Cliis oo ON ees| SU (3.41) 
it immediately follows that 
(ONC Gully ye SO (3.42) 


i.e. all 1 Casimir operators commute with each other and of course also with H. Since 
commuting operators can be simultaneously diagonalized, i.e. they have the same eigen- 
functions, we conclude from (3.40) that the Cy are also degenerate on the multiplet. In 
other words, for a given multiplet the operators Cy possess a common set of eigenvalues 


Ci Co, o 9 OF) Ci i (3.43) 


Thus the Racah theorem guarantees that each multiplet is related uniquely to a set of 
eigenvalues C1, Co, ..., Cy. We can summarise this as follows: Each multiplet of a semi- 
simple Lie group can Wy) uniquely characterized by the eigenvalues Cy, C2, ..., Cy of the 
| Casimir operators Ce Ce ee Cp 


73 


FE OS Se —_——————_[_[_[__—_— —_——_——2X—Xz—aE EEE 


3.13 Casimir Operator of the Rotation Group 


The multiplets of the rotation group (rank 1) are uniquely 
characterized by the eigenvalues of the Casimir operator 
Tai: by 7G + 1) (usually one simply says by 7). 

In (3.29) we saw that each state 7 of the multiplet 
can be represented by the application of a group operator 
U(a) or, to the arbitrary state % of the multiplet more 
generally, by an appropriate linear combination 


b= > aaU(a)vo (1) 


of such multiplet vectors U(a)%9. Now, with the help of 
the Racah theorem, we are able to understand this relation 
from another point of view: As yo is an eigenstate of H 
and all Ce with the corresponding eigenvalues Ep and 


Cy (A = 1, 2, ..., I), respectively, ie. 
Ho = Eovo 
Con Cpe 2. (2) 


and because [H,Cy]_ =0, (A, £,]_ 
= 0 [cf. (3.36-42)], it follows that 


[H,U(a@)]_=0 , and (3) 


Cy CQ Sue (4) 


and, therefore, with (1) 


Hy =H (x cab (avn ) 
= VodaU(a)H yo = Ey , (5) 


Cyp =C) (Saataro) 
= Vo aaU(a)Cy bo = Cy. (6) 


Hence, we conclude: Each state ) of the multiplet is simul- 
taneously an eigenstate of H and of all Casimir operators 


= Oand also [C), £,)_ 


with the same eigenvalues Ep and Cy (A = 1, 2, ..., 1), re- 
spectively. This set of eigenvalues comprises all symmetry 
properties of the multiplet with respect to the symmetry 
group U(a). We will soon understand (cf. “Completeness 
Relation for Casimir Operators”, Sect. 3.11) that the multi- 
plet does not possess any further symmetry properties with 
respect to the group U(a). This leads us to recognize the 
fundamental role of the invariant operators (Casimir oper- 
ators) of the symmetry group. With their eigenvalues they 
represent the symmetry properties of the group. 


cA AMDPL «|i Sie imma eaceaee) 


3.14 Some Groups with Rank 1 or 2 


a) The rotation group is a special one because it is of rank 
one and therefore possesses only one invariant operator 
Nk 

b) The group SU(3), which we will later study in more 
detail (see Chap. 7), is of rank two and consequently has 
two Casimir operators. One of them corresponds to we, 
It can have the same eigenvalue on different multiplets of 
the SU(3) group. In this case we need the second invariant 
operator, in order to uniquely classify the SU(3) multiplets. 
Then Racah’s theorem tells us that with the two invariant 
operators, the SU(3) multiplets are completely classified. 
So, for example, consider the following notations (compare 
Chap. 7), in particular Exercise 7.9): 


the 3-triplet by: D3(0, 1) 
orthe octet by: D8(1, 1) 
orthe 15-dimensional multiplet by oe) 


The two numbers in brackets are the eigenvalues of the two 
Casimir operators. Note that all three multiplets considered 
here have the same eigenvalue for the second Casimir op- 
erator (namely 1). All of them are distinguished by the first 
eigenvalue (0, 1, 2). 
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3.9 Construction of the Invariant Operators 


In general there exists no method to construct the Casimir operators for arbitrary semi- 
simple groups. Each group must be studied separately. Only for the SU(n) groups, i.e. 
for the group of unitary, unimodular n x n matrices (cf. Chap. 4), was Biedenharn‘ able 
to show that the Casimir operators have to be simple homogeneous polynomials in the 
generators 


Cy = a ne LL; eee factors) (3.44) 
tj 


where the an are well defined functions of the structure constants. The simplest Casimir 


operator C is a quadratic function of the generators. In the case of the SU(2), for example, 
this is the operator J? = 5a F_ oe J+) + TeCo is of third order in lbp etc. We shall 
construct C’ below [see (3.50)ff.] for the general case. For the other Casimir operators a 
general construction procedure is not known. The invariant operators of the SU(3) are Cy 
and C2, as we will see later, in Chap. 7. In this case we will be successful to construct 
both Casimir operators. 

Note that the Casimir operators are not unique. Assume, for example, C and C’ to 
be invariant operators of a group of rank /, then 


CoC HOC C=C (3.45) 


are invariant operators of the same group, too. They are as well suited as the original 
Casimir operators C’ and C” to classify the multiplets. In the same way, any powers of C 
and C” or products of both are again Casimir operators. If the group operators U(a) are 
unitary and hence the generators [; are hermitian, then one can make use of this freedom 
in order always to construct the Casimir operators of a unitary, semi-simple Lie group als 
hermitian operators. Namely, if C is an invariant operator, then for any group operator 
U(a) [cf. Exercise 3.13, Eq. (4)], we have 


CU(a) = U(a@)C (3.46) 
and, therefore, 
Uliano Solna) | (3.47) 


Since Ut = U-! for unitary group operators, it follows that 
OM ayet = bO-N a). (3.48) 


In words: Ct commutes with all inverse group operators U-1(q@). This means that ell 
commutes with all group operators U(a), because the inverse of every group operator is 
also a group operator by definition of a group. So C is an invariant operator too, and it 
follows from the note to [cf. Example 3.13, Eq. (2)] that 

Coe él (3.49) 
is a Casimir operator, too. Obviously, it is hermitian. Thus, from now on we assume all 
invariant operators of unitary groups to be hermitian. 


4 1L.C. Biedenharn: J. Math. Phys. 4, 436 (1963). 
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One of the Casimir operators is always given by 

Of Sly (3.50) 
where g®° is the inverse metric tensor (see Example 3.9). This inverse metric tensor 
always exists for semi-simple Lie groups, because we know from Example 3.9, Eq. (2) 


that det(g,,) # 0. The £ o are the generators of the Lie algebra. Starting from the following 
commutator, we now show that C1 is a Casimir operator: 


[C1, E,]_ e 9° [Lolo, Lr)_ ee go Lp eel dog’: [le ele 
= Ee Cea by ag w BAC ID lbs = ge? Co LL) x WE Ty, 
GCN, mei . (3.51) 


Note that we exchanged the summation indices o and go in the last but one line. We also 
have denoted structure constants in the form C,,, = Cd, ie. we have raised the third 
index. This is convenient in the following and also sometimes used in literature. The tensor 


= gee (3.52) 
is antisymmetric in 9 and X. In order to understand this we introduce the tensor 
X 
boyy = aN Cie = C5 9CS, Civ = One oe , (3.53) 


which can, with the help of the Jacobi identity (3.16), be written in the form 
be py = SOAS, ad Cree < CECE. 7 CEC Ce : (3.54) 


The rhs is invariant under any cyclic permutation of the indices o, y. and v. We will show 
only that this is true for cyclic permutations 

(opv)—(pv0) , (3.55) 
since all other cases can be easily verified by the reader. Thus, we consider 

= X x = x X 
Here we renamed the summation indices in the second line, namely (97) > (Aor) in the 
first term and (97) — (rg) in the second term. 

As in (3.53), g,, iS symmetric in o and A; Cy is antisymmetric in jy and v; the 
tensor b,,,, has to be antisymmetric in yw and v, i.e. in the last two indices. Because 
of (3.56), bey, has to be antisymmetric in o and v, too, and due to the general cyclic 
invariance of bgy,, it has to be antisymmetric with respect to an exchange of any two 
indices. 

Let us return to (3.51) and (3.52) once more. The tensor Gor can be expressed in 
another way, using CA, = g’b,,, to obtain 


ao ee gore = 927g buar : (3.57) 
hence, (3.52) reads 
[C1 be) = 9° Gg byer(Lghy tiny) . (3.58) 


The sum over o and v on the ths vanishes because of the total antisymmetry property of 
bree. Hence, 
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[ci.L.) =0 (3.59) 


for each £,, and we have shown that Ci is a Casimir operator. 

Let us emphasize once more that the Casimir operators are defined in the sense 
of the Racah theorem for semi-simple Lie groups. This does not mean that for other 
Lie groups such invariant operators, which commute with each group operator, cannot 
be constructed. For example, consider the translation-rotation group (which is sometimes 
called the euclidian group) which is not semi-simple with the algebra 

[Ji J)_ seized, (2, PJ =0 , 

be. J lesen, .(Peet|_=0 . 4,5, k=1, 2,3 (3.60) 
One easly verifies that in this case there exist three invariant operators, namely J? = 
J2 + J+ 32, p- FT = py J; + pode + pg Jy and P? = P2 + P2 + P2. 

We will come back to Casimir operators and to the Racah theorem in a more general 
context in Chap. 12 (mathematical supplement). 


3.10 Remark on Casimir Operators of Abelian Lie Groups 


If a Lie group is abelian, then its rank is identical with its number of generators L;. These 
are invariant operators themselves, and therefore Casimir operators. The completeness 
relation, for which a proof will be given in the next section, is valid in this case. So the 
Racah theorem can be extended (that is to say, trivially) to all abelian Lie groups. 


3.11 Completeness Relation for Casimir Operators 


Although the / invariant operators are not uniquely determined, they form a complete set. 
More precisely this means: Each operator A which commutes with all operators of a Lie 
group (hence with all generators L; of this group) is necessarily a function of the Casimir 
operators Gs of the group 


A= AC. (3.61) 


In other words, the Casimir operators are the largest set of independent operators which 
commute with the group, i.e. with the group operators O(a). Specifically, if we consider 
an operator A with [A, £;]_ = 0, then it has to be a function of the generators L; 


A= A(L,) (3.62) 
because the operation 
Aga = AU(a)bo = O(a) Ado (3.63) 


does not lead out of the multiplet of 79. The latter is easily seen noting that, by virtue of 
their commutativity, L; and A have a common eigenstate: 


Lebo =libo . Avo=ato . (3.64) 
Therefore, according to (3.63), za is also an eigenstate of A with the same eigenvalue a: 


Ut 


Atha = U(a)arpo = apa (3.65) 
So we have Aba x tq and thus it lies in the Yo-multiplet. Since all vectors in this multi- 
plet can be reached from 79 by appropriate rotations U (a), A has to be a combination of 
the generators L; of these rotations. Together with (3.65), A is diagonal for each state pe 
of the multiplet which contains 79. Hence, A fulfills all criteria of an invariant operator; 
thus, either it must be one itself, or an (eventually nonlinear) combination of the Casimir 
operators, because according to the Racah theorem there exist exactly / independent in- 
variant operators. 

This theorem on the completeness of the Casimir operators is rather useful. If a system 
is endowed with a certain symmetry, then the corresponding Hamiltonian must commute 
with the generators and with the Casimir operators of the symmetry group. Together with 
the point stressed above, however, this means that H itself has to be built up from invariant 


operators of the symmetry group. 


DT a ee = 


3.15 Construction of the Hamiltonian 
from the Casimir Operators 


a) The spherically symmetric Hamiltonian of a spinless 
particle in a central field commutes with the operators of 
the rotation group Up(¢). Therefore, the Hamiltonian must 
be of the structure 


H =T(r?,p?)+ f(r", pL? 
=T(r?,p*)+ f(r?, pb? , (1) 


where L? (the square of the angular momentum operator) 
is the invariant operator of the rotation group and, there- 
fore, a trivial invariant. Of course, any higher power of L? 
(for example £4) can also appear, we have only considered 
the most simple structure here. 

b) A Hamiltonian which is invariant under translations 
must contain the Casimir operators of the translation group 
P = (P1, P2,p3); hence, it must be of the form 


H=all+B-pt+yp?+... (2) 


where a, 3 and ¥ are constants. 1 is the unit vector of the 
translation group. As in a), we have only noted the most 


simple structure. If, additionally, one requires the invari- 
ance of H under time reversal (¢— —t, which implies 
p-— —p), then only even powers of p; are allowed to 
appear in H. 

c) The only invariant operator of the isospin group 
of a two-particle system (cf. Chap. 5, section on “Isospin 
operators for a many-nucleon system”) is 


T? = F(F1+ 72)? =16-14+27,-#2) , (3) 
where 


{tT o] [Po] - fo Spo 


is the isospin vector which has as components the three 
Pauli matrices which act in isospin space. As ze =T1'T,= 
3+ ll and 72-72 =3- 11, we may understand the above re- 
sult. A Hamiltonian which is invariant under an isospin 
group must contain besides the trivial invariant Il also 
terms proportional +1 - 72. Hence, the most simple struc- 
ture is 


H = f(r)-14+G@)71,-7. (5) 
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3.12 Review of Some Groups and Their Properties 


In Table 3.1 we summarize some groups and their properties. In this context it is remark- 
able that the simplest invariant operators of abelian groups are the generators themselves, 
because they commute by definition with all group operators and thus also with all gen- 
erators. 
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Table 3.1 


Group Generator Rank Invariant Operators Type 
Translation Pp = {Py, po, ps} 3 p= {pi, Pr p3} abelian 
Rotation J=(N1, Jo, Js) 1 Js a ue + ae simple and hence 


if semi simple too 
Rotation-Translation J= (Jj, J2,J3) 3 p’ = pe 


= p+ p+ p% neither simple nor 
(Euclidean group) p = (f1, p2, p3) J° p= Tipy + Tipo semi simple* 
x , +J3py 
Inversion Invariance P 1 12 discrete (no Lie-Group) 
Rotation Inversion J={J,, 2,53} 2 T= J? + 3+I52 unconnected 
P P 
Isotopic Spin T= tae ie Ts} i ri = i + a + i simple and hence 


semi simple too 


4 In this case [p, J]_ Bs 0, only, the three p;-operators commute with respect to each other, so that the rank is 
three. The fact that p* and p- J are the invariant operators is not obvious, but is true. We refer to A. Salam: 
Lecture Notes in Summer Institute for Theoretical Physics (Boulder, Colorado, 1959), ed. by W.E. Britten and 
W.B. Downs (Interscience Publishers, 1960) 


The inversion group, the generator of which is the parity operator P which replaces 
r—> —r (or more precisely {x,y,z} — { — x, —y, —z}), and the isobaric-spin group will 
be discussed in detail in Chaps.5 and 11. 

We see that in all cases the rank of the group coincides with the number of invariant 
operators (as it should according to the Racah theorem) except for the rotation-translation 
group. However, this group may violate the Racah theorem since it is not semi simple, 
containing an abelian subgroup. Note once more that the Racah theorem only holds for 
semi simple groups. 


3.13 The Connection Between Coordinate Transformations 
and Transformations of Functions 


Consider a Lie group consisting of transformations which transform the coordinates 2; 
into x’. In compact form these read as 
av’ =f(z,a) , (3.66) 


where a and 2’ are the space vectors in an n-dimensional space, and a represents the r 
group parameters. In detail, the transformation given above reads 


xy = Pa LQ, «209 Uns AL) AQ, «e545 ay) ’ 1= Le 2 sey DM, (3.67) 
The parameters are chosen such that a = 0 coincides with the identity 
a= f(z,0) . cues) 


Now, if we perform an infinitesimal rotation da starting from the identity, x is transformed 
into 2’ = 2+ dz, ice. 


xz+dz=f(z,da) . (3.69) 
Taking the lowest order of da, this yields 
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dx = f(z, da) — f(x,0)= | 5 fe a) ‘da . (3.70) 
da a-—0 
Introducing the abbreviation 
O 
u(x) = Fai a) > we can write (3.71) 
ue a=0 
dz=u(z)-da , (3.72) 
or in detail 
0 
Eee = go tite a) da, =ui,da, , where (3.73) 
He a=0 
u;,(x) = Lge fe a) (3.74) 
Jay is a=0 


Here we made use of the summation convention in the sense that roman summation indices 
(such as 2) have the range from 1 to n and greek indices (such as yz) from 1 to r. 

We now discuss the change of a function F(2) under the rotation da introduced 
above. We have 


_ OF (x) sae OF (x) 
dF = = dz = dX Da, dz; (3.75) 
and with (3.72-75) 
ai oA) ‘dz = ney -u(z)-da=da- { ute) . ah) \ 
Ox Oz Ox 
0 rm 
= Ss day uigtedz—\ FC =-i) da, Ly(z)F(z) . (3.76) 
Bt a Ht 
Obviously, the r quantities 
eres | 0s 
hs Te | 5a, fie a) | ae (3.77) 


are the generators of the group [compare (3.4, 3.5)]. This finding can be understood in 
the following way: Because of the group property, the rotated quantity F’(x, a) has to be 
obtained by successive rotations from F(a). Together with (3.76), this implies that 


da, =a,/N , (with N a large integer) (3.78) 
F(z,a) = lim (1~iL,da,)’ F(x,0)= lim (1 —iL,a,/N)* F(z, 0) 
N- oo N—oo 


=e lun F(z,0) = O(2,a)F(2,0) (3.79) 
So it is clear that 
U(x, a) = exp(—iay Ls) 


are the group operators and L » the group generators. 
We shall now illustrate all of these points with some examples and problems. 
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3.16 Transformations with r Parameters 
of an n-Dimensional Space 


Consider a group of transformations with r parameters 
of an n-dimensional space (R” or €”), i.e. to each x = 


(2', i=1,..., m) we relate an 

ye EG aed) (1) 
with the group parameters a;.....a,. As usual, let us as- 
sume that 

a (2 0 0. 0) (2) 


We know that a function F(x) transforms under an in- 
finitesimal transformation da according to 


F(z’) = F(f(a, da)) = F(a + dz) 


= \\(-ida, Ly (x)F(x) , (3) 
H=1 


with the infinitesimal operators 
a Ao 6) 
Ly =i>do a) ae 
= Te, 
j=1 J 
i O 6] 
=1 Me Bq, 5 Mla=05-- . (4) 


Problem. a) Calculate the Z p for the two-parameter group 
given by 


z =ar+b (a,b ER) . (5) 
b) Calculate the commutators (oe Ly|_(p, v = a, 8). 


Solution. a) The two generators oy are denoted Lg and 
Ly. From the definition we obtain 


O O 
| (6a) 
Ie Vay ee + 5) ee Da i 
a 0 6) eee) 
ages b —_ = 1 — F 6b 
In in, (ax +b) ae az tae (6b) 


b) The only nonvanishing commutator is 


pete) -(2)(22)} 


O aA 
= mee! 6 (7) 


EXERCIS] eee enlace or 7 


3.17 Generators and Infinitesimal 
Operators of SO(n) 


Problem. a) How many parameters has the special ortho- 
gonal group in n dimensions, SO(n), i.e. the group of ro- 
tation matrices in the IR” ? Find a set of generators. 

b) Show that the infinitesimal operators Lig [see (3.77)] 
can be written as 


* : 0 rs) 
Lor =-—1 (sp5 = 5) 


Dee Top. (1) 


Solution. a) A n X n matrix in the vicinity of the unity 
matrix Il is 


1 + eee 
acaa a12 in 
SS ° 
BO 
A= Pe 
SS 
— : 
anl No 6 Ga} ie aa 
ay1 ain 
= I+ ~~. + | =1+6A (2) 
SS 
anl sts Gan 
where all of the apg (p,q = 1, ..., m) are infinitesimal. Such 


a matrix is a member of the SO(n), if it leaves the scalar 

product x-y = >; 2jy; (ti,y; € JR) invariant, ie. if 

(Az)! . (Ay) = z-y holds. This leads to 

zey= (+ 6.4) . a]T (a Al) -y| 
=a2-yt+(6A-a)!-yt+a-(6A-y) + O(a’) (3) 

or 

z-dAl.y+a-dA-y=0 . (60) 

Condition (3’) must hold for all 2 and y, hence we require 

GAM cabs. (4) 


i.e. 6A must be an antisymmetric matrix 


0 Ciey eee Gin 
—aj2 0 
ble (5) 
An—1,n 
L—@1n° —a4n—-1,n 0 


with n(n — 1) free parameters a;;. The generators ee 
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(p,r =1,...,n; p<r) are therefore 
0 
‘ 1 
St 6A=i \ : (6) 
Apr ri 
\ 
0 


where the 1 and —1 stand at the position of ap, resp. —apr 
in (5), or in detail 


(Spr)iz =iGipdjr — Sirdjp) (6') 


b) For small ap,, the coordinate transformation is 
given by 


a =Axr <> Ly = Agjr; 


n n 
=2,—1 ws SF (Apr Spr) kj Tj . (7) 
j=1 p,r=1 
The corresponding infinitesimal operators are, for the sake 
of brevity, denoted as Lor: 


n 
P 0 6] 
hy. ae 
pr 6A=0 


tte eles 6] 
=i )-(-i) Dd Spr)jate 5 — 
J 


all p= 


6) rs) 
= ise - tr5—| (8) 


This is a generalization of the angular momentum operator 
for arbitrary n. 


EXERC SE ni ova ee are 


3.18 Matrix Representation 
for the Lie Algebra of Spin-1 


Problem. Show that the matrices S,g from Exercise 3.17 
are a representation of the Lie algebra of spin-1 objects. 


Solution. We have already shown that the group SO(3) is 
isomorphic to SU(2), which means, that the elements from 
both groups obey the same Lie algebra. In Exercise 3.17 
we derived a matrix representation S,g and the infinites- 
imal generators of rotations in IR". We interpreted these 
operators as a generalization of the angular-momentum op- 
erator for arbitrary space dimension n. It is important to 
stress that these objects transform, in general, as tensors of 
rank 2. Consequently, only in the special case n = 3, there 
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exist three independent elements (Lj, £13, L23), which 
may be interpreted as an axial vector in this 3-dimensional 
space L. Already for n = 4 there are six elements which 
may no longer be interpreted as the components of a vec- 
tor in IR*. Hence, it is more instructive to interpret the 
Lag as rotations in the a/-plane (but note for instance the 
possible decomposition into two three-component vectors, 
which is used, for example, in special relativity, and is 
called spatial rotation with Lorentz boosts). 

Nevertheless, we use the language developed for SO(3) 
and try to generalize for arbitrary n. We first calculate 
the commutation relations for the generalized angular- 
momentum operators Dag: 


[Lop Lvl =i*((2p Oa — tag); (tv8y — tu0r)) 
=i7(2g0ary Oy — 2g0q2p0r 
= foOR tort iy Oe, 0), 
— LyOyEgOq + LyOptaOg 
+ Dy Oy g0q — Lp OytqOg) 
=i?( 2g Sav + £gLvI000, 
— Bp apO, — Fer ,0a0, 
— LabgvO, — TaTyOgOn 
+ £a6gu Oy + Lot, O90, 
Ole: — Co tia 1S) 
+ Ly bp00g + Ty TqOyIg 
+ iuOygOat Lb aOvOn 
— Pyby00g — ZyqO,Ig) (1) 
The coordinate and derivative components each commute: 
[Za,2g] = 0, [Oa, 0g] = 0 and consequently terms of the 
form 2g2g0q0g cancel pairwise. As a result of the sym- 


metry property of the Kronecker delta 6, = 5g, it follows 
that 


(Lap, Ly] =i (Bav(2 Oy — 2,08) 

— bap (x gO, — 0g) 

t10gy (fa O, — Oa) 

— b6u(taOy ~ trAq)) (2) 
Using the definition (3.17(8)) we get 
(Lop, Ly] =i(t+barLyg — SapLvg 

— Spr L pa — bpp Lva) (3) 


or, employing the anti symmetry of the generators Log = 
—Lgq, the standard form 


yao as Luv] =1(+6aynLDpy ap Obie, 
a bavLBy = Opn lar) (4) 


This is the Lie algebra of SO(n). The next step is the ex- 
plicit construction of a Casimir operator. By definition it 
commutes with all group elements Ly. We try the ansatz 


eS icy one (5) 


which is just the sum over all squares of the group ele- 
ments. Calculation of the commutation relation yields 


1 
[A, Ler] = 56" Lap Luv, Lor] 
1 
= 5 oto (LapLyLer ee Ler Lop ly) 


= 58 (Lapl Lun Ler) + (Lop, Lor)L yr) 
(6) 
Inserting the commutation relations (4) gives 
[A?, Lor] = 5 5°5"(Lap (Sueur + (B41 Lye 
— byrLvs — SyoLyr) + SpoLor + byrL yo 
— bur Lue — bye Lr )L yr) 
- 5 (Lap (5%e5?" Lvs + 668 Dig 
tO ie = Oe le 
+ (6" 5°" Lg, + 6°46", Lag 
(Saale S ON ps Hires) (7) 
We now employ the mixed Kronecker 6s: 
[A?, Lor] = £ (8" LepLur + 6°" Lar Lue 
= BU ily > Oe a 
+ 59" Dep Ley + 8°" Lao Lyr 
=O lytic, = OE Melo) 


= 5(8°"(Leplur — LrpLve 
lly ei iy papa) 
+ 8S" Lor Lips — Leg Lye 
+ Lag Lyr — Lar Lye) 
=0 (8) 
Let us construct a Hilbert space and calculate the spectrum 


of A? algebraically. The Casimir operator can be written 
explicitly using the definition of Lyg as 


1 
AY = 5 LM Ly 
1 Vy Vv 
=— 3(2 Oa \(c, 0. r,,0,) 


=~ 5(2"O" 2,0, — 2,0, 
SO 0, tO. 6.0) 
a 5a", +2" 2, 0"O, 
— 2" §" 0, — 2" 2,0", 
— 2*§",0, — c*r,0" 0, 
ee 0, a 010-0, 
=— (£10, 45 <0 0, N&O, 2" 2° 0,0) en) 
we define the homogenous Euler operator J, = x“ 0,,, with 
2 =2"O,2" dy 
20, Ofte 20,0, 
See ee TiO) (10) 
and thus rewrite (9) as 
A= (eer 2,00, — Nia eda) 
= — (2"2,0"0, — Je(Je +N —2)) (11) 


Defining a Hilbert space H, as the space of all homoge- 
nous polynomials of degree / which fulfil the Laplacian, 


Hy = {f: fx) =X’ f(x); OO, f = 0} (12) 
The Eigenwertspektrum of A? results as 

A? f = (1+ N —2)f (13) 
Let us now examine the properties of the matrix represen- 
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tation (3.17.6). We can calculate the commutation relations 
for these matrices 


(LSe8,Spe])ez 
Pil 
= i W{(6iadjp — Sip Sja)(6jn Sev — bjv5ky) 
j 
— (b:ndjv — Sivdju)(bja5k8 — 5565ka)} 


=i = (6iadj86jubkv — Siadj85jr Sky 
Jj 
— 6:86 jabjuSkv + 6i96j06jrF ky 
— bin 6j;6j;0548 + bin 5575; 86k 
+ bivbjpbj0deg — biv 6526; 85k) 
=i? (5pu5iaSbv — 5p Siadku 
— bap bigoky + bavbigoky 
= byq6ipdeg + Org6ipOka 
+ SuaSivOke — Oupoir Oka) 
Sis (One = O50) 
— bpv(Siebdku — Sip Ska) 
— bap (bigozy — b:rbz8) 
+ dar (6ig dkp — Sindkp)) (14) 
Inserting the definition for Syg yields 


(Sop, Suv] = i(dpu Sav — b¢vSan — Sap Sav + Sav Seyu)(15) 


Comparison with (4) leads to the conclusion that the el- 
ements Syg obey the same algebra as the Lag. Conse- 
quently, the Casimir operator for classifying a multiplet is 
given in analogy to (5) by 


1 
S? = 55°" Sap (16) 
We deduce that 


1 
(56°06 Sap Suv )it 


i2 


N 
= 5 deh” S 7 (5:ad;8 — 6:5ja)(Sjnbkv — 5jv Sky) 
Jj 
i2 
2 


N 
BARE” ST (5:5 jp5 juSkv — Sieed jp 5jv 5k 
j 
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— big 6ja5jp5kv + 6:85; a5jv 5k) 
2 
= = 5°" HY (55, 5iaSev — bar Siadky 
= bapOipoky ae Oavoigorn) 
42 
= FO°N(5" pbiadky — & pbiadkn 
— Ceca one es 5” bar Sky) 


D 
= 55° (5iaDiy = N Gia ben — ieee Cee) 


2 
= = (5" iby — NE" Sky — N6i% + 6" Spy) 
= (N — 1)b% (17) 
Or 
1 
5 oto Sap Suv = (N — 1)lly (18) 


Obviously the unit-matrix Il indeed commutes with all 
N x N matrices. In analogy to (13) we define a quan- 
tity s with 


S?f =s(s+N —2)1f (19) 
Comparison with (18) yields 
s=l1 (20) 


While / is the generalization of the orbital angular momen- 
tum we define s to be the generalization of the intrinsic 
angular momentum (spin). Hence, we have found that the 
matrices S,g obey a generalized angular-momentum alge- 
bra with spin equal to 1. 


EXERCISE iii 2 eee eee, 


3.19 Translations in One-Dimensional Space; 
the Euclidean Group £3 in Three Dimensions 


Problem. a) Show that the infinitesimal operator P of the 
one-dimensional translation «— x + a is of the form P = 
—id/dz. 

b) Show that the inifinitesimal operators 


. Oo _ © uO. 


Saat. ‘ ae 5 = ae (1) 


of translations in the three-dimensional Euclidean space, 
together with the infinitesimal operators 


ee 0 
AG) 2 


of rotations in the same space, are closed with respect to 
the formation of commutators and hence define a Lie group 
(the Euclidean group £3 in three dimensions). 


Solution. a) The infinitesimal operators have been defined 
in Exercise 3.16. The function f(z; a) for a transformation 


T: xoaxta (3) 

according to 

F'(c) = F(f~'2) = F(x ~ a) = F(f(2; a)) (4) 

is given by 

ia.) =2— a (5) 

Thus, we have 

a 4 ©! O .d 

P=i5- f@ Dla=05, ee 9 (6) 
b) Define 

e CMO 0 

Se ly 
“7 i(¢-s-s) oe 


feo, Ce x) (23 - >) 
i‘ VB2 By Gs Oe)" 
a) e) 
aa ie : 2 
(5, 52) es 


Then we know that 


DEJ] =O os (pio Sai (7) 
and also 
: 6) 0 
LA Te So = ? Ejkm@k 5 -| 
a 
= Ejkmoik a 
a 

= To ae 

= (“Dicijm 5 

= eal : (8) 


Finite translations and rotations are described by the oper- 
ators 


Oy(a)=ei4"P | Bip) =e-ie Eh (9) 


The group of translations forms an invariant subgroup of 
the full group, because one can show that the matrix re- 
lations, for which a proof was given in Examples 3.2 and 
3.3, also hold analogously for operators. It is sufficient to 
show that this is true for infinitesimal rotations 


Op (So)U (aT (5) 
— ei L -ia Ptidd- L 


Sof | _ [e184 L(g. Period: Ly) (10) 


jee: L (a . BDetise “L 
=-ia- P+[-i6-L, -ia- P_ 
= -ia- P— > ¢ia;[L, Pj) 
i 
=—-ia- P+id” biajeijn Pp 
a 


=-i(a—6¢xa)-P , (10’) 
1.€. 
Op (6@)Uy (aU R (5d) = Up(a’) 

=Uy(a-—6¢ Xa) . (11) 


An arbitrary product of translations and rotations can al- 
ways be written as 


U= OUR m (12) 
because on one hand we have for 
(MG OR in SURE 


and on the other hand for an n-factor product of the type 


Un, Ry 
> Uy, Ur, UR, Ot Up; = T Up, UT, UR; 
oH, 
= 9, Ue (13) 


Here we have utilized the fact that not only do the trans- 
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lations form an invariant subgroup, but also the rotations 
form an (albeit non-invariant) subgroup. To any such prod- 
uct, however, an element of the group E3 (rotations and 
translations in the three-dimensional space) is uniquely re- 
lated according to 
Uy(a)UR($)F(@) = Op(@)F(R-"(¢)z) 

=e im) a) ae (14) 
As this relation is uniquely invertible, we are dealing with 
an isomorphism — the group of our unitary operators is 
also called a realization of the group Eg (in contrast to a 


representation where the group elements are represented 
by matrices). 


ae ee ee 


3.20 Homomorphism and Isomorphism 
of Groups and Algebra 


a) First we discuss the meaning of the terms “homomor- 
phism” and “isomorphism” of groups and algebras. 


b) We then show that the Lie algebras of the groups SU(2) 
and SO(3) are isomorphic. 


a) Consider two groups G and G’. A mapping 
eG (1) 
is called a 


a1) group homomorphism, if for any g1,92 € G the rela- 
tion 

TG 92) = (gi) f(go)) (2) 
holds, thus if the structure of the group is conserved under 
the mapping; 


a2) group isomorphism, if in addition the mapping f is 
unique and hence also the inverse mapping f~! exists. 

For two algebras A, A’, which are vector spaces on 
the number field AK with an inner product [a1,a9], a1, 
ag € Aor A’, the mapping 


ye ae 

is a 

a1’) homomorphism, if for all a1, ag € A; aj, a9 € K 
we have 


f(a1a1 + a2a2) = a1 f(a) + agf(ag) , (3) 
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F({a1,42]) = [f(a1), fla2)] (3’) 
i.e. if the algebraic structure is left unchanged by the map- 
ping; 

a2’) isomorphism, again if f can be inverted. 


Incidentally, one also speaks of a local isomorphism 
of two Lie groups, if the associated Lie algebras are iso- 
morphic. 

b) The generators of SO(3) and SU(2) are the matrices 
(51, So, $3) and (61, &, &3) respectively, with the com- 
mutation relations 


(53, Sai = ie j54 Sb > legeal_ = 21E 5k k : (4) 
The mapping 

F(aS;) = 506; : (5) 
is a homomorphism, and since 

f-"(a8,) = 208; (6) 


is its inversion, the algebras of SU(2) and SO(3) are iso- 
morphic, and these two Lie groups are locally isomorphic. 


EXERCISE aa a as 


3.21 Transformations of the Structure Constants 


Problem. a) Show that under a transformation of the basis 
{X;} of an algebra 
Xj; Xj = aX; , (1) 
the structure constants transform as 
! -1 
Cre Cpe eae Cia enn) 
Im,n 


b) Construct an a;; in such a way that the commuta- 
tion relation 


[Xi Xj]_ =e:5.X, (j,k = 1,2,3) 

is transformed to 

[X}, X4]_ = Ci, Xy (2) 
with 

C123 = —Co31 = -C312 =1 =~. (3) 


Solution. a) With X! = a;;%; we have 


vl t v % 
[Xj.Xj]_ = ajgays[Xp, Xi]_ 
= Gj4j1CkimXm 
_ vi _ ol % 
Cuneta a CijinanmXm , 


from which immediately follows the assertion (the X male 
linearly independent). 
b) The matrix 
i 
C= —i 
1 
satisfies the required relations. 


BIOGRAPHICAL NOTES aes 


CARTAN, Elie Joseph, French mathematician, * 9.4.1869 Dolomien, +6. 
5.1951 Paris, from 1903 professor at Nancy, from 1909 at the Sorbonne. 
C. was an eminent representative among those who continued and per- 
fected the theory of continuous Lie groups. He worked on differential 
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Hague, who was the first to work out the quantum mechanics of the 
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the company. Besides his early work on the rigid rotator he is known 
for the Casimir-effect, which is the change of the zero point energy of 
electromagnetic waves between e.g. two condenser plates. 


RACAH, Giulio, * 9.2.1909 Florence, +28.8.1965 Jerusalem. R. studied 
at the universities of Florence and Rome as well as at the Eidgendssische 
Technische Hochschule in Zurich. Later he taught theoretical physics at 
Florence and Pisa, until he emigrated to Jerusalem in 1939. He continued 
to be active at the Hebrew University; his main fields of activity were 
atomic and nuclear physics. 
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4. Symmetry Groups and Their Physical Meaning — 
General Considerations 


In this chapter we again ask the question of what can be learned about a physical system 
by considering its symmetry properties. The answer to this question was given in 1918 by 
E. Noether within the framework of variational calculations!. We will restrict ourselves, 
however, to special cases which are of interest in context with the problems discussed in 
this book?. Some facts encountered in this chapter are already well known to us, but this 
time they will be discussed at a more advanced level. 

We take into consideration the case of a semi-simple unitary Lie group with n gener- 
ators and / invariant operators (/ <n), which can all be chosen to be hermitian. This case 
is not as special as one might think, since it includes all symmetry groups with physical 
relevance, as well as their applications which have been discussed in detail up to now. The 
answer consists of three parts, which will be discussed one after another. In the following, 
we will give a proof and then illustrate it with examples: 

1) The system posesses 2! good quantum numbers. Half of these are generators 
L;@ = 1...n) of the symmetry group, / of which commute with each other. The other 
half of the quantum numbers are obtained by the / Casimir operators, which classify 
the multiplets. The states within a single multiplet are characterized by | commuting 
generators. In order to avoid complications, we first assume only a single symmetry Sq 
(for example spherical symmetry). Direct products of two or more symmetry groups will 
be discussed in the next section. 

The statement that a system (or an interaction between two systems) has the symmetry 
Sq is equivalent to the requirement that the hamiltonian describing the system commutes 
with every operator U(a) of the symmetry group. 

Namely, if the Schrédinger equation 


’ is . 
inn = A(r,t) (4.1) 
holds for the initial state, then it follows immediately by application of the time indepen- 
dent symmetry operator (a) that 
BU (ab(r, t) 
at 


Hence, the displaced wave function %'(r, t) = U (a)i(r, t) obeys exactly the same Schré- 
dinger equation (4.1) as the original wave function 7(r, ¢), if 


ih =U(a)HU "aU (av(r,t) . (4.2) 


1 B. Noether: Nachr. Ges. Wiss. Géttingen, Math.-Phys. Kl. 235 (1918), cf. also Example 1.3. 


2 For a discussion of the general theorem, see Vol.4 in this series: W. Greiner, J. Reinhardt: 
Quantum Electrodynamics (Springer, Berlin, Heidelberg) to be published. 
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O(@HO-\a)=H , ic. [A,0(a)|_ =([8, eit’) =0 | (4.3) 


For a small symmetry displacement da = {6a;}, we conclude that thus 


[H,b0,L,]_=0 , 
and, since 6a = {6a}, .. 


(feo 


(4.4) 


., 6a@,,} can be chosen arbitrarily, we finally have 


(4.5) 


The consequence of the existence of the symmetry group S,, with the operators U(a) is 
that all generators ip have to commute with the Hamiltonian of the system. Obviously, 
according to (4.5), the generators Ly describe physical observables which are conserved 
quantities. This is ensured by the vanishing commutator of the L;, with the Hamiltonian 
He Conversely, if (4.5) holds, then (4.4) also and with it (4.3) are valid and, consequently, 
(4.2) is also true. Thus, if all generators which commute with H are known, the symmetry 
operators U(a) = exp(—ia, L,) can be constructed without difficulty. In this case we say: 
Sq together with the operators U(a) forms a symmetry group of the Hamiltonian (i.e. the 


physical system). 


BNA ELE a a 


4.1 Conservation Laws with Rotation Symmetry and 
Charge Independent Forces 


a) If we have symmetry under rotations, then the rota- 
tion group SO(3) is the symmetry group and Jj, Jo, Jy 
are the generators which conserve the eigenvalues, i.e. 
which are good quantum numbers. We have [H, J]_ = 0, 
which is physically plausible, because the invariance of the 
Schrédinger equation under rotations with respect to any of 
the three coordinate axes guarantees the invariance of this 
equation under arbitrary rotations. In this case we obtain, 
as already mentioned, conservation laws for Jie Jo and Ja. 
The fact that these J; do not commute with respect to each 


other means only that just one of the three operators can 
be diagonalized, i.e. that its value can be measured pre- 
cisely. In the general case of a symmetry group of rank I, 
I generators can be diagonalized together with the energy, 
i.e. physically measured exactly. 

b) If we disregard charge dependent forces, then the 
isotopic-spin group is the symmetry group and one of the 
isospin components 71, 75, T3 is a good (conserved) quan- 
tum number. For instance, nuclei with different values of 
tip = 4(Z — N), but equal isospin T and nucleon number 
A have the same mass (apart from electromagnetic contri- 
butions to the energy). 


———— SS SS SSS SSE er 


One might wonder why the Hamiltonian H occupies a special position in its relation 
to symmetry groups according to (4.1—5). The reason lies in the particular role played 
by H in the fundamental laws of quantum mechanics, e.g. the Schrédinger equation. H 
determines the time evolution of the quantum system. Accordingly, commutativity of the 
group operators {U(a)} with H implies that the time evolution of the original state )(r, t) 
and the symmetry shifted one w’(r,t) = U(a)v(r,t) are identical. The simultaneously 
valid conservation laws due to the n generators are characterized by so called linear 
quantum numbers. This means, e.g. that the total angular momentum in the z direction J3 
is linear with the number of particles of the system. The same holds for the total charge 
(73) and the strangeness (S$). This will be discussed in more detail in the next section. 

2) The system will have another / good quantum numbers defined by the / invariant 
operators C)(A = 1, 2, ..., 1) of the symmetry group. It is €asy to see that these operators 
commute with each other and with all generators: All n generators L; commute with 
H provided Sq is a symmetry group of the Hamiltonian [see (4.5)] and, therefore, the 
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functions Cl) commute with H, too, so that 
GCap =e. (4.6) 


All J quantum numbers Cj, C2, ..., C; can be measured simultaneously, together with 
the energy (can be “diagonalized’’) OeRIGS the on commute with each other, i.e. 


(on Cy] = (4.7) 


In a sense the | Casimir operators Cc (A = 1, 2, ..., D, therefore, are more important than 
the generators: In other words they are the observables which characterize the degeneracy 
of the energy eigenvalues of the system. They uniquely determine the multiplet, particularly 
its dimension. We understand as a precise definition of a multiplet the set of states having 
the same quantum numbers C}, C2, ..., C7). 

It is easy to show that the transitions of a system from one multiplet to another are 
forbidden if the system has the symmetry Sq. Let the two multiplets be denoted by 4 
and M' and the eigenvalues of Cy by Cy and Cy, respectively. At least once we must 
have C’') # C), since the multiplets are different. Due to (4.6) we have 


0'= (Cy |C\H a HC,|Cy) =(Cy ~Cy)(Cy|H|Cy) 
With Cy ss Cy follows 
(Cy |H|Cy) =O, (4.8) 


ie. the matrix elements of H between different multiplets vanish. Therefore, there are no 
transitions from one multiplet to another one. We can make this clear in a different way: 
Since the Cy are good quantum numbers (i.e. conserved quantities), then due to their con- 
servation there are no transitions between states |C}, C4, ..., Cy) and |Cy, Co, ..., C}) 
with at least one C) # C):. Therefore, all interactions causing transitions from one multi- 
plet into another are forbidden. Interactions only occur within a multiplet. The commutators 
(4.6) also contain Schur’s lemma: 

Any operator H , which commutes with all group operators U (qa), and, therefore, 
with all generators 7b of a group, has every state of a multiplet as an eigenvector and is 
degenerate on every multiplet. Or equivalently, 


(H,U(a)]_ =0 <> (A, L,)_ =0 = [#,C,J_=0 . (4.9) 


We will prove this in the following way: 
Let y be an eigenstate of H, i.e. 


Hy=Ey , 
then it follows from (4.9) that 
HU (a) = EU (a) 


This means that w’(r, t) = U (a)y(r, t) is also an eigenstate of H, with the same eigenvalue 
E. Since (A, Cy]_ =0, the Casimir operators Cy can be diagonalized simultaneously with 


H. Then the eigenstate ~ of Ff is an eigenstate of all On as well, and belongs to the 
same multiplet. Due to 


CRE =o | 
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all symmetry shifted states ~’ = U(c)y) are also eigenstates of the Cy, and their eigen- 


values, Cy, Co, .. 


., C;, are the same. Hence, they all belong to the multiplet. 


This theorem is important because it makes clear why the eigenstates are degenerate, 
the reason always being due to a special symmetry of the system. On the other hand, this 
theorem helps to classify the eigenstates by good quantum numbers C}), Co, ..., C. 


EXAMPLE 


4.2 Energy Degeneracy for Various Symmetries 


a) Rotation Group: The single Casimir operator is J? with 
eigenvalues 7(j + 1), 7 = 0, 1, 2,... The dimensions of 
the angular momentum multiplets are (27 + 1). In principle 
there are no transitions of the system between energetically 
degenerate states |j’m') and |jm) with 3’ # 7. Only ex- 
ternal disturbances that break the rotational symmetry can 
Cause transitions between the rotational multiplets (e.g. an 
electromagnetic wave or a passing particle which does not 
belong to the system). This is illustrated in the following 
two figures. 


An external field E breaks the rotational symmetry of the closed 
system. The spherical symmetry of the latter is indicated by cir- 
cular equipotential lines 


___ ) lsobaric Spin Group: The only Casimir operator is 
T? with the eigenvalues T(T + 1). The dimensions of the 


multiplets are (27'+ 1). 


1 3 


c) The T = 5 and T = 5 multiplets of the pion- 
nucleon system scatter independently of one another. The 
resultant scattering phases depend on T but not on T3 
within the multiplet (see Example 5.7). 


Trajectory of an 
external particle 


An external particle destroys the rotational symmetry of the 
closed system and the spherical equipotential lines become de 
formed. An example is the collision of two heavy ions. There the 
angular momentum of the electrons in the two-centre Coulomb 
potential of the two nuclei is no longer a good quantum number, 
i.e. it is no longer conserved. Due to the presence of two centres, 
the spherical symmetry of the system is lost for the electrons 
(dashed line) 


3) All states of a multiplet of a symmetry group have the same mass (i.e. the same 


energy eigenvalue), as we have just shown by means of Schur’s lemma. If there exist 
additional symmetry groups like the inversion group or the rotation group, and if they 
commute with the operators of the original symmetry group, then all states of a multiplet 
of the original symmetry group have the same quantum numbers with respect to the 
additional symmetry group. 


BO a IN 


4.3 Degeneracy and Parity of More Symmetries 


8=(2x 5 + 1) states of the g7 /27Spin multiplet have par- 
ity (—1)! = (-1)* = +1. These eight states are energetically 


a) Rotation Group. It commutes with the space inver- 
sion group (parity operation P: r—+ — r). Hence all ro- 
tation multiplets have the same parity. For example, all 


SZ 


degenerated. 
b) Isobaric Spin Group. \t commutes with the rota- 
tion group and the inversion group. Hence all states of an 


isospin multiplet have the same spin as well as the same 
parity. So the isospin triplet (n+, 7°, r—) has the same 
spin (zero in the ground state) and the same parity (—1). 


BIOGRAPHICAL NOTES is 


SCHUR, Issai, * 10.1.1875 at Mohilev, + 10.1.1941 at Tel Aviv. S. re- 
ceived his Ph.D. in 1901 in Berlin under Frobenius but he did not become 
a full professor until 1921. In 1935 he had to emigrate. S. predominantly 
worked on number theory, group theory and on the theory of power series. 
He developed the representation theory of groups by means of fractional 
linear substitutions. 
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5. The Isospin Group (Isobaric Spin) 


The isobaric spin (isospin) group is of great importance in nuclear physics as well as 
in the theory of elementary particles, and we will require it repeatedly in the following 
discussions. In part, we will follow the historical route, but then quickly come to the 
modem applications of the isospin group. 

Immediately after the discovery of the neutron in 1932, the strong similarity between 
the proton and neutron led nuclear physicists to interpret both particles as two states of 
the same particle’. Of course, this is only meaningful if proton and neutron have the same 
mass (energy). Table 5.1 summarizes their properties: 


Table 5.1. Properties of protons and neutrons 


Mass Mass difference Spin Lifetime Magnetic 
moc? = Am moment 


[MeV] [MeV] [s] [un? 


983,213 Stable 2,793 


1,294 


N= wl 


939,507 918+14 —-1,913 


aaiNe= ehi(2mpc) 


Indeed, the masses of the proton and neutron are nearly equal. The small difference 
in the masses is partly explained by the different electromagnetic interaction of the two 
particles (see the slightly more detailed discussion in the following Example 5.4: pions). 
Hence, to a good approximation we can take the masses of proton and neutron to be equal 
with respect to the strong interaction. The state function of the nucleons (a collective 
term for proton and neutron) depends on the space-time coordinates r, t and the spin 
coordinates s. Over and above that we now have the inner isospin coordinate +, which 
allows us to distinguish between the two charge states (positive-proton, negative-neutron). 
This variable has only two possible values, just like the spin coordinate s. We denote them 
by 7 = +1 and define 


bp = w(r, tbs aor = +1) 
vn = v(r,t,s,7 =—1) = neutron state 


proton state 


Instead of using the inner coordinate 7, the wave function of the nucleon can be represented 
as a two-component column vector 


1 Werner Heisenberg: Zeitschrift fir Physik 77, 1 (1932). 
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ua(r, t, s) 


oe Cn (5.1) 


|u4(r, t, ele is then the probability density for a proton at position r, time ¢ with spin 
projection s. Analogously, |wo(r, t, s)|? denotes the probability density of a neutron. We 
next introduce the 2 x 2 matrix operator 


a= (4 4) (5.2) 


with the eigenvalue +1 corresponding to the proton state and —1 corresponding to the 
neutron State: 


73Yp a +1yp > 73%, =—lyy, . (5.3) 
This yields, together with (5.1) and (5.2), 
a CGS) _ 0 

Pp = ( 0 ) OS ( ees) : 6.4) 


We emphasize that uj(r,t,s) and u(r, t,s) are standard two component Pauli spinors, 
so that the nucleon state w of (5.1) has four components in all. (In the relativistic Dirac 
theory the spinors have also four components’, describing particles and antiparticles. In 
this case the nucleon state comprises 2 x 4 = 8 components, four each for the proton and 
neutron states.) We continue by constructing the 2 x 2 matrix operators which formally 
transform the proton into a neutron and vice versa. For that reason we first note that 


rt, 
Xp = Ge 2) 65) 
describes a proton in the state y(r, t, s) and 
0 
a = Gan ey) ’ (5.6) 


a neutron in the same state y(r, t, s). In order to transform the neutron, with wave function 
xX, into a proton with the same wave function, y has to be moved from the lower component 
(5.6) into the upper one (5.5). These requirements can be written in the form 


EENp 0 3 TENn = Xp te Xp — ton (2 
By means of (5.5), (5.6) and (5.7), we can easily verify that the matrices 

ie 0 1 2 0 0 

= (5 a) and oat 5) (5.8) 


satisfy these conditions. 
In place of these singular (det 7, = det 7_ = 0) and non-hermitian Operators 7, it is 
advantageous to introduce the non singular, hermitian linear combinations 


Ae . Onl P oes a 0 ~i 
aateet=(( a , fy = itt — 2) (§ at ; (5.9) 


2 These four-component Dirac spinors are discussed in Vol.3 of this series, Relativistic Quantum 
Mechanics (Springer, Berlin, Heidelberg 1989) 
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The three matrices 71, 72 and 73 are the well known Pauli matrices. They satisfy the 
relations 


TT. = 173 
and cyclical permutations thereof, and the anticommutation relations 
Tip +77, = 2b, . (5.10) 


The effect of the 7; operators on proton and neutron states can easily be calculated by 
means of (5.5)—(5.7) and (5.9); hence we find that 


TiXp=Xn » ToXp=ixn, 73Xp=Xp > 
7iXn=Xp » 72Xn=—iyp » 73Xn=—-NXn - (5.11) 


Earlier, when we discussed the Pauli equation?, we showed that every hermitian 2 x 2 
matrix can be represented by a linear superposition of the three Pauli matrices and the 
unit matrix. Hence, it follows that every self-adjoint operator which acts on the two 
degrees of freedom of the two component nucleon system with the wave function 7 can 
be represented by a linear combination of the Pauli operators and the unit matrix. 

Introducing the operators 

ate 12,3) (GY) 
yields the modified commutation relations 

T;T; —1;T; =ieisp Th - (5.13) 
These Tj, operators are analogous to the spin operators S$; = 5S. 

Now we are ready to show that the two components (uj, u2) of the nucleon state 
~ build up an elementary spinor in an abstract three-dimensional isospin space. Accord- 
ing to (5.13) the hermitian operators T; form a closed algebra, which we recognize as 
a Lie algebra. From (3.18), the operators of the associated Lie group can be obtained 
immediately‘, 

Oj(e) = Oj.(e1,€2,€3) = exp (—ie, T,) = exp [ — (i/2)(e1 71 + €272 + €373)] 

= exp | — (i/2)en,7,] = ll cos (€/2) —in 7, sin (e/2) . (5.14) 
The angles 
e = {€1,€0,€3} =e{n1,n2,n3} =Een 


characterize rotations about the three axes of the abstract iso-space which can also be 
interpreted as rotations through ¢« about this axis in the nm direction. The iso-rotation 
operators Uj,(e) are clearly unitary, i.e. 


one = oS = U,(—e) 3 
and the determinant of this 2 x 2 matrix [see (5.14)] is 
det 01,(e) = detexp (~ie,T,) = exp [ — ie, r(T,)] =e° = +1 


3 See Vol. 1 of this series, Quantum Mechanics - An Introduction (Springer, Berlin, Heidelberg 1989) 
4 For the last transformation in (5.14) see also Exercise 3.8 
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Here we have used a relation for determinants of unitary matrices which we derived in 
detail in Exercise 3.2. For a complete understanding of the steps in the calculation, the 
reader may care to refer to this exercise now once more. 

The determinant of 01,(€) can be calculated directly by means of (5.14). From 


cos (€/2) —ing sin (e/2)  , —(n2+inj,) sin (e/2) 
(ng = inj) sin (e/2) , COS (e/2) ap ing sin (e/2) ‘ 


Uis(e) = ( 


we obtain 
det Tj.(e) = cos? (c/2) + n3 sin? (€/2) + (n3 +n?) sin? (€/2) 
= cos” (¢/2) + sin? (€/2) = 1 
Hence, the group of the iso-rotation operators (5.14) consists of unitary 2 x 2 matrices 


with determinant +1. This group is denoted by SU(2), i.e. special (determinant +1) unitary 
rotations in 2 dimenisions. The iso-spinor y then transforms according to 


! my rio) ae eae 
~ (ae ty 8) aa (me 2 a a exp (-ie,T,)o(r, t, 5) 
Uy Pates) ) 


Ge) Gls) 


Sexy (Aen ( 


Obviously, the operator U1<(e) is unimodular (determinant =+1) and unitary. Due to their 
formal similarity with the real spin (i.e. angular momentum) the 7; (i.e. 7;) operators are 
also called operators of the isobaric spin. 

To classify the nucleon states the three-component of the isOspin 


P + 0 
T3 = 2 1 
0-9 
can be used too. Its eigenstates +4 and -4 denote the proton and neutron, respectively. 
The charge operator of the nucleon then reads 
Q = e(13 + 4) = de(73 + 1) 


with eigenvalues +e and O for the proton and neutron. 


(5.16) 


6.17) 


EXERCISE a aa 


5.1 Addition Law for Infinitesimal 
SU(2) Transformations 


Problem. Find the addition law for an infinitesimal SU(2) 
transformation, i.e. find the connection (0, 6©) of the 
rotation angles in the SU(2) space if 


exp (iD - +/2) = exp (iO - 7/2) exp 1O - #/2) 


Solution. First of all we define the unit vectors (indicated 
by a tilde sign over the symbol) 


(Ja) 
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with 

O=|O| 60=|60| S=|d| . (1b) 
Due to the universal relation 
(a-7T)(b-7)=a-b+il(a x b)-F , (2a) 
then 

(© -7)? = (60-7)? =(6-7)2 =1 | (2b) 


This enables us to convert the exponential representation of 
the SU(2) transformation into a linear form by expanding 
the exponential function into its power series: 


exp (iO - 7/2) = exp [i0/2(6- 4)] 


foe. 1/0 
=i (Oe) 
+15 (0 1?) a(S) 


ifoy. | 
-3(5) (O-7)+... 


Ot ce a) -O 
= COS oi +1(O -7) sin a (3a) 
and, analogously, 
; x 6 Z 
exp (i6© - 7/2) = cos = +1(6©0-7) sin ” 


~1+ iF (66 -F) (3b) 


exp (iO - 7/2) =cos /2+i(@-7) sin G/2 (3c) 


In (3b) we have taken into account that 6O has to be 
an infinitesimal angle and therefore neglected all terms of 
second or higher order. 

On the other hand, due to the basic requirement 


exp (i® - 7/2) = exp (i6O -7/2)expiO-F/2) , 
we obtain, in consideration of (3a, 3b) and (2a), that 
exp (i - 7/2) 

= F + i> (66 . *) cos 2 +i(O-#) sin S 


) Pe ee) 
=cos ~~ — (66 -©)— sin + 


| eee. GC) pee Me! 
+i/6OF cos 5 +O sin = 
- (66 x 2 sin 3] (4) 


Since the Pauli matrices are linearly independent, a com- 
parison of (3c) with (4) yields the following relations: 


f Oo ~ ~ 69 . O 
cos a cos a (60 -O)— sin Zs (5a) 

-_— Pw 2) 60 2) 

Se in > + 50— cos > 
- (66 x 6) sin S (5b) 


To solve this equation for the vector @ we first compare 
(5a) to the addition theorem for the cosine function, 


cos(a + 8) =cos a cos # —sin a@ sin B 
~cosa—fPsina , 

where ( is the infinitesimal angle. Obviously, 

$=0+ 6060-0) (6) 

must hold. With sin (a + 8) = sin a cos # +sin 2 cos a 

we further have 


. @ Wels Sele 
sin a = sin E + 68-8) 


~ sin — + °° (6-6) cos : ; 


Z 
or, in linear approximation,® 


@ O N22 O 
—|] aS =] ee eo ee ; oes 
in 5) sin ($) (1 5 (60 -©)cot 3 Ge 


With this and (5b) we can find the direction of ®, given 
by 


—— lo+ + 68 corS — 60 x ) 
x (1 - 268. Sycot $| 
- 6+ 5 | (56 - 666 -8)} cor F - 86 x @| 


(8) 


Multiplication of (8) by the modulus of @ yields the final 
result 


G~ o+80($ cot) ~ E(60 -©)0~? 
0 @ 1 


5 Here we use the notation sin~! z = 1/sin z 
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5.1 Isospin Operators for a Multi-Nucleon System 


Let us consider a system of A nucleons (protons and neutrons). The isospin operator for 
the nth nucleon reads 


ING) RG) PSL Poe Ag 


or, in detail, 
{T;(n), To(n), T3(n)} = 4{71(n), 72(n), 73(n)} (5.18) 


T(n) only acts on the nth nucleon. For that reason the operators T(n) and T'(n’) commute 
just as in the case of ordinary spin (see Sect. 1.10); therefore, 


[Tn), T(r’)]_ =0 , n¥n’ , (5.19) 


ie. each component of T of the n-space commutes with each other component of T of 
the n’ space. Therefore, the isospin of the A-nucleon system can simply be defined as the 
sum of the isospins of the nucleons. 


A 


A 
ia Ta) =5 re). (5.20) 
n=l 


a 


Correspondingly, the charge operator is obtained as a sum, 
A 
6=On)=e }(7a(n) + 1) = e(T5+ 4.) (5.21) 
n n= 


Since nuclei are characterized by two numbers, the mass number A and charge number 
(number of protons) Z = Q/e, isobars (nuclei with identical mass number A) can only be 
different in the value of T3. This, by the way, is the reason for the name isobaric Spin. 
The name isotopic spin, which is in use too, is less fraught with meaning, because only 
isobars are classified by T3, and not isotopes. 

We realize that the eigenvalues of 73 characterize the states of a given isobaric 
charge multiplet uniquely, just like the angular momentum operator J3 classifies the states 
of an angular momentum multiplet. We say: the angular momentum group and the isospin 
group are isomorphous. For that reason we can transcribe the results of Chap. 2 directly, 
obtaining, with the isospin states of a multiplet 


eres (622) 
the relations 

ets nr) TT, aT ee 13 ee 

GME) = INES PSR Se (5.23) 


Each isobaric multiplet is (27 + 1) times degenerate, just as the angular momentum mul- 
tiplets have been (27 + 1)-times degenerate. For T = 5 we have the fundamental iso-spin 
doublet 


[573) , where ns [3-73 = 4) = [p) 
is the proton state, and 
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(5.24) 


is the neutron state. This is the smallest non-trivial multiplet of SU(2). By this we mean 
that all higher multiplets can be constructed from this multiplet. Spin 0, as well as all 


other spins occurring in nature, can be constructed from spin 


3. The smallest multiplet 


of SU(2) with T = 0 is trivial, since only T = 0 multiplets can be constructed from it. 
Accordingly, we speak of an isospin triplet in the case of T = 1, which is realized in 


nature among the 7 mesons and baryons. 


EXAMPLE SR 


5.2 The Deuteron 


The deuteron contains one proton and one neutron. Its 
wave function consists of a space part Ri @)Yim,(, 9) 
(describing the relative motion of the two nucleons), spin 
part X¥sm, and isospin part |T73). Hence, 


Wdeuteron = eee x Xsm,]4)|TT3) (1) 


The []-bracket indicates the coupling of angular momen- 
tum and spin to the total angular momentum, 


ey x Xam]! = Ss (1s j|mymgm), Yim, Xsm;(1, 2) 


™m1,™Ms 
Xsm, (1, 2) 
= L G@aslrimoem)xin,Dx1m,2 + 
my ,™M92 


|T'T3) is constructed from the single isospin wave func- 
tions, Rls of the nucleons, i.e. 
2 


ITTs) = D7 3 TtiteTs)X14, D1, (3) 
ty ,t2 

The Clebsch-Gordan coefficients for coupling the iso-spin 
functions are identical to the Clebsch-Gordan coefficients 
for coupling the angular momentum wave functions. This 
follows immediately from the isomorphism between the 
Lie algebras SO(3) and SU(2) of the rotation and isospin 
groups, respectively. Indeed, as remarked earlier the two 
Lie algebras are identical, for we have 


ee Ae = icin Jp (4a) 
for the rotation group, and 
oes ie = ies 34 Th (4b) 


for the isospin group. 

Since the total charge of the deuteron is Q = e, and 
the nucleon number A = 2, there follows, according to 
(5.21), T; = 0. However, the total isospin can take two 


values 
T=0 and T=1 


For T = 0, i.e. for the iso-singlet, T; can only be zero. This 
is the ground state of the deuteron. Only the state |T = 
1,73 = 0) of the iso-triplet belongs to the deuteron. The 
two other states of the iso-triplet, |T = 1,73 = 1) and T = 
1,73 = —1), correspond to combinations with the products 
¥11X11 and ¥1_1¥1_1, respectively. Hence, accord- 
ing 10 (5.24) they are, Tespectively, states with two pro- 
tons and two neutrons. They do not belong to the deuteron 
system (proton-neutron system) but to the di-neutron and 
di-proton systems which are unstable. In fact, all states of 
the two nucleon systems with T = 1 are unstable, in par- 
ticular the T' = 1 state of the deuteron, demonstrating the 
close connection among the states of the T = 1 multiplet. 

It may be noted that the isospin wave function (3) for 
the singlet state 


|T =0,73 =0) = SS 40|t, —t O)%X2 4, DX1_4, 2) 
ty 


=(Lloji _1loyz y 
=(5 5 Ol 5 5) xa 1Mx1_1@) 
+(3 30] ~ 5 30 X1_18DX1 12) 
ia. 3 : : 
= tks 2X21 2) — X2_ 3x2 12} (5) 


is obviously antisymmetric with respect to the exchange 
p « nor particles 1 «+ 2), whereas the triplet state 


IT =1,T; =0) =>°G 4 1lti —- t10)X14, X44, 
ty 


is Symmetric with respect to the exchange p © n (or the 
particles 1 ++ 2). Due to the Pauli principle, the total 
wave function (1) has to be antisymmetric with respect to 
particle exchange. Hence, the iso-singlet state must occur 
in combination with the symmetric spin state s = 1 [(2)]. 
The contrary holds for the symmetric iso-triplet state: it is 
paired with the spin singlet state (s = 0). 

For completeness, we still quote the two other states 
belonging to the iso-triplet, 


|T = 1,73 =1) 
= X11(1)X¥11(2) (two protons) , 
22 DP 


|Z = 1,73 = —1) 
= Xa_1())X1_1 2) (two neutrons) , (7) 
2 2 


although they describe unstable systems as shown above. 

The physical reason for the lack of bound T = 1 states 
of the two nucleon system is closely connected to the Pauli 
principle. The isospin wave function for T = 0 is, as we 
have seen, antisymmetric with respect to exchanging the 
two nucleons, whereas the states of the T = 1 triplet are 
symmetric. Since the nucleon-nucleon force in the spin-1 
channel is attractive at short range, the wave function in 
configuration space must have quantum number / = 0, i.e. 
it must be completely symmetric. That is the reason why a 
bound state can only be constructed with T = 0°. The best 
way to make this fact clear is to state that the Hamiltonian 
of the strong interaction eee is 1sOspin invariant and 
thus depends on the Casimir operator T? of the isospin 
group, ie. H = H(T?). For different multiplets, H (and, 
with that, the included potential) can take rather different 
values. If, for example, 


A(T)=f(r)l+gr)T? , 


then the hamiltonians for the iso-singlet and iso-triplet are, 
respectively, 


H(T=0)=f(r) , A(T =1)= f(r) +29(r) 


The observation that the T = 1 state of the deuteron is 
unbound shows that f(r) has to be an attractive function 
with a potential pocket, whereas f(r) + 2g(r) is not. 


® For more information about the deuteron and the usage of 
the isobaric spin formalism see, e.g. J.M. Eisenberg, W. Greiner: 
Microscopic Theory of the Nucleus (2nd ed.), Nuclear Theory, Vol. 3, 
(North-Holland, Amsterdam 1976). 
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BK <i . 
5.3 The Charge Independence of Nuclear Forces 


Problem. Show the charge independence of nuclear forces 
as a consequence of the isospin invariance of the strong 
interaction. 


Solution. Due to the requirement that the isospin group be 
a symmetry group of the strong interaction, the following 
must hold, 


(trong: ie =0 , (1) 
or, equivalently, 
[Hecone® Ty.(e)]_ =0 


This equation defines precisely the term “iso-invariance”’. 
If, as is often the case, the Hamiltonian itself is not known, 
one has to take recourse to the S-matrix operator 


S = exp (41) ; (2) 
Accordingly, it then follows from (1) that 
[Suerone? Te =0 or (Sren: Uys(e)]_ =0 (3) 


and, vice versa, (1) follows from (3) too. We know from 
general considerations [cf. (3.38—3.40) and Example 3.13, 
Eq. (2—6)] that then all states |T, 73) of an iso-multiplet, 
also called charge multiplet, are energetically degenerate. 
We use the relations 


eine /1 1) =e i(#/2)% 1 1 


= (cos 5 — if, sin sm)|3 5) 

Do (Oar ey OIG 

= ‘me 6 oe 0 
and 


So a Ne) 


which can be written in the short-hand notation 


eT ip) = |n) and e~i*fIny=—Ipy (4) 
For the two-nucleon states follows 

exp[ — in(T2(1) + To(2))}|p(1)p(2)) = |n(1)n(2)) 

and 

exp[ — in(T2(1) + To(2)]|n(1)n(2)) = [p()p(2)) . 5) 


From this the strong interaction of the two-proton system 
can be obtained, 


(p(1)p(2)|Hstrong|p(1)p(2)) 
= (exp[ — in(T)(1) + To(2))}n(1)n(2)| Astrong 
x exp[ — in(To(1) + To(2))]n(1)n(2)) 
= (nnlexp[ + in(T2(1) + To(2))] Astrong 
x exp[ — in(To(1) + T2(2))}|nn) 
= (nn| Hstrong|nn) ; (6) 


Hence, we conclude that the interaction of two protons is 
equal to the interaction of two neutrons. 


MAa——K ESS ee 


5.4 The Pion Triplet 


Three pions with the following masses (energies) and charges 


are known from experiment (see table below): 


Properties of the pions 


Pion Mass Mass Charge Lifetime Spin Magn. 
moc? difference moment 
[MeV] [s] 
ag 139.59 4.59 e€ (2.55+0.03) 0 0 
10m 
n° —- 135.00 0 0 0.83 0 0 
ereliete 
nx 139.59 4.59 —e (2.55+0.03) 0 0 
x 10—* 


Clearly, all pion masses (energies) are nearly equal. In 
analogy to the mass difference between proton and neutron, 
this near equality may be interpreted as meaning that the 
strong interaction (which determines the dominant part of 
the mass) is invariant in isospin space, and that the small 
mass differences of a few MeV (Am = 4.59 MeV) are 
caused by the electromagnetic or other interactions. Indeed, 
the Coulomb energy of a homogeneously charged sphere 


with radius rg = h/mzc (= Compton wave length of the 
pion) can easily be calculated. One obtains’ with the fine- 
structure constant e2/hc = 1/137, 


ese one or 
Sl 3 
=>— 139MeV~—=MeV . IL 
oy a (1) 


Therefore, we will disregard the small mass difference dur- 
ing the investigation of the strong interaction. We will in- 
terpret the three pions as an iso-triplet or charge triplet 
(which means the same thing). This suggests the identifi- 
cation 


relJje)) =4an) . 
Paine. = [at 
PPS ea ep (2) 


The choice of phases on the rhs of (2) is arbitrary, but 
once taken it has to be maintained. The fact that we did 
not choose the same phase for all pion states but used the 
factor (—1) in (2) for the positive pions has a profound 
reason, which we will now explain: 

Since the Lie algebra of the isospin group is isomor- 
phic to the angular momentum algebra, it follows, as in 
(2.18a,b), that 


TOE eS\\ pre eeie ih) ey Ga Se Pera se, 
Ty|TT3) =T3|TT3) (3) 
where ao = Ty +iT, and Ih = i 

As we know, (3) follows directly from the commuta- 
tion relations 


Ge, Te sds. PE a2. (4) 
which, in turn, stem from (5.13) with Ty = T, +iT and 
To = T3. They are identical to the commutation relations 
of the angular momentum operators (2.7). From (3) follow 
the relations 


rie = 0; 
Ty|10) = Vv2|11) , 
Ty [1 —1) = v2|10) , (5a) 


7 See J.D. Jackson: Classical Electrodynamics , 2nd ed. (Wiley, 
New York 1975) or W. Greiner: Theoretische Physik III, Klassische 
Elektrodynamik (Harri Deutsch, Frankfurt 1986) 
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mii) = ey, 

Hee) 

Diet |e (5b) 
T_|11) =V2{10) , 

pel 0) 4/2) Se 

a =) Si (5c) 
Using (2), these equations can be written as 
T+(V2|n*)) =0 (71,7,]_ =0 

T+(\n°)) = —(V2|\nt)) (74,05) = Ty 
T4(V2|n-)) = 2m) (74, P-]_ = 275 (6a) 


T3(V2|x+)) = +V2|n+)) 
T3(\r°)) =0 
T3(V2|x-)) = —(V2|n7)) 


[73,7] = +7, 
(Ts, T3]_ =0 
[73,7] =-T_ (6b) 


T_(V2|n*)) = —2(1°)) 


T_(\r°)) = (WV/2|r7)) [ers] a= TS 
T_(V2|r-)) =0 [Pera 0a (6c) 


In order to better illustrate the object under considera- 
tion, we noted on the rhs of (6) analogous formulae for 
the isospin algebra of (4). We may now understand the 
choice of the minus sign for positive pions in (2): it en- 
sures the complete agreement of both sets of equations in 
(6). Clearly, 


Tyo V2|rt) , 134 |r°) 


a a 


and 
T;,\ er a, te (8) 


correspond to each other for u,v = +, — (respectively 3). 
This correspondence is linear in the first element (Th as 
well as in the second element (|z”) and T,). Therefore, all 
transformations of both sides of (8) are isomorphic, so that 
a linear transformation among the |”) corresponds to the 
same linear transformations among the T,, and vice versa. 
Consequently, the transformation of the generators of the 
isospin group from spherical representation into cartesian 
representation, i.e. 


Ty 5 (Ty Be 1) 
( | =| =3) ee) | ae (9) 
T3 To 


is connected with a transition of the commutation relations 
(4) into 

[Zi,75)_ =ieijeT - (10) 
Analogously, we define the cartesian representation of the 
pion multiplet 


71) WV2 (\n*) + |x7)) 
(i=) } = (-w2 (Eo = | (11) 
|73) |) 
From (10) we obtain, by virtue of this isomorphism, 
Ty\nj) =iesjelte) (12) 


This relation can be directly obtained from (3), using (9) 
and (11). The factor 1/:/2 in (11) is not identical to the 
analogous factor s in (9), because the states |z;) are nor- 
malized to unity, 


(lis) = oie C8) 


8. eee 


5.2 General Properties of Representations of a Lie Algebra 


By Eq. (6) of Example 5.4 we became acquainted with a construction that holds for every 
Lie algebra and is called the regular (or adjoint) representation of a Lie algebra. To 
understand it, we will first explain the term representation of a Lie algebra: In complete 
correspondence to the representation of a group, the representation of a Lie algebra is 
defined as a mapping of the algebra onto the linear operators of a vector space, i.e. 
operators (matrices) D(L;) are assigned to the elements of the Lie algebra ils (generators 


of the Lie group) 
L; > D(£,) 
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(3225) 


These operators have to satisfy the requirements of linearity, 


Dial; + BL;) = aD(h;) + BD(L;) , (5.26) 
and must be homomorphic to the Lie algebra 
DL; £;)_) = (Dib), Db) (5.27) 


The last equation states that the operator D((L;, £j)_ ), assigned to the commutator 
[L;, L, aie has to be equal to the commutator of the D- -Operators assigned to L; and 
oe In general, a representation in the vector space with the basis {|¢,)} is obtained by 
ue to every operator L,, by means of 


L;|¢;) = D(Li)xj |x) (5.28) 
(note the summation convention), a matrix 
DLinj = (bel £ildj) =(Ladej (5.29) 


Hence, the D(L;) kj are the matrix elements of the operator L; in the representation {|¢,)}. 
They satisfy the requirement 


D(L)- DL) = DE;L;) , (5.30) 
which, in detail, reads 

D(LinmD(L5)mk = DLiLp nk 5 (5.31) 
or, with (5.29), 

(n|Lj|m) (m|L;|k) = (n| LiL; |k) 
Hence, the matrix obtained by simple matrix multiplication of D(Z;) and D(L;) is equal 


to the matrix IBY GLA assigned to the operator Oe, Equations (5.26) and (5.27) must 
be satisfied too. But that is automatically the case with (5.28) and (5.30) 


Dial; + BL ae = (nlaL; + BL;\m) 
= a(n|£;|m) + B(n|L;|m) 
=D Ui aeN inlA (5.32) 
where, from (5.32), follows 
DE; £,)_) = DLL; — b£;) = DLL) -— DEL; , 
and, taking into account (5.30), 
Di, Lj)_) = (Lyd, — Dé) DLd = (DE), DE))__ (5.33) 


5.3 Regular (or Adjoint) Representation of a Lie Algebra 


One possible vector space {|¢,)}, on which the generators L; can be applied, is that with 
the vectors 


|L;) ; (5.34) 
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There have to be the same number of such vectors as there are generators and with the 
requirement that, by analogy to the commutation relations of Lie algebra 


Pena Shull (5.35) 
the relations 

5 def 

ElLj) = CaselLe) and (5.36) 

(Ll L;) = 65; (5.37) 


shall hold, we define the action of the operators in this vector space. Equation (5.36) defines 
the effect of the operator L; on the vector |L,;) and (5.37) defines the inner product. From 
the correspondence of (5.36) and (5.28), it follows that 


D(Laeg = Cage and (5.38) 
DaLinj =aCiyjn - (5.39) 


Therefore, the structure constants themselves are a matrix representation of the generators, 
and the matrix of the generator (Lid; is, according to (5.38), given by Cijk- Now we 
want to ascertain in detail that the relations (5.30,31) and (5.32) really do hold, i.e. that 
there are no contradictions to (5.36) and (5.38). 

Equation (5.31) can easily be proven: 


DU Lal ray Ol Chai. ub ehul.s)) 


CimnCjkm = (LnlLiL;|Lp) = CONTEC nS (PUee 
i jkm(Ln|Cimi|L1) = CikmCimtont 
= Cikm Cimn - (5.40) 
Next we prove (5.33): 
DLL; — LjLdng = (DED ED) - DE)D Ld ne, (5.41) 
which, with (5.38—40), can be brought into the form 
Delon = DE) DL )mnDLimk OF 


CijmCmkn = CimnCjkm a CimnCikm ; hence , (5.42) 
Cijm Cmkn + CikmCmin + Crim Cmin =0. (5.43) 


In the penultimate step, (5.42), we used the evident linearity of (5.35) and in the final step 
we used the antisymmetry in the first two indices of Cijp = —Ciix [see (3.14)] several 
times. The relation (5.43) is identically satisfied, as we deduced from the Jacobi identity 
[see (3.16)]. Hence, (5.41) holds for the special representation (5.35) and (5.36). It is 
called the regular representation or adjoint representation. 

The analogy of both sides of Eq. (6) of Example 5.4 is, therefore, of a profound 
nature: It holds for all Lie algebras. Therefore, this regular (or adjoint) representation can 
be constructed for every Lie algebra. We have already illustrated this theorem, in (6) of 
the last example, for the special case of the isospin algebra. 
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5.5 Normalization of the Group Generators 


Problem. Show that the generators dbp of a unitary matrix 


group, ie. U-! = UT for each group element U, can be 
chosen in such a way that the relation Tr(L;L;) = 6;;/2 is 
valid. Show, further, that the resulting structure constants 
are purely imaginary and totally antisymmetric in this case. 


Solution. According to (3.8) the generators of a unitary 


group are hermitian, i.e. al = [;. With the exception of 
this property they have been chosen arbitarily up to now. 
We investigate the expression 


Vik = Tr(L;L,) (1) 


which, due to the invariance of the trace with respect to 
cyclic permutation of the matrices, can be written 


vig = Tr(L; Ly) = TE ph) =e: - (2) 


Since the trace of the matrix A equals the trace of the 
transposed matrix A, we find that 


yi, STU E pS) = Td [Cie hy)? | Saud: ) Os 
=Trili=th,L)=1%% (3) 


Hence, the ;, can be written as the components of a real 
symmetric matrix. Such a matrix can be diagonalized by 
an orthogonal transformation, i.e. 


De Ry yey = rion (4) 
j,k 

where ; are the eigenvalues of the matrix, and 

> Rij Ray = Sik > Ry = Ra; (5) 
j 

from which 

yo Rig ype Rin = Aibi (6) 
j,k 


follows. We can also choose any linear combination (with 
real coefficients) of the operators L; for our group. Hence, 
we can define a new set of generators by 


B= So Rgli . b= OR GF . (7) 
j 


where the second relation follows from (5). Since the R;; 
are real, then the generators F, are also hermitian. Now 


we find that, according to (6), 
Tr(F; Fy) = >> Rij Ry TL; Ly) 
gk 
= SO RG Rinerjk =i - (8) 
jk 
Additionally, we can show that the eigenvalues A; are 


greater than zero. Denoting the matrix indices of F, by 
greek letters we obtain from (8) for z = J, 


A, = THEA) = THRE = Wap h)pa 
op 
= (Posie = lag’? >0 . (9) 
ap ap 


because at least one component of F; is not zero. Hence, 
we normalize the new generators by 


e a loos 

F; —T; = Wee (10) 
and, thereby, we obtain 

Tr(T;T;) = 56: > (11) 


which is the required result. The structure constants are 
totally antisymmetric, as can be shown by 


i ee Ca 
k 
= Tr{[T;, FT} = > Cij,TH HT) 
i 
=4) Cinder = 5Ciyt - (12) 
k 


Due to the invariance of the trace with respect to permu- 
tation, we write 


Tre T;\Ty} = Tr{ TT; 7; = T;7;T)} 
= Tr{T; TT; _ TT;T;} 


aTr{(f,,TiN}=5Cjn - (13) 
Comparison with (12) yields 
Cea. (14) 
Because C;,, is antisymmetric with respect to 7 and 3, this 
is also valid for Cj); and C1;; = —C;1;. Thus, the structure 


constants are antisymmetric with respect to the exchange 
of two arbitrary indices. Finally, we show that the C;;, are 
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purely imaginary. By hermitian conjugation of the equation 
TT; - (oe = Cin Te , (15) 


we find, due to the hermiticity of the 7’, that 


hence, 
(C3 54)" = —C3 55, (17) 


follows, which means that the Ci; are purely imaginary, 
ie. C5, = ifjj,, with real f;;,. For the metric tensor we 
obtain 


935 = DO Cint Cie = — > fini f jie = > fini fjnr - 8) 
kl kl kl 


Let us assume that det(g;;) = 0. Thus, a real eigenvector 
Lj exists, which fulfills 


dL Gj; =0 (19) 
J 


and, thereby, also 


OY Rye — OS ea 
o ijkl 


2 
= (vf) er (20) 
kl \ i 


The expression only becomes zero if 


>> uifint = 0 (21) 
F 
is valid. This implies that 
bane [iy Paine) Om (22) 
j D 


Accordingly, the linear combination 5°, u;T; commutes 
with all other matrices, and thereby, it 1s a generator for 
an independent U(1)-subgroup. Hence, it follows Cartan’s 
criterion, i.e. that a unitary matrix group is semi-simple 
only in the case that no such subgroup exists. 


SS SEES 


5.4 Transformation Law for Isospin Vectors 


The canonical form of the regular representation of isospin algebra is [see Example 5.4, 


Eq. (12)] 


Li|m;) = i€;34|7 4) 


(5.44) 


It shall now be used in another illustration of an isospin transformation, in the so called 
iso-space (isospin space). If we consider an infinitesimal isospin transformation, with 
parameters 6¢;, then, from (5.14) and (5.44) it follows that 


[nh) =e Mee 5) ~ ( — ibe; Ty) |x ;) = | j) + Seieisnl tp) 


or 


5) = |13) — ejsndes|t4) + O(5e?) 


(5.45) 


These equations describe infinitesimal, real and orthogonal transformations in a three- 


|73) 


dimensional real space, i.e. we are dealing with rotations, as one could already have 


gathered from the isomorphism between the angular momentum algebra [Lie algebra of 
O(3)] and the isospin algebra and, hence, from the isomorphism between the rotation 


|72) 


Fig. 5.1. The vectors |x) span 
the isospin space 
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group SO(3) and the isospin group SU(2). This space, the iso-space R°, is spanned by 
the three orthogonal vectors (see Fig. 5.1) 


[m) {I71),|2),|73)} =R?> , 


(mi|j) = 63; (5.46) 


It is not identical with the three-dimensional configuration space of daily experience, R°, 
but it is isomorphic to it. It is just this isomorphism that enables us to work out many of 


the properties of the isospin space and even to understand them. So it is natural to define 


the iso-vector v, in analogy to vectors in R®, as some linear combination of the three 
basis vectors (5.46), i.e. 


v =v,z|7;) > (5 Al 


where the components v, are real. From (5.45) the transformation properties of the com- 
ponents v,, of the isospin vectors can be obtained, 


v;|5) = Va|Ta) = Vo(|mQ) + Eqik5€i|™h)) , (5.48) 


and thus after projection with (m| 


v; Sb Gono (5.49) 
This transformation (5.49) corresponds to a passive rotation, since we did not change the 
iso-vector in (5.48), but rotated the basis according to (5.45). To obtain an active rotation 
in iso-space we only have to reverse the rotation vector, i.e. de; — ée;, changing (5.49) 
into 

v; = Oh leg lays : (GLa) 


Compare the active rotation (1.61) with this! An additional factor —1 occurs in the second 
part on the rhs compared to (5.49). With the rotation vector de = {Se;}, equation (5.50) 
may be written concisely as 


=vtéde X v=vutdv , with Gan) 


6v=v—v=bexv . 752) 
This emphasizes the analogy to normal rotations in R® (see Fig.5.2), if we remember 
(1.60). Furthermore, it is easy to prove that 

ol Sales iyne: (6v)? 
and, neglecting second order terms, 

5(v?) = v!? — v? = 26v-v = 2€;;p,5e;v,0; = 0 (5.53) 


due to the antisymmetry of ¢;;,. The lengths of the iso-vectors remain unchanged (invari- 
ant) by rotations in isospin space, a property that is again illuminated by the isomorphism 
with usual rotations in R® (see Fig. 5.2). 

In isospin space one often deals with iso-vectors, the components of which are not 
real numbers, but operators in Hilbert space (i.e. they act on states |y,) of a Hilbert 
space). The isospin operators T = {T,,T», 73} themselves are examples. By comparison 
the vector operator [see e.g. (1.60)] of the IR? we are led to the iso-vector operator V. 


The transformation property is defined with a view to (5.50) as 

6V=V'-Va5xV (5.54) 
or, in components, 

6V, = Vi —V; = e:jn5ej;Vi - (5.55) 


On the other hand an operator is transformed according to the general laws of quantum 
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A 


Rotation\, 
vector é¢€ 


|72) 


71) 


Fig. 5.2. Rotations in isospin space 


mechanics by 


v} = Uy,(5e)ViU;, '(6e) = eter Th Py, cider Te 


= (1 — iS, Ty) Vj(1 + dep Th) = Vj — i6ex [Ty Vi]_ (5.56) 
This yields 
b= Vj —Vi=—ide;[T), Vil. (5.57) 
where the summation index has been renamed j. Comparison with (5.55) yields 
[T;.ViJ_ =ieisnVe - (5.58) 


This equation defines an iso-vector operator. It states that for vector operators in iso-space 
the quantum mechanical transformation law (5.57) must be in accordance with the usual 
vector transformation law in iso-space (5.55). 

To summarize: SU(2) transformations of the isospin group are orthogonal transfor- 
mations in isospin space which can be interpreted as rotations in the space of the regular 
T = 1 representation with, e.g., the basis |71), |72), |3). We have proven this only for 
infinitesimal transformations, but it can be generalized for finite « = {<;}, as we showed in 
(3.18). It should be noted that, because the spin is half-integral, there can occur ambiguities 
[see (5.14) and associated remarks, in connection with the usual spin]. 

We have constructed the isospin space on the basis of empirical experience: the 
charge doublet of the nucleons and the charge triplet of the pions were the starting points 
which led us to the abstract concept of iso-space. The isomorphism between this and 
configuration space R® have been of great illustrative and practical value. Nevertheless, 
the difference between both is clear: while the R® is physically realized (it led us to the 
rotation group and the angular momentum multiplets), the isospin space is a formal space 
which is realized in the symmetries of the elementary particles (charge multiplets). This 
formal iso-space is spanned by three vectors |7;) (i = 1,2,3) [Example 5.4, Eq. (11)]. 
The state vectors of the charged pions 

I) = — {|m1) ifn) 

~ A 1 2 , (5.59a) 
which have complex components, belong to the spherical representation of isospin space, 
and it is worth noting that solely such iso-vectors in spherical representation are physically 
realized, hence the states |x) and |°). Linear combinations like, for example, 
i as —i 
ts lz) sina) ina el ae (5.59b) 


cannot be physically realized by any equipment, because these are not eigenstates of the 
charge operator @ [see (5.21)]. 
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5.6 The G-Parity 


We have just seen that the isospin symmetry may be treated 
in complete analogy to the symmetry of angular momen- 
tum. Rotations in the three-dimensional configuration space 
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correspond to rotations in the three-dimensional isospin 
space. Therefore, we might ask whether there also exists 
a quantity in isospin space that is equivalent to parity in 
configuration space. Indeed, there is such an additional in- 
ternal quantum number, as we will prove in the following. 


The property of isospin parity will enable us to explain 
the decay of the w and 9 mesons into three and two pions, 
respectively (see the discussion of the w and o@ mesons 
in Example 5.10). As we have seen in the previous sec- 
tion, the pion triplet |7,;) j=1,2,3 Tansforms like a vector 
in isospin space. Thus, it is straightforward to define the 
so-called G-parity as 


G|r;) =—|n;) . (1) 


The property of this operator G in isospin space corre- 
sponds to the space reflection that is performed by the 
parity operator in configuration space, which inverts the 
directions of the unit vectors. i.e. Ple;) = —|e;). We 
choose the representation 


cee C (2) 
where C’ denotes the charge conjugation operator, 
Clrty=|r-) , Cle-)=|aty , 

Ole) Sli 3) 


The representation of G in (2) is consistent with the defi- 
nition in (1), as we will now prove. From (3) we can infer 
the cartesian pion components (5.59), 


Clm)=|m1) , Clr2)=-|m2) , 

Clm3) =|73) , (4) 

or, in matrix representation, 

: 1 0 0 

ee (0 Fj 0) | ) 
0 04 


On the other hand, the rotation matrix in isospin space is 
given by 


\ | 
T> --i(0 0 0) 
Cae) 0 
g 1 0 0 0 0 0 
eth -(0 0 0| cos r+(0 1 o| 
0 0 1 0 0 0 
—1 0O 0 
-( 0 1 0| . (6) 
0. "0.251 


These properties are illustrated in the following figure. 
Hence, it follows that 


1 0 0 
(0 —1 0| [x3) = —|z;) (7) 
0 1 
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(a) (b) 


Action of C and exp(—ixT2) 


Reflection in Isospin Space: a) Action of the operator C: it 
transforms the cartesian z2 axis of the isospin space into 
the x‘, axis. 

b) Suceeded by rotation relative to the original rz axis 
by 180°: transformation of x; > x4 and 3 — 2%. 

What is the physical meaning of the G-parity? We first 
postulate that the G-parity expresses an internal symmetry 
that represents a conserved quantity in particle reactions. 
Under this assumption (the possible reactions are restricted 
to the strong interactions) each meson has either positive 
or negative G-parity. Consequently, they can only decay 
into such combinations of other mesons that together also 
have positive or negative G-parity, respectively. Since the 
2-pion system has positive and the 3-pion system negative 
G-parity, we can conclude from 


w — 37 

w+27 (through strong interaction) 

that Glw) = —|w) (8) 
and from 


0 — 2x 
03 
that Glo) =|) . (9) 


A certain value of the G-parity can be assigned to every 
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meson, which enables one to understand many experimen- 
tal observations. 

Applying the G-operation (2) to a baryon state is not 
a symmetry operation, since charge conjugation leads out 
of a given multiplet (baryons and anti-baryons, in fact, be- 
long to different, conjugate multiplets — see the following 
Examples 6.3, 6.4). However, a definite G-parity may be 
assigned to the nucleon-antinucleon system in analogy to 
the positronium system. The neutral NN system is either 
in an isospin triplet state |T = 1,73 = 0) or in a singlet 
state |T = 0,T3 = 0). Rotation around the T>-axis, which 
is part of the G operation, yields a different sign for these 
two cases: 


eitThiT = 1,73 =0) 
rene . 1 me = 
= exp[ — if (72(1) + 2) (P)1 IP)2 + |); |i) 9) 
= 1 i = 
= [—if,(1)][ — iF2(2)) 5 (IP): IP) 2 + |n),|n)9) 
1 
= atin) (— IA) 2) oP (—|P)2)|P) a] 
= -|T = 1,7 =0) (10) 


e inl iT = 0,73 =0) 
1 
=(-if(1)][ — iF2(2)) (IP) P)2 —|n);]i)9) 


= Sella) (=I) ) — (-Ip),)1P)a 


= Sellp)1IB)2 — In), 2) 

=+|T=0,73=0) . (11) 
For positronium one finds that charge parity 
Clete) = (-1)7 Jete~) 


for a state with total angular momentum J. If we transfer 
this result to the NN system, we have 


C|NN) =(-)7|NN)_ . (12) 
Together with (10) and (4), we obtain 
GINN) =(-)7+7|NN) . (13) 


The G-parity of the NN system has been tested experimen- 
tally at CERN, where low-energy antiprotons are captured 
by protons. Analyzing the resulting decays with respect to 
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the assignment of (13), yields the following selection rules: 
INN(J =0, T =0)) #32 
INN(J =0,T=1)) 2a , (14) 


indicating that the T = 0 state has positive G-parity, whereas 
that of the T = 1 state must be negative. The exellent agree- 
ment with the obtained experimental results confirms the 
concept of the G-parity. 

The fact that the G-parity operation transforms a nu- 
cleon into an antinucleon enables one to connect the in- 
teraction between a nucleon and a nucleus with the cor- 
responding antinucleon-nucleus interaction. The effective 
antinucleon potential V(r) turns out to be the G-conjugate 
nucleon-nucleus potential. V.g(r) is a composition of the 
contributions of the mesons 7, 9, w, ..., i.€. 


VY or) = V(r) + VE(r) + V(r) + (15) 


The G-parity of the mesons g and w can be determined 
from their pionic decays, utilizing the fact that the pion 
has negative G-parity. Since the w-meson decays into 3 
pions, its G-parity is negative, while that of the o-meson, 
which decays into 2 pions, is positive. Therefore 


VM ery = EVM OE 
= GrV"(r)+GoV2%(r)+GuV(r) +... 
=—V7(r)+ Ver) —V%(r) +... , (16) 


which has also been confirmed experimentally. In particu- 
lar, the potential V“ due to the w meson exchange, which 
is strongly repulsive at short range in the NN system, be- 
comes strongly attractive in the NN system. It has been 
conjectured that this may allow for strongly bound, highly 
localized NN states (so called baryonium resonances). Up 
to now such states have not been conclusively identified 
however. 


EXERCISE Ss 


5.7 Representation of a Lie Algebra, Regular 
Representation of the Algebra of Orbital Angular 
Momentum Operators 


Problem. a) Explain the concepts “representation of a Lie 
algebra” and “regular representation”. 

b) Find a regular representation for the algebra of the 
orbital angular momentum operators. 


era a) The expression “representation of a Lie alge- 
ta” A means that one can assign ann x n matrix G to all 
2 € A, such that the matrices fulfill the same algebraic 
relations (i.e. homorphism to a matrix algebra). Hence, the 
requirement is for 
aA+BBaa+6b , [A,B]_—-[a,5]_ 
The first relation is the scalar multiplication in .A, the sec- 
ond is the ordinary commutator of matrices. Obviously, 
there always exists a (trivial) representation, namely, A 0 
for all A. If the algebra is defined by 


[A; Aj]_ = cin An, 

we can assign each A; a matrix a; with 

(Qik; = Cizk 

and, similarly, for the sum )~>a;A;. This representation 
is called the regular or adjoint representation. Indeed, we 
find 

= (44; — 4;4i)Im 


= (4:)in(4;)km — (4j)iR (Gd em 


([4;,4;]_)im 


CiRICJ mk — C[kICimk = CmikCkil + CimkCkjl > 


where we have used Cijk = —Cjx;- Using the Jacobi iden- 


tity, it follows that 
Ga ert a eC ree Chal = Grech! = Crp hn 


Thus, we have proved that, in fact, the matrices fulfill the 
algebra 


[a;,4;]_ = cjj,4, 
b) The orbital angular momentum operators satisfy 
the commutation relations 


[Li,L;]_ =ie;;,L 

The regular representation, therefore, is 
(Li) jk = 1eikj = —1€i;k 

or, explicitly, 


0 0 0 
n= -i(0 0 ) ; 
> Ss 70 
i 4 
in -i(0 0 0) : 
1 i) 


' Open) 
io -i(-1 0 0) 
0 0 0 


These matrices are spin-1 matrices. 
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5.5 Experimental Test of Isospin Invariance 


Up to now we know of two arguments for the isospin invariance of the strong interaction: 
first the very small differences between the masses of particles that belong to a certain 
charge multiplet (see tables for nucleons and pions) and secondly the charge independence 
of the nuclear forces (see Exercise 5.3). Both facts can be inferred from the hypothesis 
that the isospin group is a symmetry group of the strong interaction, i.e. 


[2 ctrone: 7a =0 , 


and from properties of the corresponding isospin Lie algebra. In the following we will 
discuss further experimental facts that support this hypothesis (isospin group = symmetry 


group of the strong interaction). 


The use of the isomorphism between the isospin group and SO(3) (we have already 
used it in connection with the deuteron) enables us to infer the composition of a total 
isospin of two (or more) particles according to the rules of the angular momentum algebra, 


i.e. 


|T'T3) = Ds 


T3(1)+73(2)=T3 


(TT (2)T|T3(1)73(2)T3) |TU)T3()) [T2)T3(2)) 


(5.60) 
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where the total isospin T is restricted to the values 
£=7T1)4+72),7)) +72) yee, | Fa) Fe)! 


T(1) and T(2) denote the isospins of particle 1 and particle 2, respectively. Correspond- 
ingly T3(1), T3(2) are the three-components of isospin. 

The Clebsch-Gordan coefficients (T(1)T(2)T|T3(1)T3(2)T3) follow from the Lie al- 
gebra of the SO(3) (see Chap.2). Since the isospin algebra is isomorphic to the angular 
momentum algebra, we can carry over all results of Chap.2 to the case of isospin; the 
Clebsch-Gordan coefficients are identical for both algebras, and in Table 5.2 we have 
listed some of the most important of them. 


Table 5.2. Clebsch-Gordan coefficients for the coupling of 
1) TQ) = 5 and T(2)=1, 2) T() = § and T(2) = 


Now let us consider the decay of a particle with isospin T into two other pa -‘cles 


with isospins T(1) and T(2), respectively. We start from the matrix element of the S$ 
operator that connects the initial and final states®, 


(T(1)T3(1); T(2)T3(2)|S|TT3) (5.61) 


Using the orthogonality relation for Clebsch-Gordan coefficients, together with (5.60), the 
inverse equation follows [see also Chap. 2, Eq. (2.39)]as 


T(1)+T(2) 
[P1)T3(1)) [T(2)T3(2)) = ss (T(1)T(2)T"|T3(1)T3(2)T3)|T’T 3), 
T'=|T(1)-T(2)| (5.62) 


where Ts = T3(1) + T3(2). Hence, the S-matrix element in (5.61) becomes 
(T(1)T3(1); T(2)T3(2)|S|TTs) 
8 See, for example, M. Rotenberg, R. Bivins, N. Metropolis and J.K. Wooten, Jr.: The 3j- and 


6j-symbols (Technology press, Cambridge, Mass. 1959). 


° Refer to Vol. 1 in this series, Quantum Mechanics I-An Introduction (Springer, Berlin, Heidelberg 
1989) Chap. 10. 
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= DPM TQ)L"|T3(1)T3(2)T3)(T'T4|S|TT3) (5.63) 
T! 


The isospin invariance of the Hamiltonian implies the invariance of the operator S, i.e. 
[7;,#]_=0 , [f;,$]_ =([fy, exp(ifny]_=0 . (5.64) 


As we learned in Chap. 3, the eosin space part of the hamiltonian consists of the 1 
operator and the Casimir operator T? of the i isOspin group. In other words the Hamilto- 
nian is a scalar in iso-space, i.e. an iso-scalar. Indeed we have learned earlier, that it must 
be built up from the Casimir operators, i.e in our case H = H (T?) and hence § = S(T"). 
Therefore, it must hold that 


(T'T3|S|TTs) = rr Spy73 (TST) (5.65) 
enamel 
f(T), T(2),T) 


The matrix element on the rhs of (5.65) (T||5||T'), is called the reduced matrix element. 
It is a function of the total isospins T, T(1), T(2) only and independent of the projection 
T3. Hence, it is equal for all states with different T; of a certain isospin multiplet. In other 
words: The reduced matrix element is characteristic of a multiplet with total isospin T, 
since it is independent of the quantum number 73 which distinguishes between the states 
that belong to this multiplet. Accordingly, we are led to the equation 


(T(1)T3(1); T(2)T3(2)| $|T'T3) 
= (T(1)T(2)T |T3(1)T3(2)T3)(T()T(2)|| S||T) ; (5.66) 


Equations (5.65) and (5.66) are a special case of the so-called Wigner-Eckart theorem... 
The implication of (5.66) is the following: Since the transition probabilities are proportional 
to the squared matrix element on the lhs of (5.66), i.e. proportional to 


| (T(1)T3(1); P(2)T3(2)|$| PTs)? ; 
= (TT 2)T|T3(1)T3(2)T3)/? (TA)TSIT)(? CHU 


then the ratio of intensities for the various possible charge combinations in the final state 
|T'(1)T3(2); T(2)T3(2)) are determined by the squares of the Clebsch-Gordan coefficients. 
In other words, in taking the ratio of two possible decay modes, the reduced matrix 
element, that is generally unknown, drops out. This fact enables one to make quantitative 
predictions — in the absence of a complete dynamical theory of the strong interaction — 
that can be tested by measurement. 


10 See textbooks on algebra of 
angular momentum, for example, 
MLE. Rose: Elementary Theory of 
Angular Momentum (John Wiley, 
New York 1957). 
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5.8 Pion Production in Proton-Deuteron Scattering 


In proton-deuteron scattering the following exit channels, i.e. reactions with well-defined 
quantum numbers, are possible (among many others): 


y A 3 
pt+d 
\, wt + 3H (1) 


From the discussion in Example 5.2 we know that in the ground state the deuteron has 


Hs 


isospin T = O, while the proton has T = 3. This implies that the initial state of the 
considered reaction bears isospin T = 0+ 4 = 4. The final state consists of a pion with 
T =1 and a *He with T = , or of a pion and a 3H that also carries isospin T = 4. In 
fact, the mirror nuclei “He and 3H form an iso-doublet. Thus, we may write 


linitial state) = |p+d) = 3 4)|00) 
final state) = |x? + 39H) =|11)}4 — 4) 


|final state) =|r°+ *He)=|10)|$4) . (2) 
The relation (5.67) now says that the ratio of the cross-sections of these two particular 
final states (1) is 

o(ptd—oat+H%) | 55li—-gal _ 2/3 _ 
o(p+d—+7n+He*®) 4144044)? 14 


The corresponding experimental results are 
Z { LOU 0 25 
~ (1 2.2640.11 
XN aS Ee 


5.9 Production of Neutral Pions in Deuteron-Deuteron Scattering 
Another experimental verification of the isospin invariance is the reaction 


d+d— ‘*He+7° (1) 
Since an *He and a deuteron are both iso-singlets, i.e. 

|'He)=|T=0,T3=0) , — |d) = |T=0,73=0) , 

then the reaction d+d — *He+z° should be not allowed, because the states 

|00)|00) {00)]10) 

are orthogonal. Experiments show that 

o(d+d— He) <1.6 x 1078 cm? , 


which is a very small cross-section on a nuclear scale (typically 10~2° cm). On the other 
hand one finds a noticeable cross-section in the reaction 


d+d—‘*He+¥ 


This is not a forbidden reaction, because the photon contains an iso-singlet component. (In 
fact, electromagnetic interactions do not conserve isospin invariance. The photon contains 
both isospin singlet and triplet components of equal magnitude!) 


(0AM Ol (2 sen SS SEE 


5.10 Pion-Nucleon Scattering 
Pion-nucleon scattering involves reactions like 
n+N—a7'+N’ , (1) 
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where 7 denotes one of the three pions 7—, 7+, 79, and N’ a proton, neutron or excited 
state of the nucleon. The isospin eigenfunctions in the initial and final state are 


IT=1) @ |T=}) > |T=1) @ |T=3) 


pion nucleon pion nucleon. (2) 
—_—_—_——— —_—_—_— 
initial state final state 


For both initial and final state, the individual isospins of the particles can be coupled to 
the total isospins T = 3 and T = 3. This is expressed by the notation 


[1] ® [2] = [3] © (3) . (3) 


Consequently, there are two reduced matrix elements, for T = 5 nite = 3, which will 
now be discussed in detail. 

If |1, 4 and [5, v) denote the isospin states T = 1 and T = 3, respectively, the initial 
State is given by 


We)15v) = 15 slev nt ry|g.utrv) +d 3ipvps v)[3, p+) ; (4) 
Similarly, the final state takes the form 
He’ )|go’) = 13 Sle pl ev) wl ty 4b Sil + 9/8, 0! +0’) : (5) 


The possible quantum numbers y = + 1,0 of the initial state characterize the pion charge 
states |r+) and [7°), the quantum numbers v = + 4 represent |p) or |n), respectively. 
The final state is similarly described. The transition matrix element reads 


(uzv|S |p! dv’) = (13 flpv wt vd gy! pl +v/)(Sp 4 vf 8|4 pl +0") 

+15 Sleytr vy 5 By up! +v')(Su4r[S[ay' +r’), (6) 
where we have used (5.65), i.e. the fact that only matrix elements between equal total 
isospin T = T’ contribute. Also, from (5.65), we infer that i = Tz which, for (6), means 
wt spty : (7) 

Moreover, the matrix elements (T73|.S|TT3) are independent of T3; due to isospin 
invariance, only depending on the total isospin T, i.e. 
(TT3|S|TT3) = (TST). (8) 
Hence, (6) becomes 
(Iuzv|S|1p'5v') = [a Sg luv ut (ls gle w+r)SilS|l5) 

+143 luv pt vig hyo! pt ”FISIE) | Outre (9) 
The ten possible reactions expressed by (1) are described by only two reduced matrix 
elements (4||S||}) and (3||S||}), which are generally complex. This implies three real 
parameters for the above reactions, since a common real phase cancels when taking the 


2 
square [(1n 5 v|S| 1p'5v’)| ‘ 
Analyzing the matrix element in (9), we find ten possible reactions: 


117 


On the rhs of this listing the isospin quantum numbers are reexpressed in terms of the 
physical particles they represent. Since (9) is quite complicated, the possible general reac- 
tions of (1) and (10) are somewhat confusing. The situation becomes clearer in the region 
of the first resonance, the so-called A resonance, located at 1232 MeV. It is also called 
the 3-3 resonance, because its isospin and spin quantum numbers both take the value 3. 
The first Figure illustrates the cross-section o as a function of the pion energy for the 


reactions 

xt +p—onattp Top oe pe (11) 
where the energy is the kinetic energy of the pion in the laboratory ph) Let us reflect 
shortly on the various energies which are important in high energy reactions and which 
are specifically of interest in the context here. There is first the total energy W of the pion- 
nucleon system in the centre of mass. If p = (p, En/c) = (p, po) and q = (q, Ex/c) = (q; 90) 


denote the momentum four-vectors for the nucleon and pion in the initial state, then we 
have, for the Lorentz invariant quantity W2/c?, 


Wis = pee = (age =(pseae (12) 
In the centre-of-mass frame, by definition, it holds that 

p+q=0 , © so that (13) 
Wrap tg rc? . (14) 


Therefore, W is indeed the total energy of the 7-N system in this frame. In the laboratory 
system S the situation is different. In this frame the nucleon is at rest (p),}, = 0) so that 
the Lorentz invariant of (12) becomes 


Wlc2 = —(p? + q? +2p-q) = M22 + m2c¢? +2p°q° 
= M224 m2c2+2MB) (15) 
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where we have used!! M?c? = —p? and m2c? = —g2. M and m, are the masses of 
: L 
nucleon and pion, EL ) the total energy of the pion in the laboratory frame, given by 


(ey: = qc + Wee (16) 
Considering the kinetic energy of the pion in the laboratory frame, 

L L 
perl) net (17) 
we obtain, for (15), 


W2 =(Me24+m.c2)?4+2M2T) (18) 


t (a) 


[mb] 100 

100 [mb] 
v 

10 


10 


10 100 1000 10000 [Mev] 100 


Such resonances can be interpreted as short-lived intermediate states N” that are com- 
posed of the pion and the nucleon interacting with each other. In writing this is expressed 


by 
T+NoN*oxr4+N , (19) 


i.e. in the pion-nucleon scattering the intermediate state N” is formed. The nature of the 
resonances is similar to that of compound nuclei in nuclear physics. There the collision 
of two nuclei yields an intermediate composite nucleus (compound nucleus) which, after- 
wards, may decay into various possible fragments (see next figure). 

The masses (energies) of these intermediate particles are given by the total energies 
Wmax at the resonance maxima. For example, in the first figure, (b) shows a distinct max- 
imum at W = 1232 MeV, corresponding to Ti) = 190 MeV, and, from the experimental 
data shown, one can conclude that these intermediate particles exhibit double positive 
charge in the reaction «*p and are neutral in the reaction 17 p. 

Other experiments even indicate resonances that carry a single positive or negative 
charge. An example for such a reaction is the photo-production process 


ytpoN* or +p : (20) 


11 See M. Goldstein: Classical Mechanics 2nd ed. (Addison-Wesley, Reading 1980) or W. Greiner: 
Theoretische Physik I, Mechanik I (Harri Deutsch, Frankfurt 1989) Chap. 34. 
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(b) 


ime 
1000 10000 [MeV] 


The total scattering cross-sections 
of (a) 7*p and (b) 77 p scattering: 
the various maxima (resonances) 
have been interpreted very suc- 
cessfully by formations of inter- 
mediate particles N° (isobars) that 
subsequently decay again 


(ub) 


nucleus nucleus 
1 


O-@)-s <50 
ie 100 
possible 


decay : © 0 E+ 
C) 200 400 600 800 [MeV ] 
Illustration of a compound nucleus reaction with possible rotations and Photo-production of neutral pions; £., denotes the energy of the photon 
vibrations. The intermediate compound nucleus subsequently decays into with respect to the laboratory frame 


various possible final states 


The corresponding cross-section is shown in the right figure. 

The striking resonance at E., = 330 MeV corresponds to an intermediate particle with 
positive charge and mass M = 1232 MeV. The negatively charged N* is encountered in 
the reaction 


a p—ntata an (21) 


by considering the invariant mass M,,- (i.e. the total mass of neutron and pion) as a 
function of energy (see figure below). 


34 38[Gev] O10 44 34. 38 [GeV] 


The reaction s” p—na*x*x~ w—: a) the mass M,,+ and b) the mass M,,,- 48 a function of energy 


In the case of M,,,,- [part (b) of the figure] there occurs a sharp resonance that stands 
out significantly against the broad background which can be seen in part (a) of the figure, 
for M,,,+- The width of such a resonance contains information about the lifetime 7 since, 
due to the uncertainty relation, it holds that ['r = h. 

Summarizing these facts, we see that the intermediate state N’, with M = 1232 MeV, 
is actually a charge quartet, denoted by Ach#"8e (total energy), i.e. 


At" (1232), i(1232)auee (1232) eee (1 (22) 
Clearly, the A resonance is a T' = 3 State since this is the ee a ae that 
naturally leads to an isospin multiplet ie at least four states, T3 = 55 3,4,- a= 3 (see 


also the following section). From the analysis of the x — N ceniaeny aches it is not 
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possible to decide whether there are still other charged states of this composite particle, 
because the states accessible in m-scattering are limited by the total charge of the pion and 
the nucleon. Besides, other particle systems, e.g. 7 + 7 +N (nucleon + two pions), have 
masses Close to or larger than 1232 MeV. We will, however, give theoretical arguments 
that prove the completeness of the A quartet (see Exercise 6.5, isospin and hypercharge 
of baryon resonances and the completeness of the SU(3) decuplet). 

Before moving on, some relevant remarks are in order concerning the first figure of 
this Example, which shows the cross-sections of the rt-p scattering: the figure exhibits 
additional resonances occurring in the reaction x~p, but not in «+p, namely at 


M =1515MeV ae = 605 MeV) , M=1688MeV es = 890 MeV) 3) 


Obviously, such intermediate particles must be neutral. On the other hand, there also occur 
charged resonant states. Therefore, these particles seem to belong to charge doublets, 
termed N(M). In detail, one finds 


N*(1518), N°(1515) and N+(1688), N°(1688) . (24) 


There are still other baryons, which we will study later. 

Let us now return to (9). In connection with (10) we have already mentioned that the 
proportions of the reactions are easily determined in tg region of the A(1232) resonance 
that has been identified as an ee oe = 5 in (22). Since the resonance is 


dominant, one can neglect the T = 5 contribution in (9) and obtain, in this approximation, 
(1p4v|S|1 yp! 5 v'\~ (15 $|uvptv\(l 53 pv t+ v3 |S 3) Spy pte! me 25) 
Using this relation we evaluate the ratio of the cross-sections to be 

o(x*p— nt p) :o(m por p): om po nn) 

= al acne One we 

: 1381-14 — 0931-13 — a + 109 31-13 - Gg $10 - 5 - pl 


52 
te AP LA OS la (26) 
which is in good agreement with experimental data. A further test of the transition ampli- 
tude in (9) and, thus, for the predicted isospin invariance is obtained by checking whether 
the so-called triangle inequality is satisfied. Using the Clebsch-Gordan coefficients, listed 
in Table 5.2, and by means of the transition amplitude (9), we can prove the identity 


_ 


V2(nv°|S|pr—) + (px |S|px—) = (pat |S|px*) (27) 
since 

V2(nv°|S|px~) + (pn |S|px—) — (pr *|S|px*) 
ee ccr20 a Da) 4)-14 -—$)(3 Si3) 

+(144)-14 —4)0 $4] -15 - 2515113) 

aiale oh ha uae ISIS) 

+(1$ 4] —14 = $03 $1 — 14 — PIS) — 3 311 9 290 3 211 2 DIST) 


4 
= (5481p) (v2(-) 3+ 2g ISI (Vay3qrz—)=9 


V2(n0|§|px-) 


Illustration of the triangle inequal- 
ity (27) in the complex plane 


My = 760-4 MeV 


40 


20 


700 800  900E[MeV] 


Total cross-section for the reaction 
e*+e— — a*+27-. The resonance 
is interpreted as an intermediate 9° 
meson 


As each of these three amplitudes contain the two reduced matrix elements, (}||S||5) and 
(31S II). that are generally complex, (27) is a relation between three complex numbers. 
Representing these numbers as vectors in the complex plane, the identity (27) stands for a 
closed triangle of these vectors (vector addition). Each side of the triangle represents the 
absolute value of one of the amplitudes in (27) (see next figure) and needs to be smaller 
than the sum of the two others. This property enables us to make further predictions con- 
cerning the relations among the scattering cross-sections that must hold for arbitrary (but 
fixed) energy and angle. 
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5.11 The Decay of the Neutral Rho Meson 


The o mesons and the w meson have been discovered in storage-ring experiments as 
intermediate states (resonances in the cross-sections), similar to the A, N+, N® resonances 
discussed before, by investigating the reactions 


e tet 5 pf sa 4a (1) 


e tetowon tater? (2) 


The figure below shows the total experimental cross-section of the reaction e~ +e+ 3 r++ 
a”. The resonance at M = 770 MeV indicates a neutral intermediate particle (since the 
total charge of the initial state e+ +e7 is zero) which is named the o° meson. 

Similarly, the next figure, illustrating the cross-section of the reaction et +e- 3 77+ 
a+ +7, exhibits a resonance at 780 MeV. Consequently, this is interpreted as another 
neutral intermediate particle, the so-called w-meson. It must be different from the 0° 
resonance, because the three-pion final state has negative G-parity, whereas the G-parity of 
the 9°, which decays into a pair of pions, is positive. The question arises as to whether there 
exist further charged particles, completing multiplets that contain the o° or w resonance. 
Indeed, they have been discovered in the reaction 


nm +p ott+pont+r4+p 


as resonances with masses around 770 MeV. The experimental data on the @ mesons and 
the w meson is summarized in the following table. Since there are three 9 mesons with 
almost identical masses, one concludes that they form an isotriplet, whereas the neutral w 
meson is an isosinglet. 


Experimental data of the » and w mesons 


Spin Parity Mass Width I Lifetime Charge 
{(MeV] [MeV]  {s] 


ool - 770 153 43 % 10320 2 
a 1 - 770 153 43x 1059 =e 
oo - 770 153 43x 10m 0 
a il - 783 10 55% 1072 a0 


esses 


We next study the decay of the 9? meson into two pions, i.e. the reactions o[pb] 


oarttae 2 (3a) 
pes T° (3b) 
which are described by the transition matrix elements 1 
(11 —p|S|T =1, T3=0) =(111fu — wOy(ay[Sj1) (4) 


Inserting the p-values of (3), we find that the decay amplitudes (3a) and (3b) are 
proportional to the Clebsch-Gordan coefficients (111]1 —10) and (11 1]000), re- 
spectively. The latter vanishes, i.e. (111]000) = 0, due to a general symmetry of 
the Clebsch-Gordan coefficients, namely 2 


i=) 


= 0 10 20 [MeV] 


Total cross-section for the reac- 
tion et +e7 + nt +7 +7°. The 
5 Se _ oe ee resonance is interpreted as an in- 
G1 J253|m1 m2 m3) = (—1)711I2-95 G23133|m2mim3) . (5) termediate w meson. The abscissa 
ons : , A : shows the energy difference to 780 

The vanishing of the amplitude (3b) implies that the decay of the 0° meson into two 79 MeV By 


mesons is a forbidden reaction, 

0° f2r° 

This is experimentally confirmed. Similarly, the decay of the w meson into three pions, 
w4>3n? , 


12 See for example MLE. Rose: 


: se El t Th Angular 
turns out to be a forbidden decay mode, due to the vanishing of the relevant Clebsch- rig (Wiley, ea 


Gordan coefficient (1 1 1/000). 1957). 


BOGAN A NO EO OhLaLaLaEaEaE EEE eee 


WIGNER, Eugen Paul, *1902 in Budapest, since 1938 professor in ECKART, Carl Henry, * 1902 in St. Louis, + 1973 in La Jolla, professor 
Princeton, received the Nobel Prize in 1963 together with J.H.D. Jensen in Chicago from 1928 to 1946 and later in San Diego until 1970. Be- 
and Maria Géppert-Mayer for his contributions to the theory of nuclei and sides papers on theoretical physics Eckart made numerous contributions 
elementary particles, especially the discovery and application of funda- to oceanographics. 

mental principles of symmetry. After retirement at Princeton he became 

a distinguished professor at the University of Louisiana in Baton Rouge. 
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6. The Hypercharge 


In the last chapter we encountered the charge multiplets of the isospin group. Several 
empirical examples confirmed the validity of this symmetry. The particles in a charge 
muluplet differ only by charge (and other electromagnetic properties, e.g. the magnetic 
moment, electric quadrupole moment). In a multiplet all integer multiples of the elementary 
charge e, from the minimum value Qmin up to the maximum value Qmax, are realized. In 
general, Qmin+Qmax # 0 and the charge multiplet is not necessarily located symmetrically 
around the origin of the charge axis. Thus the centre of charge may differ from zero. This 
is illustrated in Fig. 6.1. 


——=) Ith 
: Fig.6.1. The centre of charge of an 
Onin Qmin + Qmax Qmax Qe] isospin multiplet 
2 


In order to compensate for such an overall charge shift, the isospin component T3 
is counted from the centre of charge 4(Qmin + Qmax) onwards. We therefore obtain the 
relation 


Q= $(Qmin + Qmax) + T3 (6.1) 


between the charge and the 3-component of the isospin of a particle, where 73 takes the 
values 


T;=0, +1, £2,..., +4(Qmax —Qmin) - (6.2) 
Clearly one obtains 

2T = Qmax — Qmin (6.3) 
or, respectively, 

2T+1=(Qmax—Qmin) t+! . (6.4) 


The centre of charge of a multiplet, from now on abbreviated by 4Y, where 


4Y = +(Qmin + Omax) = centre of Charges: (6.5) 


is a quantity that is not determined in the framework of the isospin symmetry alone. 
Equation (6.5) defines the so called hypercharge Y. The idea of hypercharge goes back to 
Gell-Mann and Nishijima‘, who introduced it independently in 1953. Relation (6.1) then 
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1 T, Nakuno, K. Nishijima: 
Prog. Theor. Phys. 10, 581 (1953); 
M. Gell-Mann: Phys. Rev. 82, 833 
(1953). 


takes the form 
Q=4Y+T , 


2 =7, 7 lew =! 


(6.6) 


which is called the Gell-Mann-Nishijima relation. 

In classifying particles, the role of hypercharge is of the same importance as the 
isospin. This can be seen from the fact that both quantities, Y and 73 are part of (6.6), 
determining the charge Q. The following examples elucidate this point further. 


LALKCLS | ete le qe ETS Sone na een 
6.1 Hypercharge of Nuclei 


Problem. Determine the hypercharge of nuclei in an isospin 
multiplet, given that the charge operator Q for a nucleus 
containing Z protons and N neutrons (A = N + Z is the 
total number of nucleons) is known from 21), 


Solution. Accordingly the charge of a nucleus in units of 
the elementary charge e is given by 


Q=(ZA+T3) . (1) 
Comparison with (6.6) yields 
YA (2) 


Thus the hypercharge of the nuclei, which belong to a 
certain isospin multiplet, is equal to their total number of 
nucleons. 


EXAMPLE SE es 


6.2 The Hypercharge of the A Resonances 

In Example (5.8), (22) we became acquainted with the 
isospin quartet of the A resonances. 

DAT AO A= (1) 


The maximum charge is Qmax = 2 and the minimum 
charge is Qmin = —1. According to (6.5), the hypercharge 
is 


Y = (Qmax + Qmin) = 2+(-1) =1 (2) 
and, according to (6.3), j 

T = 3(Qmax ~ Qmin) = 3[2-—(-D] =3 @) 
The Gell-Mann-Nishijima relation 

mee (4) 
with T3 = 3, 4,- 4, —3, reproduces all observed charges 


of the quartet of the A resonances. 
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EXAMPLE 22 a ee ae a 
6.3 The Baryons 


All of the elementary particles that are compiled in the fol- 
lowing table, are called baryons.” The internal relationship 
of baryons (and the baryon resonances too, see Exercise 
6.5) is established by the fact that in every decay channel 
these particles decay into other baryons, i.e. the number of 
baryons is not changed in any reaction or decay process. 
The different iso-multiplets (charge multiplets) are evident. 
The nucleons and the 5 particles each form an iso-doublet, 
the A® and the 92 particle each represent an iso-singlet, and 
the X hyperons an iso-triplet. The hypercharge Y can be 
deduced in the usual manner and is given in column 6 of 
the following table. 

Below we show the representation of the quantum 
numbers Y (hypercharge) and 73 (third component of iso- 
spin) for which the eta with spin 5 form an octet. All 
particles oe spin 4 5 and positive parity. The 2 particle, 
3 does not fit into this diagram. 


carrying spin 5 


The quantum numbers Y, T3 of the baryon nonet 


2 barys (greek = Baevs) =heavy. 


Propeties of low-mass baryons 


Name Symbol 


Branching 
ratio 


Mass |r Main 
Lifetime decay 
[MeV] (%] 
Nucleon ni? ieee ; h 1 938.3 | co - 
n oe . == 1 939.6 | 15min pe Ve 


Lambda | A° es 1116 | 26x107!9 s| px7 

nr? 

Ine Wk 1 e 1 USO MN 0.8) fe! tc 
0 


: 51.6, 48.4 
Sigma 1192 |5.8x1072%s 100 
1197 |1.5x1071%s 100 
Xi 1315 |2.9x1071%s 
1321 16x1071%5 
68.6, 23.6 
O 


Hyperons 


1672 10.8x1072%s 


Some Facts About Antiparticles: For each particle with half-integer spin there exists 
a corresponding antiparticle?. A consistent relativistic treatment of quantum mechanics 
predicts these antiparticles. Every antiparticle has the same mass (energy) as its particle, 
but carries opposite charge; therefore, the antiparticle of the electron (spin 7 e) is the 
positron (spin 4, e+), the antiparticle of the proton (spin 4, p*) is the anti proton (spin 
7 p ). Neutral particles have antiparticles too, such as the neutron (spin 3 n) and the 
anti neutron (spin e i). It is not easy to distinguish between a neutral particle and its 
antiparticle, because they have very similar properties (there is a difference in the sign of 
the magnetic moment, however), but they can annihilate each other to form mesons‘, as 


in the case. 
nt+honwttm . (6.7) 


Mesons also have antiparticles, but the situation is slightly more complex in this case. For 
a neutral boson it may happen that particle and antiparticle are identical. This is the case 
for pions, where we have 


ae 70 0 


a= ae 7 , w= 


(6.8) 


On the other hand, the antiparticles of the K mesons (iso-doublet Kt, K®, spin 1 — see 
also the discussion on leptons) are different: 


fea , Rsk (6.9) 


Following the standard convention, the antiparticle will be denoted by a bar above the 
corresponding particle symbol, as we have already done in this section. 


3 This is shown in more detail in Vols.3 and 4 of this series: Relativistic Quantum Mechanics and 
Quantum Electrodynamics (Springer, Berlin, Heidelberg) to be published. 
4 From mesos (greek = pé00¢) = medium. 
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EXAMPLE 


6.4 Antibaryons 


The antibaryons are distinguished from the baryons dis- 
cussed in the previous example by their charge, whereas 
mass, spin and total isospin are the same for both baryons 
and antibaryons. 

So besides the iso-triplet of ' particles, 


Be Se 2e, ee (1) 
there exists the iso-triplet of anti- particles 
B= {EF 50, Bal, (2) 


S* carries negative charge, but has same mass and spin 
as the Y’*. Both annihilate each other, giving 


Bae yd { age) (3) 
PtP etc 

It follows from (6.6) that we have to reverse T3 and Y 

too, if the charge Q ens sign. So for the antiproton p 

it follows that T3 = —4 and Y = —1. For antibaryons an 

octet results in the Y — T3-plane as shown below. 


Properties of the baryon resonances 


n 
o 
q 
os] 
g 
D 
2 
q 
° 
2 
Gs 
qe 
es 2h 
oe Sea 2e ‘ 1382.0-£2.5 
et ajar aa 1387.4 +0.6 


1531.8 £ 0.3 


1535.0 + 0.6 


3/2t | 0 
3/2t | —1 
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Lifetime r It 


The antibaryon octet. All particles carry 
spin 5 } and positive parity 


EXERCISE 


6.5 Isospin and Hypercharge of Baryon Resonances 


Problem. Based on the facts about baryon resonances given 
in the following table, deduce their isospin, T, T3 and hy- 
percharge Y. Draw the corresponding Y — T3 diagram. 


Solution. Once again we may recognize the internal rela- 
tionship of these baryon resonances and the baryons them- 
selves, which becomes obvious as a result of their de- 
cay: One of the decay products (9th column) is always a 
baryon. So, in a way, the baryon resonances are excited 
baryons. The A resonances have already been discussed 


Main decay | Resonant 
channels partial waves 


in Example 6.2. Clearly the N’ and the = resonances form 
an iso-doublet each, the A* an iso-singlet and the 5* an 
iso-triplet. In particular, if we consider the ©* it follows 


that Qmax = 1 and Qin = —1. So, therefore, following 
(6.3) we obtain 


T = 5(Qmax — Qmin) = 4[1-(-D] =1 , (1) 
and according to (6.5) 
Y =(Qmax+Qmin) =1+(-1)=0 . (2) 


The 73 component follows from the Gell-Mann-Nishijima 
relation and the measured charges for 


S*+ to T3=1 
n° to i 
ee to T,=—1 . (3) 


Now we fill up the empty columns of the table shown 
below. 


The Y —T3 diagram for the JP = at baryon-resonances 


is shown in the following figure. 


Isospin and hypercharge of the baryon resonances 


Particle 


3 3 
[ie 
3 aL 

2 +3 1 
3 af 

7 72 1 
3 3 

2 72 1 
iL 

2 


Representation of the 73 — Y values for 
3 the JP = 3/2* baryon-resonances 


Obviously one particle, with 


J eee mandae t; 0) 
so that Q=-1 , (4) 


is missing to establish a figure of higher symmetry. Indeed 
we allowed for the 2 particle as one of the baryons in 
Example 6.3. Because of its spin J = 3 it did not fit into 
that scheme. Now we can insert it at the point 73 = 0 
and Y = —2 into the multiplet of these baryon resonances. 
Also its high mass fits well into this diagram now. 


T;—Y scheme of the baryon resonances 
including the §2 particle 
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7. The SU(3) Symmetry 


To deepen our understanding of the symmetries in the Y — T3 plane, which occurred in 
the last problems investigated in Chap. 6, we turn back to group theory. We suspect that 
the figures obtained represent the multiplets of a new symmetry. The question arises as 
to the nature of the symmetry group that is underlying these multiplets. Because isospin 
multiplets are a part of the larger ones of the obtained multiplets and since isospin is a 
realization of the SU(2) symmetry, we try the next higher group, the SU(3). Indeed we 
will find that the multiplets of SU(3) fit exactly the figures obtained in Exercises 6.3-5. 

The discovery of the SU(3) symmetry as an ordering principle of elementary particles 
is a highlight of modern physics, as we will discuss later. First we will give a brief 
introduction to: 


7.1 The Groups U(n) and SU(n) 


A unitary quadratic matrix U with n rows and n columns can be written as 


“A 


Uaet . (gall) 


Here Hf is a Hermitian quadratic matrix with n rows and columns. All such matrices form 
a group under matrix multiplication. This group we call U(n), which stands for “unitary 
group in n dimensions”. Because H is Hermitian, the diagonal matrix elements are real, 


Hi =H, and (7.2) 


Hj, = Hi meer = 1 2 eee (723) 


Thus H and therefore U allows for n? real independent parameters. Obviously the group 
U(n) is a continuously connected group, because the value of every single matrix element 
can be changed continuously. U(n) represents a compact Lie group, because every limit 
of the complex matrix elements of the form 


lim | Uin(o) = U;x(0") (7.4) 


yields a complex number U;,(0°) once again, and the matrix built up with these ele- 
ments forms a group element once more. The trace of an Hermitian matrix is real because 


of (7.2). For the unitary matrix 0, UtU = 1 holds and it follows that 
det Ol det =(deti)*det =1 , der]? =1 . (7.5) 
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Applying this to (7.1) yields, 
TrH =a » @ real 


det U = det (ei) age ae (7.6) 


This is a consequence of 


Ul, ja ce 0 

: p oo 0 Un 5 oO 
detU =detU' =detSUS-!=det] . : : 

0 sis Lo 


assuming that $ transforms U to the diagonal form U’. So if U’ is diagoal, H has to be 
diagonal too. Thus, 


Hy, 0 sas 0 
aA ~ a 0 Ho SPS. 0 
det =detU’ =dete'”’ = detexpi : 
0 ee Hee Woe jegee 

efi @) Pore @) 

d Pauelyy ieee @) 

= det 
ei SE 


ret Hig tee ree! Une eae 

The last step is correct because 

Weel SWOSS =" aie S-! Site 
due to the fact that Tr(AB) = Tr(B A), which reads explicitly as 

Tr AB = SS” Ap Ba; = SS Bes Aig = Tr BA 

ik ki 

If we demand that 

det = +1 (7.7) 


should always hold, this implies a single condition on the n? parameters, w = 0 mod 
2x. The matrices specified by (7.7) form a continuous compact Lie group. This group 
is called a special unitary group in n dimensions. It depends on n? — 1 real parameters 
and is denoted by SU(n). Obviously SU(m) is a subgroup of U(n). If we denote a certain 
element of SU(n) by Up, with 


Up=cl’ Try =O . dela ee (7.8) 


then we always can write an arbitrarily given element U of the group U(n) as [see (71); 


=i = exp ( (4 + “1) = lex (*) i tip = 0% lex (*) i (7.9) 
nr nr 


where H = Ho + (a/n)ll and Il is the unit matrix. The factor a/n has been chosen such 
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that 
eer Hy tills —Trl=n=¢ 
n n n 
In other words the matrix elements U;; of U(n) factorize, forming 


ney Nee 
Uj, = exp (12) Gore 


Indeed it follows from det Uo = 1 that 
det U =e!” det Up = e'@ 


Such a factorized matrix U is an element of U(n) and Uo is an element of SU(n). The 
factors exp(ia/n) are unitary 1 x 1 matrices and form the group U(1), the n x n matrices 
exp(ia/n) ll form a possible realization of the group U(1). We can formulate the result 
(7.9) in the following way: An arbitrary element U of U(n) can always be written as the 
matrix product of a suitable exp(ia/n)1l, which is an element of U(1), and an element Up 
of SU(n). 

Obviously both U(n) and SU(n) are subgroups of U(m) if n < m. This can be deduced 
from the fact that an arbitrary element U of U(n) can always be expanded to a (m X m) 
matrix via 


a= (4 " (7.10) 


Here the unit matrix Il has the dimension (m—n) and 0 denotes the rectangular n X (m—n) 
zero-matrix. According to (7.1) the corresponding Hermitian matrix H’ is of the form 


ryt H 0 
H -(4 _) , (5) 


where H corresponds to the (n x n) matrix U in (7.1). 


7.1.1 The Generators of U(n) and SU(n) 


The general statements of Chap. 3 lead to the conclusion [see (3.6)] that for all Lie groups 
the generators are determined by group elements which are infinitesimally close to the 
unit element. The group U(n) has n? parameters 6; =1,..., s) and thus n* generators 
dj. The relation then holds that 
2 
: n p 
U(6¢;) = 49s) = 1+iA(6d;)=U+i D> 5¢jA; (7.12) 
j=l 
Since H has to be Hermitian, in the case of U(n) we can use n? linearly independent, 
Hermitian n x n matrices as generators. In this case it can be deduced directly that 


(Xs, Ag]_ = ican As (7.13) 
holds, because i[A;, A j]_ is once again a Hermitian n X n matrix which can be expressed 


by a linear combination of the linearly independent Vig Thus, the Lie algebra of U(n) 
is closed, a fact which we know already from our general considerations in Chap. 3. For 
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practical reasons we have written the structure constants as ic; ;, in (7.13), while in (3.13) 
the factor i has been absorbed in the c;;,. The generators of SU(n), in analogy to those 
of U(n), can be chosen as n” — 1 linearly independent Hermitian (n X n) matrices with 
trace equal to zero. The tracelessness is necessary to ensure the validity of (7.7) by use of 
(7.6). Once again we can conclude that iD, Nile is an Hermitian matrix with vanishing 
trace and that the Lie algebra of SU(n) is closed, too. 


DM SSS SSE EEE ESS 


7.1 The Lie Algebra of SU(2) £5; as generators, simplifying the commutation relations 


In this particular case we choose n = 2. Consequently the 
SU(2) of two dimensional matrices contains 22 — 1 = 3 
parameters. These can be associated with the three real 
components of a vector @. As generators we need three 
linearly independent traceless matrices. From considering 
the Pauli spin-matrices! we know that 


p i el A QO -i 


to 
(SESe | Sete (2) 
without the factor 2. These relations define a Lie algebra 


which is isomorphic to that of the group SO(3). In view 
of (7.1), the operators of SU(2) can be expressed as 


U =exp(—i¢;S;) (3) 


Obviously no pair of the generators {$1, So, 53} com- 
mutes. So the maximum number of commuting generators 


2 1 
mS) mG) a 


are linearly independent Hermitian 2 x 2 matrices which 
span the 2 x 2-matrix space 


( Ui; Uy2 ) 
Do 9 Loe) 
completely. In addition, the a1, a2 and G3 are traceless. So 


we can take them as generators of SU(2). The commutation 
relations of the 4; read [6;,0;] = 2ie;;,0,%. Instead of 


is one, which determines the rank of SU(2) to be one. Us- 
ing Racah’s theorem it follows that there exists only one 
Casimir operator. It reads 


S? = 62+ 52452, (4) 


which can be proven immediately, employing the homo- 
morphism of the algebra O(3) and SU(2). 


1 See Vol. 1 in this series: Quantum Mechanics I - An Introduction 
(Springer, Berlin, Heidelberg 1989). 


So a eS 
7.2 The Generators of SU(3) 


dealing with the G; it is more convenient to use the S; = 


The special unitary group in 3 dimensions SU(3) has 3* — 1 = 8 generators. We denote 


them as 
Sei Veen (7.14) 


and choose them appropriately. Because SU(2) is a subgroup of SU(3), three of the gen- 
erators of SU(3) can be constructed from those of SU(2) (Pauli matrices) by extending 
them to three dimensions. Equation (7.10) shows how to proceed, the result being 


r 0 1 0 - 0 -i O tO 0 
u=(1 0 0). ia (1 0 0) iy=(0 —1 o| 
0 0 0 00 0 Oe ee 


The trace of the Hermitian \; vanishes as required. The commutation relations of the first 3 


(7.15) 
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generators are similar to those of the 3 Pauli matrices &; from which they are constructed: 


(i, Gs] = 21 jkOh > es = ilee2: 3h) > 


Pa Ay —2ieee\, 5 i.7. = {1,2,3} 


(7.16) 


Gay) 


€4jk is the well known totally antisymmetric tensor. The remaining five generators can be 
chosen in different ways. We sue the notation from elementary particle physics.? 


(7.18) 


: 00 1 . OO a) 0 
ie=(0 0 o| 3s= (0 0 o | : is=(0 0 , 
iL  0) 0 IO Cai 
; 00 0 ; ot 
y=(0 0 -i) ’ v= (0 1 0 | 
0 i oO SRV 1) eo 


All \’s are Hermitian and traceless. 


i 0 


(7.19) 


The construction is simple, e.g. A4 and A\g result from 4, by moving the non-zero elements 


of the Pauli matrix 


Co) 


down successively: 


; 0 1 0 ; O O28 . 
u=(# 0 0| 34 (0 pcs 0) 36 ( 
00 0 a) 4 


Similarly the \2, \g and Az are related 


; 0 -it 0 : Oa 


oO © 9 Se) 0) 


0 0 
0+ (7.20) 
0 
o oO © 
0 0 =) (7.21) 
0 37 0 


Finally the \3 and \g are traceless diagonal matrices. In the definition of \g the factor 


1/\/3 is necessary, so that the relation 
Tr NA; = 26; 


holds for all 2,7 = 1,2, ..., 8. We will discuss this relation and its consequences after 


proving (7.24) below. 


7.2 Linear Independence of the Generators }; 


Problem. Show that the eight generators Mi are linearly 
independent and span the space of all Hermitian traceless 
(3 x 3) matrices. 


Solution. The problem is solved if we can show that the 
most general traceless Hermitian (3 x 3) matrix 


2 Compare for example M. 
Gell-Mann, Y. Ne’eman: The Eight- 
fold Way (Benjamin, New York 
1964). 


. Ait hie his 
H=| hig hee hag 
13. 2593 —(hii + hee) 


can always be represented as a linear combination of the 
eight A; matrices (7.15) and (7.18). 


8 
Si AyeH . (1) 
j=l 
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This ansatz leads to linear inhomogeneous equations for 
the coefficients 4; 


1 
DOGO eal QO te 0 \a0 0 + ena 
V3 
Ay1 — A291 + A30 + A440 + A50 + AgO + A70 + AgO = hye 
A10 + A20 + A30 + A41 — X451+ Ag0 + A7O + Ag0 = hi3 
Ny] + Agi + AZO + A4O + AZO + AgO + A70 + Ag = Ay 


il 
A410 + A2g0 — A3g14+Aq0 + A50 + Ag0 + A70 + Ag—= = hoe 
V3 
AyO + A90 + A390 + AqO + A50 + Agl — A7i + Ag0 = hos 
210 + A20 + AZO + Aq1 + Asi + AGO + A7O + AgO = Ais 
A10 + A20 + A30 + A4O + A450 + Agl + A7i+ A380 = hos 


RO OOO 0+ MeO \ele 0+ Soe 


= —(hy + hoa) (2) 


Since the last of these nine equations is not independent, 
but equals the negative sum of the first and the fifth equa- 
tion, it can be omitted. So indeed there remain eight equa- 
tions for the eight coefficients \;. The determinant 


1 
0 O iI 0 0 0 O Va 
1 OOo 0 ee 0 
0 O 0 i = 0 
1 +i 0 9902 0 0 0 0 16. 
det 1 |=} #0 
OF 0 | eee CO ae ve J3 
0 O 0 OO oO 1 =i 0 
0 O 0 1 +t O O 0 
Oo 0 0 0 1 H 0 


is not equal to zero. Consequently there always exists a 
unique solution for this system. 


a 
7.3 The Lie Algebra of SU(3) 


With the explicit representation of the generators (7.15) and (7.18), we can easily compute 
the commutators of the A; and the Lie algebra of the SU(3). Using Einstein’s summation 


convention we find that 


[ae ieee 


(7.22) 


where we have here extracted the factor 21. The structure constants are totally antisym- 
metric under exchange of any two indices. 


UE = 1 = 1 


ie, (7.23) 


They are compiled in Table 7.1, where we have also listed the symmetric coefficients d; 5, 
which occur in the anti-commutation relations 


[As Aj], = $6igM + 2dijn rn. 


disk = diik = diz; etc 


(7.24) 


We have split up the anti-commutator (7.24) into a trace term (first term) and a traceless 
term. Indeed it can be verified by means of the explicit representation that 


ott AA; = 263; : 
and accordingly 


Tipe 7 = 46;; = Tr$6;; 1 = $5: Trill 


because Tr(il) = 3. We refer to the general considerations contained in Exercises 11.1, 
11.2, and also 5.7. The relations (7.22, 24), the antisymmetry relations for the Fijn 7-23) 
and the symmetry relations for the d;;, are indeed helpful tools in practical calculations. 
Only the nonvanishing structure constants are listed in Table 7.1. 
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Equation (7.22) proves explicitly that the Lie algebra of SU(3) is closed, as expected 
according to our general considerations in Chap. 3. Similarly to SU(2) it is useful to 
redefine the generators as 


FB, = 4), (7.25) 
From (7.22) we deduce that 
(Fi, Fy)_ = ifs, Fy (7.26) 


These are similar commutation relations. However, the factor 2 has now disappeared. The 
analogy of the relations between \; and F; in (SU(3) and ¢; and 5; in SU(2) is obvious. 
This caused Gell-Mann to call the generators F; collectively F-spin, even though there is 
no direct relation to angular momentum or spin. 

As for the considerations concerning the angular momentum algebra [Lie algebra 


of SU(2) or SO(3), see Chap.2] we now introduce the spherical representation of the 
ae 


3 

Z ss E ss 
== mee Feil’ (27) 
ae, 8 ae 6 7 
The definitions for 7,, Ui, Vz and Ty are obviously based on the observation that the 
F operators are constructed from Pauli matrices [cf. our discussion following (7.19)). 
The final definition of (7.27), ie. the Y- -operator will prove useful in the following. The 


commutation relations for the new operators can be computed easily as follows: 


eee | =+Ty eee oe 

a oA A a a a ~ def ..« 

[T3,UzJ_ =-40s [U4,U_]_ =3Y -T; = 20; 

aA A ~ def .- 

(Ts, V4] =+404 [V.,V_]_=3 7 +h, = 215 (7.28) 
[Y,T4]_ = 

[Y, Vein =+U+4 

YY, fj. =4% (7.28b) 
[Ty,V+]_ =(T4,0_]_ = [04,V4]_ =0 

(faves =—U_ 

(Gi a =e 

eva =7s 

(f3,Y]_ =0 (7.28c) 


The missing commutators can be deduced from (7.27), partly with the help of the relations 
resulting from the hermiticity of the Fj, i.e. 


ioe) oemene One (Ut =r (7.29) 


Following (7.28), the maximum number of commuting generators of SU(3) Lie algebra 
is 2 (e.g. (73, Y¥]_ or [Y, T4]_ = 0). Thus, SU(3) is of rank 2 and as a consequence of 
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Table 7.1. Table of the totally anti- 
symmetric structure constants f;; jk 
and the symmetric coefficients d;;; 
[compare (7.24)]. All nonvanish- 
ing structure constants are obtained 
by permutation of the indices listed 


above 

wk fijk 
123 
147 3 
156 —} 
460 OS 
257} 
345 
367 —4 
458 
678 


ijk dijk 

1 
118 
146 3} 
157 $ 
228 Je 
247-3 
256} 
338 A 
344. 3 
355 § 
366 -} 
377-4 

1 
he oa 
BRE oy, 

1 
ke 
1 =. 
888 —z 


rank (n — 1). 


3 It can be shown that the 
group SU(n) in general is of 


Racah’s theorem it contains two Casimir operators. These are generally defined as 


C1 (F) = = 1B = SS hie F, and (7.30) 
ijk 
CA) = dip PPP, (7.31) 
tjk 


EXER CE SSS SSS SS See 
Adijp = TARA; + Ap Az Aa) 
= TrApAsA; + VAR AS) 


7.3 Symmetry of the Coefficient d;;;, 


Problem. Show that the coefficients d;;, are symmetric 
by proving the relation: 


ell . 8 4 
dige = gTt(L\i, Az) Ag) 
Solution. We start with the anti-commutation relation 


8 
$5:j0+2 D> dijmAm , (1) 


m=1 


[is Dales = 


multiply by Nk 
Broglie = $655 WA, +2 > dijmAmAR (2) 
m 


and take the trace to give 
Tr([Ai, A;)4. Ax) 


= 465i; Tr(1\,) +2Tr (Ss dijm\n 5 (3) 
m 


With 18 = B it follows that 
$ 5:5 Tr(HN,) = $6;; Tr) = 0 (4) 
since the Ag are traceless. Furthermore we can see from 
the explicit form of the \,; that 
Tr(AsAK) = 2656 
Tr((\s, Ag], An) = 4 > digmbmk = 4ije 
m 
dig = FMD Aj] An) (5) 


The symmetry of the d;;,, under exchange of 7 and j, 
follows from the symmetry of the anticommutator, because 


DE = Dye alae (6) 
The symmetry in the remaining indices can be deduced 


from the fact that two matrices may be exchanged under 
the trace operation: Tr(AB) = Tr(B A) 
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SD, SLOW) = ip gee (7) 
Thus the d;;, are symmetric in all indices. 
EXERCISE ile iii ee 
7.4 Antisymmetry of the Structure Constants f;;;, 


Problem. Show that, analogously to the formula dervied 
in Exercise 7.3 for the d;;,, a similar relation holds for the 
structure constants f;;,, given by 


a eee 
figk = MDa Aj]_Ab) 


Solution. Once again we start with the commutation rela- 
tion for the 4,;: 


8 
m=1 


multiply by A,, 


a 


[As Aj] 


a 


—rk 2 oe (2) 


and take the trace 


8 
Tr([Aj, Ag J_ Ag) = 2iTe( 3 fuimbn x) (3) 
ma=1 
Because of 
Ty ar oe (4) 


it follows that 
Tr((Ai, \j)_ Ak) = 4ifijmOmk = 4i fijk 


1 a & x 
Figk = GTDAG As|_An) - (5) 


The relations 


(Ai, Ag] = —[\j,As]_ and 


Tr(—A) = —-Tr(A) , (6) 
yield 
Nak = —Sjik : 


showing that f;;, is antisymmetric under exchange of 1 
and j. The antisymmetry in the other indices follows from 
our previous considerations, namely, 


Bien = (As, A;)_Ap) 

=TMCw wy, = py 

= Tt AyAp = AiAzAg) 

= NE iy OVE 

= —Tr([Xj, AgJ_Aj) = —4ifing (7) 
once again using Tr(AB) = Tr(BA). Thus the fijk are 


totally antisymmetric in all indices. 


EXERCISE Si Se aie eg) 


7.5 Calculation of some d;;; Coefficients 
and Structure Constants 


Problem. In order to become more familiar with the SU(3) 
algebra, calculate the structure constants f156, f45g and the 
coefficients d,;g and d77g, using the explicit representation 
of the \; and the previously derived trace relations. 


Solution. In view of 
] peed és 
Sign = gq Di AjJ_Ak) 
i 
fise = q (1As]_-6) (1) 


we first calculate 


» OQ “te 0 0 0 -i 
[Az1,A5]_ = (: 0 0 (0 0 0) 
a) 5 1 SY 


0 oO 90 
= (0 0 -') : (2) 
0 -i O 


Matrix multiplication yields 


eb. o ® O70 DD @ 
Uneglee = (0 0 -i) (0 0 : 
2 a OF 1 @ 


0 oO O 
= (0 —1 0) : (3) 
0 oO -i 
Evaluating the trace 
Tr([A1, A5]_Ag) = —2i, (4) 
the structure constant we are looking for is found to be 
1 1 
= —[{— 1) =. 
fiss=ZCaea-5 . (5) 
Performing the same calculation for 
1 “a a a 
fasa = G Tea, As]_As) (6) 
one obtains 


— O10 aly Came 
Prete = (0 0 0) (0 0 0) 
100) om 


| 
a. 
= OO 
aoooltee 
Se 
ea 
- OO 
SS & 
oo = 
Se 


1 0 
-2(0 0) (7) 
0 | 
and 
. > 1 O 0 1 O 0 
[A4,A5]_A8 -3(0 0 0) (0 il 0 
v3 0 0 -1 0 0 -—-2 
> “il @ @ 
-5(0 0 0) 
3\0 0 2 
TH eee 3 (8) 
r ,A5]_ =—= , 
4,A5 8 a 
Hence, it follows that 


1 21 1 
fsa gg? = 3? (9) 


For the d;;,, 
disp=F(DirAglp An) » dais = 4((\y, AaJ4.A8)  -(10) 


Because of 
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Oo 1 ON ee 
[A Aa), -2(1 0 0) (1 0 0 
oo oD MO o © 
1 0 0 
=2 (0 1 0) : (11) 
a’ © © 
it follows that 
— . 5 Ue le te 
[A1, A1].A8 = — (0 1 0 (0 1 0 
eaten 0/ \o a —2 
9 fl o 0 
= — (0 1 | (12) 
3\0 0 0 
The trace gives 
nae : (13) 


V3 


leading to di1g = 1/V3. 
Analogously one evaluates 


dzz7g = 4Tr((\7, Az] 4.48) 


to find 
(i OG. 7 TW a 
[Az Az]. -2(« 0 -') (0 0 -i) 
© 1 OP Go 
00 0 
-2(« 1 0| (14) 
© © 1 
a 9 (2 © TO fl OG 
[A7,A7]A38 =— (0 1 0 (0 1 0 
30 © I/O w 2 
4 (‘ 0 ) 
=| (ual ae (15) 
2\@ 0 2 


a «A A 2 
([Az, A7]4A8) = a 


EXERC, = PS ee ee 


7.6 Relations Between the Structure Constants 
and the Coefficients d; ;, 


Problem. Show that the identities 
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fotmbmkq + fkimfmap + fpkmfmgi =9 > (1) 
and 
Fokm4mig + fgkm@mip + fikmampq = 9 (2) 
hold. 
Solution. In order to prove (1) we employ the Jacobi iden- 
tity, 
[pA]. Ag] + [Ar Ag]. Ap] + [Ae Ap] A) 
BY ees 
Pre wy Wey 
Oe iene. © 
Insertion of (7.22) into the l.h.s. of (3) yields 
Oi aie 
+ 2i finmilieneo nl oem Lieele ev 
==A(frimifmen + Siemiiipn tke in) 
We multiply by Ne and take the trace. With 
iG) 2iies 


follows 
0 = Joleen ieee a fikmfmpgq + FipmJi mig 
= Sotmi mkg ate fim fmap aE Jad anel! : (5) 


In order to prove (2), we make use of (7.22) and (7.24), 
obtaining 


TaD yep Nae ve ova ee) 


= SS 2 fee Tas [$5 ca io 2 deaf As) 
e,f 


= 41>) fabedoap25es =81 >” fabedede - (6) 
€ € 


? 


We can now rearrange (2) as follows: 
Fpkm4mig + fgkm4mip + fikmdmpg 
= ETH Sed (3e gh 
+ [\gs ABMs ip Paneer ee teas Nepey 


—AAApAq — ApAAgAp} =O. (7) 


Terms equally underlined cancel mutually. 


EXER CS (imi se 
7.7 Casimir Operators of SU(3) 


Problem. Verify by use of the commutation relations (7.26) 
and the anticommutation relations (7.24) that G. and Co 
[(7.30, 31)] are Casimir operators of SU(3). 


Solution. 1) We show that 
8 

a fy 

pall 
is a Casimir operator: 

aA a 8 ~ ~ a ~ ~ ~ 
(C1. FJ. = A, il + Fi RFD 
sil 
8 aA Lad aA ~ 
=i 3 Fikm(Fifm + Fm) =0 , 
eral 

because the structure constants f;,,, are antisymmetric in 
the indices 7 and m. 

2) We show that 
Co = > din BFF, 

ayn 
is a Casimir operator: 


(Co, Al = din {BE [Py A) 


a ie diane ats Frkjdinm 
oa 


a 
a Gry J nes) =0 
In the last step we have employed (2) from Exercise 7.6. 
Since Cy and Cz commute with all operators F;, they are 
indeed Casimir operators. 


EXERCISH (socal Ra i a ae 
7.8 Casimir Operators of SU(3) 
in the Adjoint Representation 


The adjoint representation of SU(3) is given by eight gen- 
erators U; (2 =1, 2, ..., 8) with 


U; = Ga sn = ifinz = Se (1) 
Problem. Show that the following relations hold for the 


two Casimir operators of SU(3) in the adjoint representa- 
tion. 


8 

Cy = >> UP =3- lgys (2) 
ai 

and 

~ 8 A “A A 

Co= So djj,UiUjUy =0-lgyg . (3) 
ijk=1 


Solution. Each irreducible representation of SU(3) is un- 
iquely determined by the eigenvalues of C and C>. The 
eigenvalues of C and Cy are the same for every state of a 
given multiplet. Consequently the matrix representation of 
both operators must be proportional to the corresponding 
unit matrix. The aim of the following example is to prove 
this statement. 
According to (1), it follows for Cy that 


(Coe dL fing fijm 
i 


From Table 7.1 we deduce from fing #0 and fijm #0 
that n =m, Le. 


(Cian = a ila 
ij 


We may now read off the values from Table 7.2 to verify 
(2). According to (1) we have 


Oa > Gish dinatjablkbm 
ijkab 
We make use of the identity 
dist fina = fakidijn 1 fagiGikn 
(Coan =i SS Ra er ae cba 
ijkab 
cad eenbas hab thom) 


Now we have 
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Table 7.2. Sums of the nonvanishing structure constants dijnfakifjabfkbm 


obtained from Table 7.1 for all permutations of n ial 
toy 
m z Yo aipaesieakibea 
kb i ckab 
= (— on he =0 
Chir hit 2h =o (C) = dijnfakitjabSkbm 
ijka 


on DB nO FF WD WY eH 


2f ios + 2fi46 + 2357 = 3 

2fios + 2fe45 + 2fFe7 = 3 

2fea6 + 2f345 + 2ffa7 + 2fasa = 3 Dans = —36p; 

2fis6 + 2 F357 + 2345 + 2fisg =3 aj 

2fis6 + 2f246 + 2f3e7 + 2ferg = 3 Insertion into the equation for Co yields 
2ffa7 + 2357 + 2fFe7 + 2fbrg = 3 
2fisa + 2foeg = 3 


and (cf. above) 


(Cann = —31 Se ealean 
tk 
tok q 
= —31>0 duinfinm 
tk 
= 31 90 dave © 
tk 
Hence (3) is verified. 


7.4 The Subalgebras of the SU(3)-Lie Algebra 
and the Shift Operators 


In order to become more familiar with the F-spin algebra, we study some of its subalge- 
bras. The first line of (7.28a) shows that the operators (T,, To, T3) fulfill the Lie algebra 
of SU(2) [isomorph to SO(3)]. 


(eal ee TS Tee re (7.32) 
The operators T: (z = 1, 2, 3) form a closed subalgebra. The same holds for the operators 

(Slopg(bl lB) 
for which we have the relations 

(Ce = 205 (Us, Ua (7.33) 
The last of these identities follows from the commutators, (7.28a, b) 

[eee | es) 

Cero | <2 

[U3,04] = + 3044104 =404 
Similarly one obtains 
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aaa Vel = ye, (7.34) 


The T-spin algebra (operators 7); as well as the U-spin algebra (operators U;) and the 
V-spin algebra (operators V;) are Closed. All three of them are subalgebras of SU(3) and 
each individually matches the algebra of the angular momentum operators [Lie algebra 
SU(2)]. The operators Gm, (ay Vz are also [cf. (2.16)] shift operators, i.e. raising (Ch, 
Uz, V+) and lowering (T_, U_, V_) operators. 

The question arises as to which quantum number gets raised and lowered, respectively. 
To answer this we consider the final equation (7.28c), 


[Y,73]_=0 . (7.35) 


Accordingly the operators Y and T3 may be simultaneously diagnolized. We denote the 
common eigenstates by 


|73,Y) 

and have 
T3|T3Y) =T3|T3Y) , (7.36) 
Y|T3Y) =Y|T3Y) . (7.37) 


From [73, Ve]_ = +4 V+ follows that 

(T3V_ — Va.T3)|T3Y) =+4VL|TsY) 
and by making use of (7.36) 

T3V4|T3Y) — T3V4.|T3Y) = + 3 V4|T3Y) 


The last relation 


T3(V4.|T3Y)) = (T3 + 4)(V4|T3Y)) (7.38) 
implies 
Va.|T3Y) = > N(T3,Y,Y)(T3+4,¥') . (7.39) 
y/ 


The normalization factors N(T3, Y,Y’) occuring in the above equation may depend on 
the quantum numbers 73 and Y. Thus, the operators V+ transform a state with quantum 
number 73 into a state with quantum number 73 +4 and yet unknown hypercharge Y’. 
V+ raises and lowers, respectively, the quantum number 73 by t By the same arguments 
we deduce, from [T3, U+)_ =F 404, the relation 


T3(U4|T3Y)) =(T3#4)U4|T3Y)) . (7.40) 
Hence, U4 lowers and raises, respectively, the quantum number 73 by rt From the relation 
[Y, van =+Vy , 
follows analogously 
¥(V4|73, Y))=(Y4IV4ITY)) (7.41) 
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U-lines 


V -lines 


-—3/2 —1/2 1/ale 3 ee o/2me 7724 9p 5 3 


Fig.7.1. Action of the shift operator in the 7-Y plane. The units of Y 
correspond to ./3/4 times the units on the 74 axis (cf. Fig.7.2). Along the 
T-, V- and U-lines are located the T-, V- and U-submultiplets [SU(2) 
multiplets] 


Hence Vx raises and lowers the quantum number Y by 1. 
Finally, the commutator 


[Y,04]_ =+04 
yields the equation for the eigenvalues 
¥(Os|Ts, Y)) = (¥ t WULITsY)) 


U4 raises and lowers, respectively, the quantum number 
Y by 1. Because of [Y, T]_ = 0, the operators T4. do not 
change the quantum number Y. In view of the algebra of 
angular momentum (cf. Chap. 2), we already knew that the 
quantum number 73 may be integer Or half-integer valued. 
This is evident because V4 and U4 shift T3 by half-integer 
units and 74 change it by integer units. We leave open the 
question of the units in which V has to be measured. We 
will return to it later, when we consider special examples 


(7.42) 


(cf. the section about quarks). The shift operators either have no effect on the quantum 


one unit 


one unit of the 73-axis 


Fig. 7.2. Units in the Y-T3 dia- 
gram 


number Y (T), or change it by integer units (V4, U). This is illustrated in Fig. 7.1. 
For example, Vy raises Y by 1 and 73 by 3 
changes T3 by 1, etc. We have scaled the integer units on the Y-axis by a factor (3/4)1/ 2 
with respect to the units on the T3-axis. Thus, the shift operators fee Vi, U_ or Tine Ve, 
Ui form equilateral triangles (see Fig. 7.2). 


whereas 7, does not change Y at all, but 


7.5 Coupling of T-, U- and V-Multiplets 


Some general features of an SU(3)-multiplet structure may be expressed quite simply: 


1) The SU(3) algebra has as subalgebras the T-, U-, and V-algebra. Each of these 
algebras is isomorphic to the SU(2) algebra, i.e. to the algebra of angular momentum. SU(3) 
multiplets, therefore, can be constructed by means of coupled T-, U-,and V-multiplets. 


2) The operators ihe, Y and, therefore, also U3 = 4 (3Y ~ Ts) and V3 = 4 (3Y +73) 
we may be simultaneously diagonalized. Their eigenvalues are 
Ts, Y, Us=3(3¥—T3) and V3 = 3(3¥ +73) 


3) The shift operators T:, Vi, U4 act on the states of a SU(3) multiplet according 
to Fig. 7.1. The end points of these operators are situated on a regular hexagon. 


4) Hence, the SU(3) multiplet is constructed from a T-multiplet (parallel to the T3 
axis), a V-multiplet (along the V-lines of the diagram) and an U-multiplet (along the 


U-lines of the diagram). These Dee Uw submultiplets must be coupled because of the 


commutation relations (e.g. [T,., V_]_ = 


= -U_, (T,,0,]_ =-V4). 


5) Due to the equivalence of the three subalgebras T, U, V, the (finite) representa- 
tions of SU(3) multiplets within the Y-T3 plane have to be regular (but not necessarily 
equilateral) hexagons or triangles (if three sides of the hexagon have vanishing length) of 


the form 
Fig. 7.3. Typical form of a rep- shown in Fig, 7.3. 


resentation of a SU(3) multiplet 
within the Y-73 plane 
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This is supported by the following considerations: the elements (states) of a T- 
multiplet are placed along the T-lines and are counted by the quantum numbers T3. As 


we know from the angular momentum (and the algebra of isospin) all T3 values of a 
given multiplet have to be within the interval 73 ax >73 > — T3max- Therefore, the 
SU(3) multiplet has to be symmetric with respect to the Y-axis. Evidently, the T lines 
make a right angle with the Y-axis. 

6) As the T-, V- and U-algebras are equally symmetric and, hence, equivalent sub- 
algebras of SU(3), a figure pe Dane an SU(3) nl has to be symmetric with 
respect to the axis U3; = 0 = $ 3(Y) — T3 and V3 =0= 5 3 (Y) +73. The three symmetric 
axes intersect, forming an mele of 120°. The V-multiplets are arranged vertically to the 
(V3 = 0) axis and the U-multiplets are arranged vertically to the (U3 = 0) axis (Fig. 7.4). 
The three submultiplets are linked to each other (e.g. by the commutation relations of #~(Y = $7) 
the type [7,, V_] = —U_). Thus, a regular hexagonal or triangular structure is formed, 
representing the SU(3) multiplet. 

7) In particular, the origin (Y = 0, T3 = 0) is the centre of each SU(3) multiplet. In Fig. 7.4. The three axes of an 
other words: each SU(3) multiplet is centred around the origin of the Y-T3 plane and is | SU() multiplet. The angles be- 


: via tween the axes amounts to 120°, 
left unchanged by a rotation through + 120° around the origin. the Y-axis being scaled by a factor 


of 3/4 


7.6 Quantitative Analysis of Our Reasoning 


In the following we want to elaborate on our ideas about the structure of SU(3) multiplets. \(73)max¥ ) = max 


Our interest is restricted to finite multiplets, i.e. such multiplets containing a finite number 
of states. Consider first the state which belongs to the largest T3 value in the SU(3) 
multiplet. Such a state always exists within a finite multiplet. We denote it by 


vmax = \(T3)maxY ) : (7.43) 


In a J3-Y diagram (see Fig.7.5) it is the furthest right of the states, and for this state 
holds the relation‘* 


(T3)max 


Ty max = V+bmax = U-dmax = 0, (7.44) 
: : : : : - os : Fig.7.5. Furthest right of the 
since each shift operator would otherwise raise the value of 73, which is impossible SUG3)-raultiplet ee 


according to the previous assumption. 

The boundary of the multiplet may now be constructed by repeated applications of 
V_ on max. Let this process be repeated p times. Assume that the (p + 1)th action on 
this state results in 


(aries =0 . . (7.45) 
This property uniquely defines the integer number p. As soon as the state (V_)Pdbmax 


is reached, one may follow the boundary of the multiplet by a repeated action of Ts 
T_ on the state. This process may be repeated, say, g times, the (q + 1)th action of the 
operator resulting in tines 
(P_)t(V_)Pbmax =O, (7.46) 
which determines the integer g. The numbers p and gq define a multiplet of the group 
SU(3). ‘ : Pee eae Re 
Until now we have followed the boundary of the multiplet as depicted in (T_)1(V_)Pubmax (times (V_)PYmax 
Fig. 7.6. Fig.7.6. The boundary of the 
4 Following S. Gasiorowicz: Elementary Particle Physics (Wiley, New York 1967). SU(3) multiplet in Y-73 space 
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Fig.7.7. A concave part of the 
boundary of an SU(3) multiplet. 
The dashed lines to the right of 
point A represent forbidden steps 


One may wonder why the boundary line turns to the left and not to the right in the 
lower right corner of our figure. A global answer to this question can already be given 
based on symmetry groups: The representation of an SU(3) multiplet has a hexagonal 
structure with symmetry axes intersecting at 120° and with the origin Y = 0, T3 = 0 in the 
centre. It will be now shown that the boundary of the multiplet always has to be convex. 
For this purpose, consider Fig. 7.7. The point M, representing the state with the maximal 
T3 value, ~max, is called the state which carries the maximal weight T3. Action of Vo 
on ~max Fesults in a state N on the mesh.® 

It is important to realize that there is only one unique state in N, if max in M is 
unique. One might be inclined to think that, e.g., the state 


UT Omar 
is another, indepedent state in N, as it has not been reached directly but via the state M;. 
However, by means of the commutation relation (7.28c) we show that 
CE (UE race 
= (US; FO) a ee (since U_Wmax = 0) 
=V_tmax - (7.47) 
It may easily be checked that all other detours lead to the same result. Similarly, it follows 
that 
pp =V_byn (7.48) 


is equally unique. The same holds true for the state represented by the point A and denoted 
by w 4, where 


pa=Vibp . (7.49) 
If there exists a state at C (which may be denoted by w), then 

Ordo = Aa , (7.50) 
since the state in A is uniquely determined to be x4. The relations 

Mbalba) = (V-vslU+bc) = (balVi0albc) , (7.51) 


would then hold and thus 


Ne (ballV4,04]_ +040 lbc) | 6 
(balPa) ae: v2) 


te commutator [V4., U+]_ vanishes identically because of (7.28c), just as the matrix 
element 


(bp|04V4|bc) = (0_vp|V4-4c) = (0_(V_)*bmax|Vide) 
x (V_)?O_tbmaxlVedc) =0 , (7.53) 


because v_ and U_ commute and Usuee, = 0 [cf (7.44)]. According to (7.50), a constant 
A=0 implies the non-existence of a state at C, i.e. Yo does not exist. The outer boundary 
of the multiplet cannot be concave, it has to be convex. On the inner side of the boundary 


5 s ° . . ay 
If V_bmax = 0, one may argue in a similar way with U4 max. 


146 


all points are occupied. Such an inner point is completely surrounded by occupied points. 


It should be remarked that the point M carrying the maximal weight must be occupied 


only by a single state, because it is the outermost point of a T-multiplet. Concerning 
T-multiplets (which are determined by angular momentum algebra) one knows that all 
points belonging to a sub-mesh of the quantum number T are occupied only once. This 
holds especially true for (T3)max. 


However, note that inner mesh-points, e.g. M,, may well be multiply occupied. 


7.7 Further Remarks About the Geometric Form 
of an SU(3) Multiplet 


The requirements of convexity and 120° symmetry of the boundary of an SU(3) multiplet 
are met either by a triangle or a hexagon (see Fig.7.8). Why do not higher polygons 
appear, e.g., 12 sides or 24 sides? The answer is that the available shift operators only 
allow for a shift along the V-, T- and U-lines in both directions. Thus, there are only six 
directions available, pairs of which are antiparallel. The convexity of the polygon allows 
solely for triangles and hexagons. A convex dodecagon could only be constructed by 
making use of 12 directions (two at a time antiparallel, see Fig. 7.9). However, as already 
stated above, there are only six directions available. 


7.8 The Number of States on Mesh Points on Inner Shells 


The mesh points of the boundary of an SU(3) multiplet are occupied only once, as demon- 
strated earlier. This means that there is only one state which corresponds to a given mesh 
point on the boundary. On the next layer or “shell” (by this we refer to the next hexagon 
on the inner side of the boundary), each mesh point is occupied by two states of the 
multiplet. Thus, the next shell has a double occupancy, the following shell has a triple 
occupancy etc. The multiplicity is raised by one each time we pass to the next inner shell, 
until, after q steps (¢ <p), the hexagon has become a triangle. Now every mesh point 
carries (q+ 1) states. Each state within the triangle has a multiplicity of (¢ +1). This is 
depicted in Fig. 7.10, showing the (p, g) = (7,3) multiplet. 


Fig. 7.8. Typical representation of 
an SU(3) multiplet, characterized 
by @, @ = (7,3) 


Se 


Fig. 7.9. A convex dodecagon 
contains 12 directions (pairs of 
which are antiparallel) 


Fig. 7.10. SUG) multiplet with the 
multiplicity of the shells. Example 
of D(7,3) 


Fig. 7.11. The multiplicities of M 
and N 


Fig. 7.12. Of the three apparently 
possible routes from M to N, only 
two are independent due to the 
commutation relations 


In this tyical SU(3) multiplet, characterized by (p,q) = (7,3), the multiplicities of 
states per mesh point are noted on the shells, which are hexagons or triangles, respec- 
tively. Every mesh point on a given shell carries the same number of states. This can be 
proved by first showing that the multiplicity is raised by one when passing from a given 
hexagonal shell to its next inner neighbour. To this end consider any two neighbouring 
shells (Fig. 7.11). 

First it will be demonstrated that constant products of the V-, T- and U-shift operators, 
which are independent of Y, may be written in a form 


Py g=TeORV? (a,B>0 . (7.54) 


Furthermore, for 4 = w+ there exist exactly j.+1 independent products. (These operators 
transform a state with quantum number T3 into a state with 73 — yx). To begin with we 
consider an example: yz takes on the value yz = 1, only in the cases a = 1, 8 =0 or a =0, 
2 =1. The products are easy to evaluate 


aa Al Sane. G55) 


There is still one combination of operators leading to the same value 73 and leaving 
Y unchanged, namely the product Vanes (Fig. 7.12). In view of the identity V_U, = 
a Uns the operator V_ om may be represented in terms of the products (7.55). 
Thus, the assumption is verified for the case yz = 1. 

For the general case consider the products of the shift operators (U,V_) and Te 
which leave the hypercharge Y unchanged. As U4. raises the hypercharge by 1 and (Z 
lowers it by the same amount, such a product must contain an equal number of Oo. and 
V_ operators. To begin with we show that all of these products may be written as linear 
combinations of the kind, 


yg =U (7.56) 
By making use of the equations 

a. = =a ate a , and (Tog) 

a= enV (7.58) 


any given product may be reordered such that all V_ operators appear on the right. Thus, 
we get a sum of terms in the form 


acl ae (7.59) 
In a second step all operators T_ are moved to the left by making use of 
Uta ave (7.60) 
Thus, a decomposition of an arbitrary product into a sum of terms in the form Of (7. ee 1S 
obtained. The operators Be g decrease the isospin quantum number by a - 1+ B-4 +B+9 
a+ 8 = yw. On the other hand there are, for any given py, exactly 4+ 1 beeen a. ,(3 
namely P, u-a, a =0, 1, 2, ..., 4. Now returning to the general case, if we apply Pyp to 
a State of the outermost shell then apparently pp = a+ specifies the shell of the multiplet. 
For ps = 0 we see that Poq does not change the state and remains on the outermost shell; 
= 1 yields a state of the first inner shell; ,: = 2 a state of the second inner shell, and so 
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on. As mentioned above, the operator Pag leads inwards, parallel to the Y axis. All of 
these paths are of the form 


Cay Waray avo... , (7.61) 


where nj +ng+n3 t+... = a+. These different zigzag paths lead from the starting 
point, towards inner shells parallel to the Y axis. They may be transformed into linear 
combinations of the shift operators in the form of (7.61) by means of the commutation 
relations V_U, = -T_+U4V_. All we have to do now is to count the number of paths 
(ie. operators in the form of (7.61)] which exist for a given number y. We elucidate this 
in the following: 

For a displacement of yz units in the 73 direction, by means of the operator 2a, 
various possibilities (a = pw, 8 = 0), (a= —1, B=1)...(a=0, 8 = p) exist. These are 
the y+ 1 independent paths. For each state on the outermost shell (u = 0), we therefore 
get two states on the next following inner shell, three states on the second inner shell, etc. 
Since each point on the outermost shell is occupied by a single state [outermost points of 
the largest 73 multiplet are singly occupied, because it is an SU(2) multiplet], each point 
on the next inner shell is occupied by one more state. Why does this reasoning fail to hold 
when we reach a triangular shell? This either happens after q or p steps, according to g>p 
or vice versa. In order to obtain a graphical picture, we observe once more the increasing 
number of paths when going towards inner shells of the multiplets using the example of 
a D(7,3) multiplet (Fig. 7.13). We start with the state of maximum weight, the outer right 
(A). There are two independent paths to B, namely T_ and V_ Uae This results in two 
states at B. From B to C, there is a path for each of the two states in B by applying the 
operator T_, that is T_T_ and T_V_ U. In addition we have the path (V_)2(U)? to 
C. This additional path is actually the reason for the increase of the multiplicity by one. 

A similar reasoning holds true for D. The paths from C are extended by T_. Fur- 
thermore the path 


(V_)>(U4)° 
to D is situated on the triangle. Going from D to E, each existing path to D may be 


continued by applying the operator J_. But the additional path which existed for the 
previous shells now vanishes. It would be represented by the operator 


CC 
This operator applied to the state |A) yields zero, because (U+)3|A) (ie. in the general 


case (U)9|A)) is the last, nonvanishing state on the boundary of the D(p, q) multiplet 
in the U4 direction. Therefore, the number of independent paths is no longer augmented, 
once we have reached the triangle. By means of the path (Ui)?(V1)? we argue in a 
similar way for the case p < gq. Example 7.9 demonstrates these facts again using different 
arguments. 
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Fig. 7.13. Illustration of the routes 
from A to B, C, D and E 


EXAMPLE 


7.9 The Increase of the Multiplicity of States 
on the Inner Shells of SU(3) Multiplets 


\ 


\ ve 
Is) -- -¥)3) 


For the derivation of the multiplicities of 
7) states on inner shells of a multiplet 


In the following we want to determine the multiplicity of 
states on the inner shells of a multiplet in another way. To 
this end we start with the state carrying the largest weight 
in a (p,q) multiplet (see figure above). This state has the 
following values for the V-,U- and T-spin: 


De V3 = 5 
ee et 
U et Us 5 
= vam) eptg 
T= sae T3 = ae (1) 


The relative phase is set equal to 1, i.e. we define 


E e -|$ - 4) _|P+¢ eet 
eee |2 6 2/e, | 2) 2 fay 


=e (2) 
In general we choose the phases for all states on the border 
of the multiplet (outermost shell of the multiplet) equal to 


ee. 8. 
poe) = fB832) 
V2 U2 
2 eae a 
a 
2) are Malas 
V3 U3 


_ |! prea 
ie) ae 


(3) 


As we have already seen, all of these states on the outer- 
most shell are unique. How about some arbitrary state |4) ? 
To answer this question we apply the operator identity 


fine Ska, Sew (4) 
to the state |1). This results in 
Gr = [= 1) 

eee) pws @=2) 1, 3) 


a Ta 
(p+q) @tq+2) (tq) @+q-2) 


Z 2 2: a? ae 


(q+ 1) (q+ 3) Cs CREED 
ae an | So 


Gr @+3) Cogtel) (pal) 
SN 


= Voge 
ptl1 125 
— Jap + |? , Po 
2 2 Iv 


aF +q-2 
p+q p+q ) se 5) 
TA 


For the moment we presume that the state |4) is occupied 
by one state only. In this case the corresponding U-, V- 
and T-spin states differ only by factors a,b 


with a,b =+1. (6) 


But from (5) it follows that 


bVAq+1)—-aVqptl)=Vpt+q . (7) 


We square this equation and obtain 


abV/pqqtl(p+l=pq . (8) 


Apparently (8) is valid for the case where p or q equals 
zero. However, for p # 0 and q # 0 (8) has no solution, as 
squaring and division by pg results in 


(q+l)@+1l)#pq . (9) 


Thus, we have found that the state |4) is occupied by 
only one state provided that either p or g equals 0. This 
means that the corresponding representation has the form 
of a triangle. Since |4) is positioned on the edge of the 
multiplet in this case, this fact corresponds to our earlier 
result. 

In the case p # 0 and g # 0 one has at least to assume 
a double occupancy of |4) 


(Uae) ee 2 
1) =nf2t2, 2e=2\ 
2 2 TA 
+q-—2 ptq-2 
+to|2 q af q 
a qt+1 q-1 
= U1 4 ’ 5) in 
aa! jp Il 
+ u2 7 ) e 
7 pt+l1 p-1 
Ul emi ary er 
ST gg Da 10 
+ v2 5) ’ 5) Nes : ( ) 


The question arises as to whether this ansatz satisfies (5). 
To prove this we consider the following general ansatz: 


p+q pre") _ tae - 5) 
DO 28 (i ialinoe 2 Dae 
q-1 q-1 


2 : 2 


= by 


eS) ae 
2 
Vr 4 


pa ae pr 
T4 


2 : Z 


, 


pe | p*) p-1 pe) 
=i9 |=, == — bj = al2) 
; 2 2 Vr 4 2 2 V,4 
b7 +2 = 1 


We consider whether a1, a2, 6; and by, may be chosen 
such that (5) is fulfilled. To this end we multiply (5) by 


(Pra, ets A 
pt+q—-2 5 pren 5 obtaining: 
TA 2 2 


aiV/pqgt+l)—biVagpt+l— V@tqg=9 (13) 
agV/Pp(qt1)—boJqptl=0 . (14) 


Performing some algebraic manipulations we arrive at 


bi q(p + 1) 
= p(q + 1)a? + pt gq — 2a; V/p(q + 1I)(p+ 9) (15) 
beg(p+1)=plqtlaz—ptgq . (16) 


Subtraction of these equations yields 


= ee 17 
TVG D@+D | ‘a 


We choose the positive solution for a2, 


BE: qq+pt) (18) 


(q+ 1)(pt1) 


and get for 6; and b 


_ | aqtpt)) es q . 19 
a eae en) Gace e 


Thus, we have shown that in the case p # 0 and q # 0, the 
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mesh point must have at least a double occupancy. For the 
irreducible representations, in which we are interested, this 
minimal case must be realized. 

From the fact that |4) is doubly occupied, it follows 
immediately, by means of the U, V and T symmetry, that 
all inner points are occupied by at least two states. In the 
next step one may derive the decompositions for the states 
|6) and |8), which are analogous to (11) and (12). As an 
example we apply the operator identity 


Un, Si I ea) (20) 
to the state |1). This leads to 


Valo rq—DjP*S—, PTE) 
T,6 
+1 —3 
- 7a evi =. = i) 
U,6 
q-1 q-3 
tagV/q — 1|———, - —— 
2 ee 


=0 (21) 
6 


or 


Ding Il pega) 
i ae 
- / 2(p+q) a oa 
pen dieali 
kos a 
Gad =a) 
Gael - 43) 
TES ae 2 /ue 
,, /{GaDetatD|¢g-1 - 45) 
(ee 1) ee 2 /ue 


Having derived by this method the decompositions for |6) 
and |8), the commutator relation (4) is applied to the state 
|4) which yields the multiplicity and decompositions of 


I9). 

In such a way one is able to derive the multiplicities 
for simple representations. The general proof for the rules 
in Sect. 7.8 is carried through by making use of group the- 
oretical methods which cannot be explained in detail here. 
It should have become clear by now that the multiplicity 
of states is raised by 1, starting from the state with largest 
weight, by repeated action of T_. This process may be 
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continued as long as the construction is possible, i.e. until 
a triangle is reached. Within the triangles the multiplicity 
is not raised. 


EXSKCS! Gi i 


7.10 Particle States at the Centre of the 
Baryon Octet 


Problem. With the help of the general relations deduced 
in the last Example (7.9), specify the combinations of par- 
ticles which corresponds to the states |[T = 0, T3 = 0), 
|T =1, T; =0), |V =0, V3 = 0), |V = 1, V3 = 0), |U =9, 
U3 =0) and |U =1, U3 =0). 

For a physical interpretation of these states consider 
the octet of baryons from Example 6.3. 


Solution. The classification of the particles is based on the 
isospin eigenstates 


DS Se SO) =O) = 
|A°) =|0,0)7 (1) 


From (11) and (12), given in Example 7.9, it follows that 
(p=q=1) 


|°) = $|1,0)y + 30, 0), 

|A°) = 43|1,0),, —4]0,0),, and (2) 
12°) = 411, 0) 7 + 20, 0)y 

[A°) = 2]1,0)y + F10,0)y 3) 


These relations can be solved for the states on the rhs 


D(7,3) multiplicities 


[0,0) 7 = 438]5%) — 2449) 
11,0) = $15) + 8) 40) 
10,0), = ¥8|5°) + 21.4% 
ERO = yy Aty (4) 


Note, however, that the signs in (4) depend on the phase 
convention. 


EXERCISE inate tea atti] 


7.11 Calculation of the Dimension of the 
Representation D(p, q) 


Problem. Determine the dimension of the general repre- 
sentation D(p, q) with the help of the known multiplicities 
of the states of the SU(3) multiplet. The states correspond 
to the lattice points of the graphical representation of the 
multiplet within the Y-T3 plane. 


Solution. We remember that p and q are just the number of 
links at the edge of the weight diagrams [see, for instance, 
D(7, 3) in above figure]. Furthermore we know that each 
point of the outermost shell has multiplicity 1, the points 
of the neighbouring inner shell have multiplicity 2, and so 
on, until we reach a triangular shell (p = 0 or g = 0). Then 
the multiplicity stops increasing. The outermost hexagon 
contains 3(p + q) points (states). The adjacent inner shell 
has (p and q decreased by one) 3[2(p — 1+ q—- 1)] = 
3(2(p+q —2)] states, the factor of the two originating from 
the multiplicity of the lattice points. Accordingly the third 
shell has 3[3(p — 2 + q — 2)] = 3[3(p + q — 4)] states. In 
general the number of states of the (rn + 1)th shell is given 
by 


3{(n + 1)(p+q — 2n)} 


Illustration of the inner triangles. The 
number of lattice points lying upon the 


lines parallel to the 73 axis is/=1, 2,3... 


Summing up we obtain 


q-1 
3 (n+ I(p+q-2n) , 


n=0 


(p>4q) 


The sum does not include the triangle and its interior 
points. The number of points enclosed by the triangle and 
lying on the triangle itself is simply (see above figure) 
p—qt1 

YD r= 3(p—4q+l(p—9+2) 

n=1 
The multiplicity of each triangle point is g + 1. Thus, the 
contribution of the triangle to the dimension of the repre- 
sentation D(p, q) is 


3(q+ 1)(p -— 9+ I) - G2) 
Altogether we have 


d= 3(q+ 1p — 9+ 1)@- 942) 
q-1 
spe > (n+ 1)(p+q —2n) 
n=0 
The summation of the second term can be done by fac- 
torizing the expression and ordering with respect to parts 
proportional to n and n?. Additionally, using 


q-1 q q-1 q 
Be i) DE ce SO =e) 
n=0 n=0 


the two terms yield the final result 
d= 3(pt+1)(q+1)(p+q+2) 


EXERC]SE 


7.12 Determination of the Dimensions of the 
Representation D 


Problem. Determine the expectation value of the quadratic 
Casimir operator 5°; F? in the representation D(p, q)! 


Solution. First we express the F in terms of the operators 
defined in (7.27). We use the relation 


fee = (Pepe TT 2 (1) 
which is also valid for U- and V-spin. This is easily veri- 
fied by explicitly checking for U- and V-spin. 
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We obtain 
DF 4G eh +h) + + 4H +H) 
i 
+4(0,0_+0_0,)+3Y? . (2) 


Since the expectation value of a Casimir operator is fixed 
for a given multiplet, we can choose an arbitrary state of 
the multiplet to evaluate it. Again we choose the point 
where 73 has its maximum (right outermost point of the 
multiplet). Acting with V,, 74 and U_ on this state leads 
out of the multiplet and yields zero as illustrated below. 


Action of the operators V,, U_, and 7°, on the state 
of maximal weight 


The idea is now to rearrange the operators in (2) such, 
that Y,,7, and U_ stand on the right of the operator 
products. Accordingly such products yield no contribution 
when acting on a state. For this reason we use (7.28a), 
which can also be written in the following manner: 


HR, NL ea SP 90. ede 
ViV_=0_0, 439 +h 
V0 SU a (3) 
Inserting into (2) yields 
DFP HTT. + 72+ 4+48P+h) 
i 
+U,U_+4(-39 + 13) + sy? 
= 734273 +3P7+7T Rt hy 
+U,U0_ . (4) 
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Since the last three terms do not contribute (as mentioned 
above) it only remains to determine T3 and Y at the point 
at the far right of the multiplet by considering the figure 


below. 
Vi 


vf 4 


For determining the 73- and Y -coordinates of the state of maximal weight 


Looking at the lhs of the figure, one sees that T3 is 
half the length of the side of the dotted triangle, i.e. 


pt+q 
= ae ») 
ay (5) 
From the rhs of the figure, one infers that Y is one-third 
of the sidelength of the inner dashed triangle, giving 


ee? a 
are é (6) 


We are thus led to the result 


2 2 
PSA oof Bil, 2 Bau 
(DA) =f s ie : Pal 


3 2 
p’+pqtq 
= cn ee (7) 


As important special cases we obtain the values 4/3 for the 
representations D(1,0) and D(O, 1) and 3 for D(1, 1). 


8. Quarks and SU(3) 


In the previous chapter we have shown that the SU(3) symmetry indeed yields multiplet 
structures, as we have found before empirically (Examples and Exercises 6.3—5). It there- 
fore appears that the group may represent a new fundamental symmetry for classifying 
elementary particles. Of course the question remains whether the SU(3) symmetry may 
predict further multiplets which have not been found until now. 

In searching for a physical interpretation of the SU(3) we should understand the 
implications of the SU(3) representation and its quantum numbers 73 and Y. The T-, U- 
and V -spin fulfill the angular momentum algebra [the SU(2) Lie algebra] and turn out to be 
subalgebras of SU(3). The following considerations will enable us to classify elementary 
particles within SU(3) multiplets if we interpret Y as hypercharge and T as isospin. 
Following this hypothesis, we will compare the theoretical implications with experimental 
facts. Isospin multiplets in a given SU(3) multiplet are represented by parallels to the 
T3-axis. As a first step we define the charge operator according to (6.5) as 


Q=4Y+T; . (8.1) 
We denote the SU(3) states by 
Pega) (8.2) 


where the additional quantum numbers abbreviated by a will be specified later (eigenvalues 
of the two Casimir operators which classify the multiplets uniquely). The eigenvalue 
equations 


Y|T3Y,a)=Y|T3Y,a) , 13|T3Y,a) = 73|T3Y, a) (8.3) 


yield for the charge operator 
A ie 
Q|T3Y,a) = (5 +1) PERE) STOR C toy (8.4) 


For SU(3) states the charge Q is a good quantum number. In particular, a singlet state has 
zero charge (see Fig. 8.1), 


Q|00, a) = 0|00,a) , (8.5) 


because the eigenvalues Y and T3 vanish in that case. 

It becomes natural to interpret the A hyperon, which has been identified as the baryon 
resonance (see the list in Example 6.5) at 1405 MeV with spin 4 and negative parity, as 
a singlet state.1 We remember that it did not fit into the highly symmetric scheme of 


1 See S.L. Glashow, A.H. Rosenfeld: Phys. Rev. Lett. 10, 192 (1963). 
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Fig. 8.1. The singlet represen- 
tation of SU(3): (p,q) = (0, 0). 
It is the smallest trivial repre- 
sentation 


1 1 T: 
—5 7 3 
Fig. 8.2. The isospin doublet T = 
$ with the states |T 73) = |+ 2 

ie ie aes a 

and |T Ts) = |4 = 5) Js the 
smallest non-trivial represen- 
tation of SU(2) 


U-spin-doublet Y 


Isospin-doublet 
——4 


V -spin-doublet 
[3] 


U Raa y 


]/ doublet 
V-spin-doublet 


[3] 


Fig. 8.3. The smallest non-trivial 
representations of SU(3) 


Example 6.5; indeed, it represents, so to speak, the most trivial SU(3) representation. Let 
us now look at the smallest non-trivial representation of SU(3). We first remind ourselves 
that the isospin doublet with T = 3 is the smallest non-trivial description of the isospin 
group SU(2) (see Fig. 8.2). This implies that we can construct all higher multiplets from 
this representation. Technically this is achieved by Clebsch-Gordan coupling of isospins 
T= 4 to an arbitrary isospin, although this can not be performed with the lowest SU(2)- 
multiplet T = 0. In that sense the T = 0 multiplet of the SU(2) is trivial. 

Because the F-spin algebra [SU(3)] contains the isospin as a subalgebra, the smallest 
SU(3) representation we are looking for must contain at least one T’ = ; charge doublet. 
As a matter of fact the T-spin, U-spin and V-spin algebra appear fully symmetric in the 
F-spin algebra. Consequently, the SU(3) multiplet we are interested in must contain a 
T-, U- and V-doublet. By reason of the inherent symmetries of the SU(3) multiplets in 
the Y — 73 plane (see the conclusions of the previous chapters) we are led to the two 
equilateral triangles, as shown in Fig. 8.3. As required by general symmetries they are 
symmetrically centered around the origin (Y = 0, T3 = 0). We denote the representations 
by [3] and [3], respectively, because each contains 3 states. If [3] stands for particles, then 
[3] represents the corresponding antiparticles since the state w, has opposite hypercharge 
and opposite 73-component and thus the opposite charge as compared to w_: 


a 


Obv=Qubv , Ob,=-Qb, . (8.6) 


Each of the two representations [3] and [3] contains an isodoublet T = 7 and an isosinglet 
T =0. For instance the isodoublet for [3] is given by the states 


v1 =(|3Y) . v2=1-3Y) . (8.7) 
whereas the isosinglet reads 
%3 = |OY’) . (8.8) 


Until this point the hypercharges have remained unknown but they may now be determined: 
The 7T3-values of 1,72,%3 can be directly derived from the eigenvalue equations 
T3h1=+5%1 , T3d2=-4y2 , T3b3=003 , (8.9) 


and, considering that 1 is a U-spin singlet, the corresponding values of the hypercharge 
Y can be derived. 


th SO, (8.10) 
From U3 =(3Y — 273)/4 [see (7.28)], it follows that 
Yy1 = 3403 + 2T3)1 = 373) =4y. (8.11a) 


Since ¥ and %2 belong to the same isospin doublet (situated perpendicular to the Y axis) 
and thus have the same hypercharge, it also holds that 


Yo = 31403 +2T3)o = 49. (8.11b) 
___ Now one can identify [4U3 +2 x (—3)]/3 = 3 and thus U3 = } for 2. Accord- 
ingly, 3 must have the eigenvalue U3 = —5. Indeed the U_ operator leads from 72 to 


73 as seen in Fig. 7.1 and this leads to 
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¥ hs = 3(4U3 +27 3)h3 = 4 (4 x (—$) +2 x ©) ¢3=—203 . (8.11c) 
By similar arguments, we obtain for the states of [3], 
Yd, =-3%, , Vbo=-1h, , Vpy=429, . (8.12) 


We are thus necessarily led to hypercharges which are multiples of one-third. This has far- 
reaching consequences if one accepts that the charge operator @ [see (8.1)] is determined 
by the Gell-Mann-Nishijima relation. As a consequence the following charge eigenvalues 
for the states of [3] are found: 


Qui = (4¥ +5) dy = (x 4+h)viaen , 

Qo = (4 + Ty) vo = (3 x 4-L)y Sa 

Qs = (3¥ +15) vs = (5 x (- 3) +0)d3=-Ly5 , (8.13) 
and similarly, for the states x, of the antitriplet [3], 

Oy, = —3, , Qeo= +30. , Qy3= +44 (8.14) 


The particles which correspond to the states of the [3] multiplet of the SU(3) have fractional 
charges. Gell-Mann proposed the name “quark” whereas Zweig called these particles 
“aces”.? Since 7; and 7% form an isodoublet similar to the proton and neutron, the 1 
quark was named “p quark” and the 72 “n quark”; 73 is named “‘\ quark”. A more modern 
nomenclature is “up quark” (u), “down quark” (d) and “strange quark” (s). From now on 
the quark states 7)1,%2,%3 are denoted by q1,q9,93 to make the association clear. Similarly, 
we write for the antiquarks: 


01,0203  T Vo> 73 


8.1 Searching for Quarks 


Many physicists have searched for quarks, i.e. particles with one third charges. Jones? 
described attempts to produce quarks in accelerators and to find them in seawater, minerals 
and in cosmic rays. McCusher and Cairns believed that they had found quarks in highly 
energetic cosmic rays.* Nevertheless, up to now no convincing positive result has been 
achieved. There is also much doubt about the experiment of W. Fairbank® et al. who 
claimed to have found particles with a fractional charge in a modern version of a Milikan 
experiment. Other authors object to this.° Thus, there are strong reasons for assuming that 
free quarks do not exist in nature. With the great success of the quark model for describing 
elementary particles on the one hand, one is directly confronted with the fundamental 
problem of quark confinement on the other hand. This concept tries to explain that quarks 
can only exist inside particles as bound states (i.e. they are confined) and not as free 
particles. We will return to this point later. 


2 G. Zweig: CERN-Preprint 8409/Th. 412 (1964). 

3 L.W. Jones: Int. Conf. on Symmetries and Quark Models, Wayne State University, Detroit 
(1969). 

4 C.B.A. McCusher, I. Cairns: Phys. Rev. Lett. 23, 658 (1969). 

5 G.S. LaRue, W.M. Fairbank, A.F. Hebard: Phys. Rev. Lett. 38, 1011 (1977). 

6 R.G. Milner, B.H. Cooper, K.H. Chang, K. Wilson, J. Labrenz, R.D.McCeown: Phys. Rev. 
Lett. 54, 1472 (1985). 
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8.2 The Transformation Properties of Quark States 


For the triplet representation [3] the operators Fi, are given by 3 x 3 matrices, because 
we are dealing with three states |g;) (¢ = 1, 2, 3), i.e. 


(Faiz = (gilFulaj) (8.15) 


With the help of the shift operators Vi, U4 and T+ and their properties [see (7.28) and 
Sect. 7.4] one derives for the quark states: 


T_|q1)=l2) , Tela2)=|a) . 
U_|a2)=|¢3) , Os+las)=la2) . 
V_la)=la3) » Velas)=la) . 


T3\n)=51a1) » Tsla2)=—4]q2) . Tyla3)=Olgs) 


Yla)=$la) » Yla)=4lae) . Ylas)=—2las) , ete. (8.16) 
On this basis we can calculate all matrix elements of the operators UD ave and from 
F=T; =4(Ty sap) ; B= -4i(V, -V_) ; 
fy =T) = hit, —T_) Fe=4(04+0_) , seh 
Py=T3 , B=-lid,-0- , (8.17) 
Ha) at) Fy = BY : 
all matrix elements of the operators F, (a = 1, ..., 8) can be evaluated, as well. After a 
simple calculation, using 
ia = diy ? 


one recovers the earlier result for the generators Sve of the SU(3) [see Exercise 8.1}. In 
general one can construct the unitary operators by means of the Fy according to 


U(0) = exp (- i Esk] (8.18) 


These represent the group operators of the SU(3) and transform the states within each 
SU(3) multiplet (F-spin multiplet). In the case of the triplet representation, the F', and 
thus the U(@) in (8.18) are unitary 3 x 3 matrices with the determinant det (7 (8?) = 1. So 
we write 


lai)’ = U(8)\q;) = S>|93)U;(0) , where 
j 


U;i(9) = (q;|0()|qi) (8.19) 


In the following exercises we study the transformation properties of the states lq;) and 
[@;) of the representations [3] and [3]. 
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EXERCISE, sau an a ee 


8.1 The Generators of SU(3) in the 
Representation [3] 


Problem. Calculate the generators \,, of SU(3) in the rep- 


resentation [3] by applying the shift operators to the quark 
states. 


Solution. We remember the relation a = oy ape and the 
fact that the quark states are orthonormal, i.e. (qilaj) = 645. 
Together with the relations (8.15—17) we obtain 


Oadis =2(gilFolaj3) - (1) 
Consequently for \j 
Onis =2(gilFilaj) = (ailty + TE Ia;) 

= (qilT+]¢;) + (qilT-la;) - (2) 
Because of (8.16), 
T+|9;) = 5j2lq1) and 
T_|q;) =4;1|¢2) (3) 


viz = (gilar6j2) + (glee) 6j1 
= 6316;2 + 652651 (4) 
(also using the orthonormality condition); thus, we obtain 


the only non-vanishing matrix elements, Oe = (\1)21 = 
1, which implies that 


, 0 1 O 
u=(1 0 o| é (5) 
0 0 O 


In order to construct the matrix representation of the gen- 
erators A, ..., 4g we proceed in the same way: 


(A2)ij = 2¢ail F2|a1) 
1] é& A 
= 7 [ailT+1¢;) ven (glT-|4;)] 


= —i(6;16;2 — 63261), (6) 
ee 


(Ag)12 =—i and (Ag) =i , ie. 


0 10 
Ao = (: 0 o| : (7) 
0 0 0 


(A3)i; = 2(qi|F3lq;) =2(qi|T3lq;) (8) 
i.e. the matrix elements are 

(A3i1) = 2(qiIT31a1) = (ala) = 6a 

(A3)i2 = 2(qi|Z3|¢2) = —(aila2) = —6:2—, 


(As)i3 = 2(qilT3]q3) =0 (9) 

and thus 

_ gh ® 8 

ig=(0 zl o| (10) 
0 0 0 

Next we have 

O4)iz = 2¢ail Palas) = Cael Vlas) (ailV-lqy) . AD 

Because 

Vi.lqj) = 4j3lq1) and V_|q;) = 6j11¢3) (12) 

are valid, 


(Aa)ij = Cailai) 553 + (aila3)6j1 = 511653 + 6:36j1 » (13) 
eee 


; 70 lee 
(A4)13 = 1 =(A4)31 and 4 = (0 0 o| . (14) 
1 0 0 


The following is valid for ds, 
F 1 , ; 
Osis = 7 UglV+la;) — (q:|V—|4;)] 
1 
= 7 [6:1 853 — 6336j1] (15) 


(\s)13 =i and (As)31 =i 


(all other matrix elements vanish) and thus 

0 0 -i 
\s = (0 0 o| (16) 
Similarly we find for Ag 
(g)iz = (gil Felaj) = (qilU+ lay) + (ailO—-las) 7) 
Because 
O19; = 4;3lg2) and U_|q;) = 652193) (18) 
we have 
(A6)iz = (qilaz)6;3 + (ails) 532 = 512553 + 633632» (19) 
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es 
; ees 
(Ae)23 = (A6)32 =1 and Ag= (0 0 , . (20) 


0) wawlh 
For MG we obtain 


. Lome 2 
Oniz = s[tgelU+la5) — (gelU—195)] 


1 
= 7 [6283s — 6;36;2] (21) 


(\7)23 =—i and (A7)32 =i , 


1.e. 

OO ao 

Ne = (0 0 -'] (22) 

0 i 0 

Finally Ag is found to be 

(As)ij = 2(gilPala;) = V3¢ail¥ lay) (23) 

1.e. 
e A 1 

Qs) = V3(qil¥ lar) = 4 V3 (aila1) = Was , (24) 
ns x 1 

(sg)i2 = V3(ail¥ 192) = 4 V3 (ailg2) = Fein (25) 
5 Fs 2 

(Ag)is = V3(gil¥ 13) = $ V3(—2)(ailgs) = — F819 26) 
. 1 ( 0) 0) 

rce——_|0 1 Oo} & (27) 

V3 0 O --—2 


The generators \q in the representation [3] are the matri- 
ces given by Gell-Mann. Of course this result is not very 
surprising. 


EXERCISE 


8.2 Transformation Properties of 
the States of the Antitriplet [3] 


Problem. Show that the states |g;) of the antitriplet [3] 
transform in the following way. 


[g:)’ = U@)|9) = D2 195) 5). (1) 
j 
The unitary transformation operator is given by 
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with the matrix representation 
U 50) = (Gj|UMI|9:) = Uji) - (3) 


Solution. To prove this theorem we start from the trans- 
formation of the triplet states: 


U(0) = exp(—id - 13) 


la)’ =U@)las) (4) 
The complex conjugate equation is 

lai)" =O* lai). (5) 
where 

0*(6) = exp(+id -(F)*) = exp(-i0-F) (6) 


The operators — * = Fare the generators of the antitriplet 
[3]. They are introduced in such a way that, correspond- 
ing to (8.18), the exponent (note the minus sign) reads: 
—i9 F. Complex conjugation does not change the proper- 
ties of matrix multiplication, but it changes the sign on 
the rhs of the commutation relations. This is corrected by 
the additional minus sign so that the (—F*) again form a 
representation. According to (8.1) the generators are given 
by F; = —(&)* or (Fg = —A\*/2), ie. Tz and Y3 (equally 
their eigenvalues) are multiplied by (—1). Clearly this is 
exactly the property characterizing the antitriplet. There- 
fore the states |qg;)* are called antitriplet states and we 
denote them by |q,;). The change in notation |g;)* — |q;) 


and —F* -—+F; should not be mixed up with hermitian 
conjugation. In the following exercise we prove that there 
exists no unitary transformation connecting U and U%, ice. 
[3] and [3] are independent representations. 


EXERCISE (yee eee 


8.3 Non-equivalence of the Two Fundamental 
Representations of SU(3) 


Problem. Show that the representations [3] and [3] (triplet 
and antitriplet) are different fundamental representations, 
which cannot be transformed into each other. 


Solution. We have seen in Exercise 8.2 that the generators 
Fg = —X4/2 belong to the generators of [3], whereas the 


F, = \q/2 are the generators of [3]. This implies that the 
states @; transform with U*(6,) and not with U (6,). If the 
representations were to be equivalent, then their " Senerators 
would only differ by a unitary transformation 3, i.e. 

Sh, 5-1 = F 


we er 


See =a (1) 


Applying this transformation to the eigenvalue equation of 
the Aq (Aalgi) = Alg;), where 2 is the eigenvalue), 


Sialgi) = SAlgi) = AS|ai) = SJaS* Sq), (2) 
with 

S|qi) = lai)’ 

If (1) is valid one obtains 

—N lai)! = Alay’, 


i.e. \q has to have the same eigenvalues as =e Now the 
Des are hermitian matrices, i.e. 


\yelbetae 


where T means the transposition. Since the determinant of 
a matrix and its transpose are equal, ae and Aq have the 
same eigenvalues 4, which are determined by the secular 
equation 


det(\g ~ Af) = det(At, — AD) =0 


Hence the eigenvalues of —\* differ from those of Na by a 
sign. By explicit calculation one finds that the eigenvalues 
of all \,, are —1, 0, and +1, with the exception of de. which 
has eigenvalues 1/\/3 twice and —2/,/3; therefore, dg and 
Me have different eigenvalues. The result is that there exists 
no transformation which transforms [3] into [3], i.e. triplet 
and antitriplet are independent representations. This is of 
course no surprise, because the operators U only transform 
states of a given multiplet into each other. The states of the 
antitriplet cannot be transformed into states of the triplet 
via the generators F, (note that this is different for the 
group SU(2) where the doublet and the antidoublet are 
equivalent representations, the reason obviously being that 
the generators 7; all have eigenvalues —1 and +1!). 


8.3 Construction of all SU(3) Multiplets from the 


Elementary Representations [3] and [3] 


We have just found the smallest non-trivial representations [3] and [3] of SU(3), which 
play an important role in constructing higher multiplets (discussed in previous chapters). 
This should be seen in close analogy to the situation of SU(2), where we were also able to 
derive the general structure of multiplets of the angular or ern ee [Lie algebra 


of the SU(2)]. The result has been that to each value 7 = 0, t le oe 
=) 


a multiplet of dimension (2j + 1) with the states |jm),m 


. there corresponds 
.. — j. An alternative 


way to COnsmuce the ae mo UlCDIES consists of a successive coupling of the fundamental 
doublets 7 = > m= 3, — 5 . We already know that each spin 7 can be represented by 
coupling spins $ ee ei, together. Often one uses the following notation to express 


this procedure in mathematical terms: 
(3) ® 3) = GP =E)e 0) o 
3] @ [3] @ [3] = BP = (3) © 2) © Gl 


By decomposing these Kronecker products (Ihs) into direct sums, particular irreducible 
SU(2) representations, i.e. multiplets of a total angular momentum j, Can appear several 


times, as can be seen above. 


The latter is an example where the same total angular momentum 7 = 


7 appears 


twice. This is a direct consequence of different possibilities of coupling: The first two 


5 = 4 ce can couple to pees states 7’ 


= 1 and j’ = 0. Now these angular 


momenta j’, together with the third 7 = s state, can couple to the total angular momenta 
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Fig. 8.4. Multiple coupling ofspins J = 3, 5 (by coupling of 7’ = 1 with 3) and J = 5 (by coupling of 7’ =0 with 3). This 


2 > to total spins J 


is illustrated in Fig. 8.4, which shows the multiple coupling of the fundamental multiplet 
= 4 [SU(2) doublet] to different total angular momenta J. The angular momentum J = 1 


appears in the Kronecker product cP three times. The configurations on the left represent 


the stretched couplings, i.e. the maximal (parallel) addition of the angular momenta. There 
is only one unique way to realize this. Therefore the largest angular momentum (stretched 
scheme) of the product [4]" is Jmax = n/2. Physically this implies the construction of 
composite ea with angular momentum J from elementary particles with angular 
momentum 7 = 2. Rotational symmetry remains conserved in this process. 

Similarly, in the case of SU(3) one can construct higher multiplets by means of the 
fundamental representations [3] or [3]. The general classifications of SU(3) multiplets and 
their construction are known from the previous chapters. The method is similar to the 
general classification of the SU(2) multiplets based on the angular momentum algebra. 
Now we generate the same SU(3) multiplets using the fundamental multiplets of quarks 
[3] and antiquarks [3]. An essential difference to SU(2) becomes clear with the appearance 
of two fundamental representations. 

In principle the construction of all irreducible representations of the SU(3) requires 
only one of the two fundamental representations 3 and [3]. The reason is that the states of 
the representation [3] can be derived via Kronecker products from the triplet representation 
[3] and vice versa (we will prove this later, when we discuss the reduction of tensor 
products of representations): 


[3] ®@ B)=[6] ® 3B) , [3] ® B)=[6] @ [3] 


However, for reasons of physics one needs both fundamental representations, because 
quarks MicRiesenied by [3]) and oS (represented by [3]) differ by their baryon 
number (B = + for quarks, B = —% for antiquarks) and charge. 

The Bene Kronecker product of SU(3) contains p triplets and q antitriplets; 


[3] ® [3] ®...3] @ Bl) @ Ble...) . (8.20) 
p times q times 


162 


In the following we decompose this product by always isolating the largest of the resulting 
Tepresentations, and continue this procedure with the remaining part. In physical terms 
this means that we construct (complex) particles out of quarks and antiquarks, always 
conserving the SU(3) symmetry. 


8.4 Construction of the Representation D(p, q) 
from Quarks and Antiquarks 


First we explicitly note the basis vectors of the fundamental triplets (quark states) 
1 ee Seton yO) 
with the quantum numbers 
Ts,¥)= (3.4) . (<4). - 3) an 21) 


b) [3]: |T3,¥) with 


On ees 3) 3. 4) (8.22) 
The direct product is given by the set of all product states of the form 
|73(1), Y(1)) |73(2), ¥(2)) ...|T3(), Y(p)) ® I73(), YQ) 
.|T3Q),.Y@) . (8.23) 


These vectors characterize a p-quark q-antiquark state, because of the additivity of Ts 
and the hypercharge Y, 


T3 = LB), Y= yy Y(t) (8.24) 


(the sums run over all particles). These many-quark states have eigenvalues of 73 and Y, 
where 


Pp q P Wee 
(T3,Y) = ( LO Ome) WO ro (8.25) 
j= psi il j= 


Following the mathematical literature, this pair of eigenvalues is termed the “weight” of 
state (8.23). A weight (73, Y) is called “larger” than (T3, Y’) if 


i meee ee, anid Ye to 
Then one writes 
(CO Oe One (8.26) 


We illustrate this in the following examples. 
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EXAMPLE (ae 


8.4 The Weight of a State 
According to the definition, 
1 i il _2 

(Ae gs) = Oa ee 
as well as 

1 
Goel) >" Gomel) 
One says the left weights are larger than the right ones. 


UXAMPLE Bee SE 


8.5 The Maximum Weight of the Quark Triplet [3] and Antiquark Triplet [3] 


From the Y — 73 diagrams of the representations [3] and [3] we directly read off their 
maximum weights [see Fig. (8.3)]; 


[3] : (73, Y) max = (5 5) ’ 


(3] SB Meas G, —4) 
ne ere, maximal weight ‘shown schematically left they are the points on the far right. 


By recalling the results of the previous examples we are led to the conclusion that 
the (p-quark, q-antiquark) state of maximum weight is that one which consists of p quarks 
of maximal weight and q antiquarks of maximal weight, i.e. p-quark states [5 +) and 

1 


g-antiquark states 5, —). This state is characterised by 


+ — 
(Ts)max =F» Ymax =P (8.27) 


Accordingly every multiplet contains only one state of maximum weight, as becomes 

obvious by construction. In contrast to this there exist various possibilities to obtain states 

with lower weight. For instance states with the weight [(T3)max — 1, Ymax] are obtained 
U-multiplet by replacing one (and only one) of the factors [$, 4) or [5, +) in the state of 
maximum weight, 


ilies eit ed 
bpgietlen ilep ayes =a) 


by a state | — 3, 3) or |—4, — }). 


Based on the state of maximum weight one is now able to generate the whole multiplet 
by means of the shift operators T4., V+, Vi (in previous chapters we have discussed this 
procedure in detail). Let us consider an example for the D(p, q) representation, particularly 
for p = 2, q = 1 as illustrated in Fig. 8.5. The state of maximal weight is located at the 
IE RS eee inaticn of the gene point A. Denoting its weight by [T3 max = (p+ @/2, Ymax = (p — q)/3], we know that 


eral multiplet D(p,q) inthe spe- Starting from A the point B is reached along the V line in p’ steps. Then, after q’ steps 
cial case D(2,1) along the T line, one ends up at C. 
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The symbols p’ and q’ are still unknown, though since T3 = 0 at D, one 
obtains 


/ i / 
q my, | a2 
T: = —_ ] -= 
(T3)max 5 eX 5 (8.28) 
A belongs to a U multiplet 
(Us)min = — 34 (8.29) 
On the other hand we know that 
-- 
(T3)max = == and 
— + 
(U3) min = 4 Eas: x (73) max) = 4 x (3 (25) = pst) = 44 
Together with (8.28, 29) we can determine p’ and q’: 
Dk nee te te 
2 a aa al 
yielding 
Pe. past = (8.30) 


This proves that D(p,q) represents the largest SU(3) multiplet of the p-quark, 
g-antiquark configuration (8.21,23). Thus we have found an important relation 
between the general multiplet structure and the number of quark and antiquark 
states, which can form such a maximal multiplet. 


8.4.1 The Smallest SU(3) Representations 


We show the simplest multiplets of SU(3) in Fig. 8.6 and a higher multiplet in 
Fig. 8.7. 

One immediately obtains the values for p and q by considering the boundary. 
Due to (8.27) we thus get (73)max and (Y)max, Le. the coordinates of the 
outermost lattice point. Starting from this point we are able to construct the 
coordinates of all lattice points of the multiplet in a simple way. The origin of 
the coordinate system (73 = 0, Y = 0) is of additional help in this task as are the 
various symmetries of the figures of the multiplets. 

In the representations D(1,0) and D(O, 1) we again recognize the presence 
of quarks and antiquarks. The multiplet D(3,0) = [10] represents the baryon 
resonances known to us from Exercise 6.5. The dimension, i.e. the number of 
states of the multiplet is denoted by [10]. Corresponding relations hold for all other 
representations. The baryons known from Example 6.3 are clearly represented by 
the octet D(1, 1) = [8]; the same holds for the antibaryons. The centres (T3 = 0, 
Y =0) of these are occupied by two states each. 


| singlet 
D(O, 0) = [1] 


Hy 
D(,0) = [3]-4 as 
2 
=a 
2 
5 
DOM) S| Ble. 5 
T3 
eal 
3 
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-—1 
D(1, 1) = [8] 


D(2, 1) = [15] 


Fig. 8.6. The simplest multiplets 
of SU(3) 


pz 


¥ 
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D(7,3) = [192] 


Fig. 8.7. T3 —Y diagram of a higher SU(3) multiplet. The numbers 
indicate the multiplicities of states on the various shells 


EXAMPLE 


8.6 The Pseudoscalar Mesons 


Elementary particles with spin 0 and odd parity are called 
pseudoscalar mesons. Since they possess odd parity they 
are not scalar, but pseudoscalar particles implying that their 
wave functions change sign under space inversion r’ = —r. 
We give a representation of them in the following table. 
One of their inherent relationships rests on the fact that 
they have the same spin and parity. 


The nonet of the pseudoscalar mesons 


Since all pseudoscalar mesons have no spin their mag- 
netic moments vanish (4 = 0). The pseudoscalar mesons 
can obviously be arranged into the diagram above in a 
natural manner; thus, they are members of a D(1, 1) = [8] 
multiplet of SU(3). There seems to be no place for the n 
particle, indicating that it can be associated with the SU(3) 
singlet and has to be shown separately. Sometimes one ad- 
joins the 7’ particle to the point (T3 = 0, Y = 0) in the 
octet. In so doing, one calls the diagram “a pseudoscalar 
meson nonet”, as shown above. 


Properties of the Pseudoscalar Mesons (S = 0, Odd Parity) 


Y  |Mass 
hyper- | [MeV] 
charge 


Lifetime [s] Main decay mode 


2.601078 
0.89 x 107 '6 
2.60x 1078 


1.235x 107° 


50% K,+50%K, |see below 


1.235x 1078 
7 +7° 
>a +nt+n7 


50%K,+50%K, |see below 


0.88 x107'° 


57 10 


EXAMPLE This is a remarkable fact since normally an unstable par- 


8.7 Example (for Deeper Insight): ticle (characterized by its mass M and its lifetime r) is 


The K9- and K®-Mesons and Their Decays 


The K9- and K°-mesons are peculiar particles, the first one 
being the particle, the second the corresponding antiparti- 
cle: 


(K) =K° 
Looking at the decay modes of the K® and K® one finds 
an amazing feature’: There occur two different lifetimes. 


1 See, W. Greiner, B. Miller: Theoretical Physics , Vol. 5 Gauge 
Theories of Electroweak Interactions (Springer Berlin, Heidelberg) 
to be published; P. Roman: Theory of Elementary Particles (North 
Holland, Amsterdam 1960). 


described by the quantum mechanical state 
[h(t)) =exp(—iMc?t/h)exp(—I't/2h)|v)) (1) 


with I = h/r. If, say, the decaying particle is a *~ meson, 
which decays into ~ +7,,, then the rate at which p™ — V7, 
pairs are observed at a time ¢ is given by 


R(w Dy, t) = Roexp(-Lt/h) with (2) 
Ro = 2a|(u- Fpl AinelPO)|? 


where H;,; is the weak interaction Hamiltonian. 
Hence, one obtains an exponential decay law which is 
confirmed by other unstable particles (systems). This law 
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also holds if a particle decays — as the pion — in different 
modes; only the constant No changes. Considering, for 
instance, the beta decay of the x7 particle, 


pe (3) 


x" 0 
which occurs very seldom compared to the ~ decay, one 
finds that, similarly to (2), 


Ri (x e-Ve, t) = Ryexp(-'v/h)_, (4) 

where 

Ro = 2n|(n°e~Ve| Hint PO)? 

As may be seen, the ratio 

Rin e~Vest) _ |(n°e~ Vel Hint YO)? 

RUG wt) [(u-Fy|Hinel YO)? 

is always independent of time and very small (3 x 1078). 

The decay of the charged K mesons is similar: the three 

possible decay modes of K* and K~, presented in the 

previous table, are commonly described by the same life- 

time Tx = 1.235 x 1078s. The ratios of the various decay 

modes (branching ratios) are also independent of time. 
On the other hand, neutral K mesons (K®, K®) do not 


have a common lifetime. They decay faster into two pions 
(short lifetime) than into three pions (long lifetime): 


(5) 


Ee ie ts =0.9 x 1071s (6a) 
K or' +7 
and 
K° 47° + 7 ta ; 
oattn +e ‘ 
7=5xX1078s . (6b) 


<0 
Ko 3 79 +79 +77 F 


sateen +79 


This observation can be interpreted quantum mechanically 
such that the states 


JK°) and |K°) (7) 
may form two linearly independent states? 

=0 
IK7@ = pIK°)+qIK >), 
IKQ(#) = r|K°) + s|K°) (8) 
with different masses (4), Mg respectively) and lifetimes 


(71, Ts). One speaks of Ko — Ko-mixing. These new states, 
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given by (8), have a time dependence obeying 
Uvee’ a6, A 
[K2@) = exp { = (i 5; =) i} [K;(0)) (9) 


with the widths I, = h/7, and I) = h/7;. Inversion of (8) 
leads to 


[K°(t)) = a[KP(t)) + IKE), 


[K°(t)) = e|K9@)) + d|Ko®) (10) 
where 

a=s(sp—rq), c=—rKsp—rq) , 

b=—qhsp—rq), d=plsp—rq) . (11) 


Clearly, an arbitrary state in K° — K°-space can always be 
written in the form 


[(t)) = a|KP()) + BIK2M) (12) 


Now we can understand in a simple manner the empirical 
fact that the decay into two pions is characterized by 7, 
and the one into three pions by 7;. Assume the short-lived 
K® decays only into two and not into three pions,° 


(20|HintIKS) #0 , (37|HintIK3) =0 (13) 
and, on the contrary, that K? decays into three pions‘ only, 
(34|HintIK?) #0. (14) 


Then in fact, according to (10), it results that K® (and 
K°) has two lifetimes which depend on the decay mode. 
Additional experiments show that, to quite a good approx- 
imation, K° as well as K® decay into two pions in 50% 
of the cases and into three pions in the other half of the 
events. Thus, 


(27|HintIK?) =O, 


Ip|? = |gl?=4 and Ir? =|s|? =4 (15) 


Since these equations cannot be solved uniquely (phase 
factor !), one commonly uses the convention (e.g., at time 


? The indices | and s are abbreviations for long-lived and 


short-lived, respectively. 


3 The approximate validity of this relation indicates the CP 
invariance of the strong interaction — see Vol.3 of this series, 
Relativistic Quantum Mechanics (Springer, Berlin, Heidelberg 1989). 


* These relations hold only approximately: More precisely, 


[Ct | Aine |K?) /(x ta | Hint |K°)| = 1.95 x 1073 


t=0) 
IK2()) = Ki) = 45(0K°) - [KX))_, 
IK?) = [K2) = Zp((K°O)) + 1K'@)) (16) 


Note that the equations hold only approximately, since the 
exact solution is 


IKo.) = (Ki2) telKi2))/Vi+lel (17) 


where ¢ ~ 10~3 by experiment. 

In the following we shall draw some simple conclu- 
sions from (9, 10) and (16) concerning the K® mesons. At 
time t = 0 a K° meson may be produced, e.g. by the reac- 
tion® 
x +p K°+A 

EK a5 (18) 
For the state |¢)(t)) in (12) this yields 


[Wt = 0)) = |K°) = a|KP(¢ = 0)) + AIK3C = 0)) 
1 
- (iki) +|K3)) (19) 
leading to (taking (16) into account) 


1 
"D eu 
According to (12) and (9), for arbitrary time t, 


1 Me? 11 
W(t) = Te exp ( = ES = 2) t) IK?) 


1 Pic mle ‘ 
+ Sex ( - ( ; +5) #) 20) 


and, with respect to (16), 
Msc? 1 
= {ex | - (i = +32)f 


5 K mesons and A hyperons are always produced in pairs. 
This is called “associate production”. Besides the reactions of 
(18) there are also others supporting this assumption: 


at +p—3Kt+5t 


x +p—- Ke ee 
This is due to the fact that on the lhs only up and down quarks 
and their corresponding antiquarks occur, but on the rhs an 3- 
quark and an anti-s-quark, 3, appear. The anti-3-quark is con- 
tained in K+, the s-quark in 2~ and +. The s3 pair may be 
produced in a collision (cf. the tables 11.6 and 11.7 in Sects. 11.4 
and 11.5 showing the quark content of the particles). 


Mic? i 1 =0 


This state determines the time-evolution of an initially pro- 
duced K® meson. Indeed, one recognizes that att = 0a 
pure K®° meson is present which develops into a superpo- 
sition of K® and K®. If 


Fo t 2 ais ’ 


then K® and K® are each present at the SO percent level. 
Immediately this leads to a paradoxical result: In a beam of 
K® mesons the particles do not only decay, but transform 
themselves into other particles, namely K® mesons, without 
the presence of other matter. The K° mesons in the beam 
can be detected experimentally, e.g. by the reaction 


Keo ele (22) 


if the beam passes through matter. The scheme of the ex- 
periment is sketched in the following figure. A 7 beam 
produces K® mesons at A which then transform into a mix- 
ture of K9 and K?. 


10,05 
ems es 
Ko poe kon ge 
be 0 s 
- | ee K ‘a 
7 EZ 
> 
0 
Ko LRL} Ky 
L 
A B 


Decay, transformation, and reappearence of K® mesons 


Soon all K® decay into pions and thus only K? re- 
main. According to (16), this beam corresponds to a linear 
combination of K® and K®. The K® are absorbed in the 
target B due to the reaction of (22), and therefore a pure 
K9-beam emerges from behind B and the process repeats 
itself. Experiments of this kind are called “regeneration ex- 
periments with K° mesons” and nowadays they are routine 
experiments in the laboratories of high-energy physics. 

For a better understanding of the regeneration of K 
mesons one should refer to the analogous experiments with 
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polarized light waves (see next figure). The two directions 
of polarization of a linear, transversal polarized beam of 
light correspond to the states K® and K®. As indicated 
in the figure, the incoming light may be polarized in the 
plane of the paper and passes through a medium between 
A and B which rotates the polarization vector by a certain 
angle; let us assume the rotation angle at B to be 45°. 
Next this beam of light is filtered in such a way that at C’ 
the polarization vector again coincides with that at A. The 
experiment starts anew. Thereby, the direction of polariza- 
tion at A and C obviously corresponds to the K® mesons 
behind A and B in the previous figure, and the direction 
of polarization at B and D corresponds to the ie 


ZZ 


Filter 
Regeneration experiment with a linear polarized beam of light 


This analogy follows from the wave aspect of quan- 
tum theory. Both phenomena are essentially based on the 
superposition principle, which also holds for probability 
waves (the guiding field of the particles) in quantum me- 
chanics and has been used, e.g., in (8) and (12). As a 
further consequence, both particles, KP and Ke can in- 
terfere, which is already formally expressed in (12). This 
interference becomes experimentally observable since the 
2n-decay of the KP does not vanish completely [cf. foot- 
note 4 corresponding to Eq. (14)]. Taking into account (9) 
and (12), one derives 


[rt a | Aint YO)? 
= |Aexp | -i (mun) 7 exp [ — 5 (1)/h) t| 
+ Bexp | —i (Msc?/n) t] xexp[—dayae]? , 


(23) 
whereby 


A= a(ntn~|Hint|KP@)) and B = B (rtm | int|K2(0)) 
are complex constants. Squaring (23) leads to 
[a F a |Hine |b)? 
= |A|? exp[ ~ (/A)t] + |B\? exp[ — (L/h)t] 
+ 2Re{AB} exp[i(M; — Mg)(c?/h)t] 
xexp[—Z() +I.) th]. (24) 
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(b) 


\— total, coherent sum 


Schematical illustration of the coherent decay function (a) of K? 
and K? and the effect of the (coherent) interference term (b) 


The first two terms on the rhs describe the incoherent su- 
perposed decay of two independent particles, shown in 
the following figure (a). In addition, there still appears 
an interference term (third term) which modifies the time 
dependence of the decay and leads to the dashed line 
of (b). Evidently the maxima and minima depend on the 
values of the constants A and B. The empirical result 
(see subsequent figure) clearly confirms the interference 
of K? and K2 and allows the determination of the ratio 
[ata | Hint KP) at | Hin [Ko)| if a and @ are fixed 
by the regeneration experiment. 

Arguments similar to these presented here for the Ke 
and K? mesons also lead to oscillations when considering 
different species of neutrinos. Suppose that ve, v,, and v; 
neutrinos have nonvanishing rest masses and that at least 
two of these have different masses. If the hypothesis is true 
that neutrinos may transform into each other, one would 
expect an expression analogous to (24) for the “neutrino 
oscillations”.® At present these effects are being searched 
at various laboratories, but so far still without success. 


The K? and K® interference. Experi- 
mentally observed decay as a function 
of time 


—_— — 
_ oo 


0 5 10 15 
[Lifetime 15(0.9 x 107!s)] 


8 See W. Greiner, B. Muller: Theoretical Physics , Vol.5 Gauge 


Theories of Electroweak Interactions (Springer Berlin, Heidelberg) to 
be published. 


8.5 Meson Multiplets 


The meson multiplets of SU(3) differ from the baryon multiplets in some essential prop- 
erties: 

Whereas to each baryon multiplet there exists a different multiplet of antibaryons 
(antiparticles), in the case of mesons it has been observed that particles and antiparticles are 
members of the same SU(3) multiplet, i.e. to each state vector with given T3 and Y there 
exists a state vector in the same multiplet with —T3 and —Y. Furthermore, particles and 
antiparticles possess the same spin and parity. The quantum number which distinguishes 
particles and antiparticles in the case of baryons, namely the baryon number, vanishes in 
the case of mesons (B = 0). This implies that to each state in a multiplet there exists a 
state in the same multiplet (either the same or an other vector) which has the quantum 
number of the antiparticle. Every quark has the baryon number B = + every antiquark 
B= —t. This follows from the fact that a nucleon, consisting of three quarks, possesses 
the baryon number B = +1 and every anti-nucleon, B = —1. Mesons appear to consist of 
a quark-antiquark pair. In fact, we shall see in Sect. 8.6 that 


[3] @ [3] = [8} @ [1] 
which corresponds precisely to the scheme of pseudoscalar mesons provided in Example 
50, 

A further difference to the baryon multiplets is given by a different type of violation 
of SU(3) symmetry. For explaining this we consider two SU(3) multiplets with equal 
spin, parity, and baryon number. Furthermore, we assume that to each particle of the first 
multiplet there exists a particle in the second one with equal, T, T3, and Y, for example 
the SU(3) singlet with T3 = Y = 0. Note that a state vector with T3 = Y =0 is also found 
in the octet (see the tables of meson properties). By performing experiments one can see 
that the physical states are mixtures of these multiplet states. This SU(3) mixing is more 
dominant in the meson multiplet than in the baryon multiplets. Each meson multiplet is 
connected with a singlet (with equal spin and parity). Since the two multiplets are mixed 
we classify the mesons of both multiplets together in a nonet. Mesons may also be clas- 
sified by spin and parity: 


scalar mesons with 7 vector mesons with ToS lS 
pseudoscalar mesons with J? =07 axial vector mesons with JP = 1+ 
tensor mesons with JP =2t 

pseudotensor mesons with J E25 and so on. 


EXAMPLE nl 
8.8 The Scalar Mesons 


Informations about masses and main decay modes for these 
mesons are often uncertain; large widths (several hundred 
MeV) indicate difficulties in measurements (see table on 
the next page). The classification into multiplets cannot be 
made uniquely due to SU(3) mixing. One considers the o 
meson as the singlet and combines the other mesons to 
form an octet. It can be seen right that the octet also con- Ee l= ge The scalar mesons 


tains antiparticles such as x° + «° etc. 


WA 


1,0 


rfefe 


One should remark that the existence of the o meson 
is uncertain; there have been efforts (among them the so- 
called o model of M. Gell-Mann and M. Levy) to combine 
the o meson and the three pions into a “four-vector” which 
is invariant under the symmetry group SU(2);, ® SU(2)pr 
(chiral group). The “‘chiral”’ model of the pion-nucleon in- 
teraction established in this way is remarkably successful. 
As suggested partially by the names of the particles, all 
“mesons” have been discovered as resonances in reactions 
like +N, K+N, and 7+ N (N =nucleon); therefore, one 
labels them as pion, kaon, and eta resonances. 


Sigma 
resonance 


Properties of the vector mesons 


resonance 


Phi meson 


0 
cme 
(~ 600) 


Properties of the scalar mesons 


Main decay 


EXAMPLE 


8.9 The Vector Mesons 


We already know of the rho and omega mesons. In ad- 
dition to these states there are the kaon resonances Ke, 
K*° and the @ meson. It is shown below that these res- 
onances again form an octet similar to the corresponding 
octet of the pseudoscalar mesons (7, 7, K). 


Main decay 
modes 


Hee 
ibe | 100% 
77° 
natn n° 90% 
ny 9% 


The vector mesons 


Kz 100% 


46%. 
35% 


The 7’ is a singlet, and thus the @ is a singlet too. 
The w and & mesons have to be envisaged as a mixing of 
the octet w and the singlet due to SU(3) mixing. This 
is experimentally verified. The vector mesons, especially 
the w and the o mesons, play an important role in the 
theory of nuclear forces between two nucleons at small 
distances (~0.5 x 10~!% cm). They give rise to a repulsive 
contribution to the strong interaction between the nucleons 
if they come sufficiently close together. 


EXAMPLE = = ee Te 


8.10 The Tensor Mesons 


In this case f is the singlet meson (the 7*’ resonance). 


All other mesons form an octet: Ag is the pion resonance, 
K3 is the kaon resonance, and f’ is the n* resonance (see 
table and figure below). 


Name 


A, mesons 


Kaon 
resonance 


f’ meson 


Ba ea 


Width 
ia [MeV] 


The importance of the tensor mesons mainly rests on 
the fact that they occur as intermediate states in the reac- 
tions of the corresponding pseudoscalar particles. 


cXAMCLE (== Le ene 


8.11 Other Resonances 


There are also other (1~) resonances belonging to the vec- 
tor mesons, namely the J or w particles, discovered in 
Stanford and Brookhaven as well as at DESY in Hamburg 
(cf. Chap. 11). The most interesting feature of these parti- 
cles consists in their surprisingly long lifetime (’ ~ 0.067 
MeV, see table on next page) as in general the lifetime 
decreases with increasing mass. The long lifetime of the 
is a hint of a conserved quantum number which prevents 
their fast decay; this conserved quantity is called “charm”. 
Thus our quark model has to be supplemented by a fourth 
quark, the “charmed quark” c (u, d, s, c). Within this model 
the long lifetime of the ~ appears as a consequence of the 
conservation of charm. This implies that one has to re- 
place the SU(3) by an SU(4) symmetry group which we 
shall discuss later (cf. Chap. 11). 


Main decay modes 


on 10% 
nn 15% 
wnn 10% 
KK 5% 


Kz 49.1% 
K*z 26.9% 
K*az 11.2% 


Ke 6.6% 
Kw 3.7% 
Ky 2.5% 


> 81% 
3% 


KK 3% 
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Properties of some other resonances 


Name 


w (3700) 


w (4160) 


w (4400) 


Main decay modes 
[%] 


Spin/Parity | Charge 


T | T; | Y } Mass ; Width 
[MeV] | [MeV] 
oh 


w (3700) 


w (4160) 


y (4400) 


hadrons 86% 
3098 0.067 | ete7 7% 
bp 7% 


98% 
1% 


hadrons 


i Cem ol fim 


PP Pepe fo fae 


each 


98% 
rest > J/w+ x, ete7 


hadrons 


as w (4100) 


8.6 Rules for the Reduction of Direct Products 
of SU(3) Multiplets 


This seems a suitable point to show explicitly how to reduce several products of SU(3) 
multiplets. The rules will be pointed out by considering some examples and then represent- 
ing them graphically. On the basis of the insight and results provided by the preceeding 
sections this task will be quite simple. 

Let us start with the product representation [3] @ [3]. In view of (8.20) and (8.25) 
we obtain the weight vectors of the corresponding direct product states 


IZ3()¥ (1))|73(2)¥ (2)) 


by vector addition of the single vectors in the Y — T plane (see Fig. 8.8). 

To each endpoint of the vectors of the first factor, the multiplet [3], are attached all 
vectors of the second one. The endpoints of the sum vectors obtained by this construction 
represent all possible states of the direct product in the Y — 73 lattice. We obtain a scheme 
of points, partially occupied by two states, which can easily be decomposed into a sextet 
[6] = D(2,0) and an antitriplet [3] = D(O, 1). Of course, in this final step one takes into 
account the properties and the structure of the SU(3) multiplets discussed in the previous 
paragraphs. Let us investigate [3] @ [3] as the next product (as shown in Fig. 8.9). 

Clearly, the product of a quark triplet and an antiquark triplet can be decomposed 
into an octet [8] and a singlet [1]. More complicated products like, say, [3] @ [6] may 
be decomposed in a similar way. One starts from the larger multiplet whose “occupied 
points” may be marked on the lattice. Thereafter the vectors of the lattice are attached to 
each of these points. The scheme of points obtained by this procedure can be associated 
with the decuplet [10] and the octet [8] (see Fig. 8.10). 

From the maximum weight of [3] @ [3] it becomes evident that [3] @ [3] must contain 
[6] as the largest representation, the remaining states forming the [3]. One can understand 
this by the following consideration: In line with (8.27) one has 
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Fig. 8.8. Reduction of the direct 
product [3] ® [3] = [6] @ [3] 


Fig. 8.9. Reduction of the prod- 
uct [3] @ [3] = [8] 6 [1] 


Fig. 8.10. Reduction of the prod- 
uct [3] @ [6] = [10] @ [8] 
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Withewee =e late Zee 
and 7=0, 1,2 modulo 3 
Since p and q are integers, Ymax is usually a multiple of one-third. In (8.31) Ymax is ex- 
pressed as a sum of an integer and the non-integer part (multiple of a third). Accordingly, 
Ymax is an integer only if the triality r is zero. Equation (8.31) may be interpreted as the 
division into three classes of all representations of SU(3), namely: 


Yr =  )/ 3 — (eas { (8.31) 


Class 1: + =0: Y integer (examples: D(1, 1) = [8], D(3,0) = [10}), 
Class 2: r =1: Y is a multiple of one third with the prototype [3], 
Class 3: +r =2: Y is a multiple of one third with the prototype [3]. 


Thus, to define “triality”, one can conclude: The triality determines the character of an 
SU(3) representation, i.e. whether it is a triplet or an antitriplet. All representations which 
occur by reduction of a direct product of irreducible representations have equal triality. 
For the states of a direct product the equation (8.25), 


5= 11 j=l = 2 


P q P ‘ys 
(13, Y) = ( > B+ > T3@), SY@+ > 1) , (8.32) 


is valid. The hypercharge of the varus quark states of the product (and thus for the 
multiplets) differ by [Y(@) — Y’(2)] = + — 4; 5 - (- 2); -3 - i 01 ora multiple of this 
[because of (8.21) and (8.22)]. Similar relations hold for the values Y(7) — Y (i) of these 
states in that they are integers. In view of (8.31), 7 must be equal for all product states. 
Since 7 is an additive quantity [because of (8.31) and (8.32)], in particular it follows that 
all representations formed as products of two representations with + = 0 must also have 
a 0. 

Returning to the product [3] @ [3]; since [3] has the triality + = 1, then the triality 
of D(2,0) = [6] is r = 2. Therefore, the three remaining states must also have 7 = 2, i.e. 
they are members of the representation [3]. By means of such considerations one is easily 
led to the result 


[3] @ [3] @ [3] =((6] ® (3) @ [3] =[1] © [8] © [8] @ [10], (8.33a) 


in which the conservation of triality is easily verified. It is a remarkable fact that the octet 


occurs twice here. Similarly one gets the more complicated result of the product of two 
octets: 


[8] @ [8] =[1] © [8] © [8] @ [10] @ [10] @ [27] . (8.33b) 


8.7 U-spin Invariance 


Up to now the most extensive use has been made of the T-spin (isospin) group — an SU(2) 
subgroup of SU(3) — while investigating the SU(3) multiplets in detail. Thereby, it has 
turned out that the baryon octet can be associated with isospin multiplets by means of the 
hypercharge: 
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eS ays (AM =2MeV) Y=1 , 
ee CN 8 Mev) Y= 0 2 
P=t: 5,59 (AM=7MeV) Y=-1 . (8.34) 


_ States of a given multiplet are transformed into each other by means of the operators 
T+. Within a multiplet the mass differences AM are of the order of magnitude of 10 MeV, 
i.e. one percent of the particle mass, and it is said that the isospin symmetry is weakly 
broken. 

Besides the J-spin we are acquainted with the U-spin and the V-spin as SU(2) 
subgroups of SU(3). First we consider the U-spin: The states of a single U-spin multiplet 
are transformed into each other by applying the operators U4. Thus one reads from 
Fig. 8.11 for the multiplet: 


1. 0°,” with AM =124MeV, charge: Q=—-1 
Be ie ue =° with AM =374MeV, charge: Q=0 , 
cep oo with AM =251MeV, charge: Q=+1 . (8.35) 


? 


Obviously the states of a U-spin multiplet all have the same charge, i.e. one can draw in 
the (Y, 73) diagram the analogous (Q, U3) graph of the octet (see Fig. 8.12). 

The states on the edges all have unit multiplicity, which means they are singly 
occupied, whereas the centre of the diagram has the multiplicity two, indicating occupancy 
by two particles (the 5° and the A). The ° and the A are eigenstates of the isospin (at 
least to a good approximation). A state with multiplicity one must be simultaneously an 
eigenstate of T-, U- and V-spin, but if the multiplicity of a state is not one, then an isospin 
eigenstate with this multiplicity is in general no eigenstate of the U- or V-spin. This is 
true for the 5° and the A. 

We can construct the eigenstates of U very easily, and we therefore start from the 
fundamental isospinors a and #. The wave functions of D+, D° and A are then given by 


St saa, D° = qyab + Ba), 5~=BP , (triplet) 
A= (a8 —Ba) . (singlet) (8.36) 


Since T-, U- and V-spin are SU(2) algebras, their generators must be the Pauli matrices. 
We denote them in the case of the T-spin by 7; and in the case of the U-spin by f2;, which 
means that 


4 m 1 O n a Up a0) 2 , Oo 
js= t= (6 S aan={{ :) pe=te= (5 a (8.37a) 


and, for states with more than one particle, 
Ts = ~ a0) ; T_= 0) ’ Te = i) ’ 
i i i 
O3=4>0is® . O-= AO, VeVi . (8.37b) 
t i a 


We are searching now for the triplet eigenstates of the U -spin, which we denote by n, x, 
=° (let the singlet be ¢), where x and ¢ are orthogonal linear combinations of the isospin 


eigenstates A and ee 
vacs si e=be —aA © (8.38) 
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Fig. 8.11. The baryon octet as 
a function of the hypercharge 
Y and the isospin component 
T3 


Fig. 8.12. The baryon octet as 
function of the charge Q and 
the U-spin component U3 


Let us recall the action of the isospin-operators on the isospin eigenstates, e.g. 

T_I* =~ 7_(@)[aa] = (?_a)a+a(7#_a)=Batap , (8.39) 
re: : 

ID SN OI! 


EGNU 2 applied to the U-spin triplet eigenstate n has to act in the same way as 7_ on the 
isospin eigenstate 5+, we conclude that 


Un=V2y . (8.40) 
Since furthermore Tn =p, then 
[Se SS se Sa TiVv2y , 


or 2 2 
(O_,T,]_n=O0_p—V2T,(ad°+bA) . (8.41) 


In addition, with 
U_p="0,T,59=V25+ and T,;A=0 , results 


(O21 ii 32 = 245 =, ae (8.42) 
We know already [Chap.7, Eq. (7.28b)] that [(0_, T,.] = 0, ic. 
1—2a=0 or a=} . (8.43) 


Normalization of y implies that 
x? = |aX° + BA? = fal? + [a]? = 1 
(since [5°]? = |A|? = 1 and (5°|A) = 0). With this follows, provided 6 is real, 
b=l—a?=2 , b=413 
Usually one chooses 6 with positive sign, that is 
X= 92° +5V3A and d=4V3E°-1aA | (8.44) 
Therefore ¢ and x are the eigenstates of Uy (eigenvalue 0) corresponding to the eigenstates 
of 73(°, A). an 
The centre of the diagram must be doubly occupied, since from [U_, T,] = 0 follows 


a’ = 4. If, as well, b = 0, then x would not be normalizable to 1: ; # 1. Therefore, two 


States must exist in the centre, something we were already aware of from our general 
discussion concerning the structure of the SU(3) multiplets [see Chap. 7, “The number of 
states on lattice points of inner shells”). 


8.8 Test of U-spin Invariance 


We know that the electromagnetic interaction violates isospin symmetry since it splits the 
T-multiplets, e.g. for the isodoublet the mass splitting is AM ~2MeV. As argued earlier, 
this might be caused by the electromagnetic interaction. This kind of symmetry breaking 
should not occur for the U-spin, since we have seen that the members one U-spin multiplet 
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all have the same charge ({Q, U3]_ = 0). But this is only so if the U-spin symmetry is 
a symmetry of the strong interaction. However, this is only true to a very limited degree 
(AMmax ~ 100 MeV, i.e. about 10% of the mass of the particle), whereas the isospin 
symmetry is broken only by about 1%. Therefore, we can at best expect that U-spin 
conservation influences the electromagnetic properties of the particles. If one postulates 
U-spin conservation, it might be expected, for example, that p and St (since they belong 
to the same U-spin multiplet) have the same magnetic moment: 


w(S*) = lp). (8.45) 


Analogously we expect y(~) = (57) and, for the triplet n, y, =°, x is a linear combi- 
nation of 5° and A and, therefore, not a physical particle. Experimentally one has found 
(u9 = eh/2mpc) 


Up =2.79u0 , Hyt =(2.3340.13)u0 , 
we- =(—0.6940.04)u9 »  py- =(—1.4140.25)u9_ , 
Mn =—1.91po , uso =(—1.253+0.014) po. (8.47) 


Thus the predictions of U-spin invariance are only roughly confirmed; a fact which will 
be better understood in the framework of the quark model. 

We can make further comments about the electromagnetic mass splitting: We assume 
therefore that the mass of a baryon on the one hand results from the strong interaction, 
which conserves isospin, and on the other from electromagnetic interaction, which con- 
serves U-spin, i.e. the electromagnetic contributions to the mass must be equal within one 
U-spin multiplet. This implies, roughly, that the radii of these particles have to be the 
same. We find 

6Mp = 6My+ 9 6Mn = 6M=o 9 6My- =6M=- 5 GL 

§Mn — 6Mp+6Ms- —6Mz0 =6My-—6My+ . (8.48) 
If, besides electromagnetic interaction, there exists no other interaction which destroys the 
degeneracy of an isomultiplet, then we must have 

6Mn — 6Mp = Mn — Mp 3 

6Mz- —6Mz0 =Mz- — Mzo ’ 

6My- —b6My+ = My- — My+ 
Inserting this in (8.48) yields 

Mn — Mp + Mz--—Ms0=My--My+ . (8.49) 
This simple relation is called the “Coleman-Glashow” relation’ and is well-confirmed 
experimentally by 

Mn — Mp =1.3MeV , Mz- — Mzo = (6,540.7) MeV 

My- — My+ =8.0MeV . (8.50) 
This shows that U-spin invariance is to some extend a useful hypothesis in the context of 
the SU(3) multiplets. 


7 §, Coleman, S.L. Glashow: Phys. Rev. Lett. 6, 423 (1961). 
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Finally we study the V-spin multiplets, 


2 ete 4M 2257 Mev 
=-,0,p : AM~383MeV as triplet; and o as singlet 
2°, 5+ : AM~125MeV 


Here o@ and o are linear combinations of 5° and A. For the U-spin we have seen that all 
members of one U-spin multiplet carry the same charge. The members of a V-spin mul- 
tiplet, however, share no common property. Therefore the V-symmetry, which is strongly 
broken (AM/M > 20%), is not useful for the classification of the states. 


8.9 The Gell-Mann-Okubo Mass Formula 


If the SU(3) symmetry was an exact symmetry of the strong interaction, then all states 
of one SU(3) multiplet would be energetically degenerate, which means they should have 
the same mass. Experiment, however, shows that (e.g. for the baryon octet the mass 
splitting is of the order AM/M = 100 MeV/1000 MeV = 10%) SU(3) symmetry is broken 
considerably more strongly than the isospin symmetry by the electromagnetic interaction: 
For an isospin multiplet we had AM/M = 10 MeV/1000 MeV = 1%. 

Therefore we have to start from the idea that the Hamiltonian of the strong interaction 
splits into one part Hs (ss for “superstrong”), which is SU(3) invariant, and one part 
ms (ms for “medium strong”) which breaks SU(3) invariance. Since the mass splitting 
within a multiplet amounts only to about 10% of the mean mass, we can assume that the 
contribution to the mass which originates from Hin is small, that is 


Me= (Has) (Hee eg CH Te (8.51) 


According to Hg. the multiplets are degenerate, and H,,; removes this degeneracy. One 
should recognize that AHy,, must be constructed from generators and not from Casimir 
operators since the former break SU(3) symmetry, whereas the latter do not. To be precise, 
the generators, if applied to the states of a multiplet, yield in general different values, 
depending on the state, while the Casimir operator does not. 

From here on we will neglect the electromagnetic mass splitting, which means that 
all members of an isospin multiplet will have the same mass. This implies, of course, that 
the symmetry breaking part of the strong interaction hamiltonian Fone = Learn. has 
to commute with 73; therefore (ieee T3] =0 and Ayn. can only contain such generators 
of SU(3) which commute with 73. This is only the case for Fy = V33Y, and the simplest 
assumption is therefore 


Hms = bY , (8.52) 


where 6 is a constant. Calculating the expectation value of H,,; between the unperturbed 
wave functions |7'T3¥), we obtain by first order perturbation theory (CH <a aay): 


CPAP MRO SNe TS Wen ee. (8.53) 


where a is the mean mass of the multiplet (for Y = 0) and a and 6 are constant for all 
members of one multiplet. Looking at the decuplet of the baryon resonances (Chap. 6, 
Example 6.5), it follows that 
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Mg- — Mz: = Mz- — My- =My. —-Ma : (8.54) 


It is difficult to compare this prediction with experiment (because of the electromagnetic 
mass splitting). We can, however, minimize this effect when we consider only particles 
with the same charge (U-spin multiplets) for which we find: 

Myp- —-Ms-- =(13741)MeV 

Ms.- —Myx- =(14841)MeV , 

My+--May- =(148+5)MeV. (3.52) 


> 


The agreement of theory with experiment is obviously very good, but our mass formula 
fails for the baryon octet since, because of Yo = Y,, we should also have Myo = My. In 
reality the mass difference is Myo — My, =77MeV. This experience forces us to modify 


(8.52) for Ems: As well as vo both 7 and Y2 commute with Te, and we try therefore 
He = bY + cf" +. a¥ 2 (8.56) 

as the next simplest assumption. Its expectation value leads to the formula 
M=atbY+cT(T+1)+dY? . (8.57) 


Here again the coefficients c and d are constant in an SU(3) multiplet. But (8.57) 
leads to a problem, namely that this relation does not yield a constant mass splitting for 
the decuplet, ie. the good agreement [(8.54,55)] with experiment is lost. 

We can correct this disadvantage by demanding that the decuplet cT(T' + 1) + dY? 
has the same form as a+ bY, in other words like 


cT(T+1)+d¥2=2x+yY , (8.57a) 


where x and y are constants. Inserting the values of A™, = *— and §2~ results in (see 
adjacent table). ; 
The last equation is consistent with the first two if one chooses d = — 4c. Indeed, 


multiplying the first equation by —5; the second one by 4 and adding both of them yields 
—$c +d=r—2y 

This is identical with the last equation for d= —te, as already stated. 
M=at+bY +c(T(T+1)-14Y?] . (8.58) 


This is the mass formula of Gell-Mann and Okubo®, first deduced by Okubo, and then 
applied by Gell-Mann to predict the mass of the {2~. We wish to test it now in the case 
of the baryon octet and hence obtain 


d(My + Mz) = $M, + qMy 
To minimize electromagnetic effects we consider the neutral particles 

1 My +4Mzo =(1127.140.7)MeV ,  $Ma + 7Myo = (1134.8 +0.2)MeV 
The energy difference between both values amounts to 7.7 MeV (much smaller than the 


mean mass splitting of around 100 MeV). This indicates that the Gell-Mann-Okubo mass 


8 S. Okubo: Prog. Theor. Phys. 27, 949 (1962). 
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one gets from (8.57a) 


for A”: 
= 


for = 


for Q° : 


15/4c+d=at+y 


: B/4c+d=a2-y 


4d=2—2y 


’ 


1 


formula is quite well satisfied; it also holds for the other SU(3) multiplets (for baryons as 
well as for mesons), although in the case of the mesons the mass formula must be modified 
since it is not valid for the masses, but for the squared masses. We can justify this — as 
we will see later — by the fact that baryons are fermions obeying the Dirac equation 
[which contains linear terms in energy (mass)], while mesons are bosons, obeying the 
Klein-Gordon equation [which contains the energy (mass) squared]. 


8.10 The Clebsch-Gordan Coefficients of the SU(3) 


In the case of the isospin group we have found that the relative probabilities for two 
reactions taking place within an isospin multiplet are just given by their Clebsch-Gordan 
coefficients (CGC) (see Example 5.8). Therefore, in order to examine reactions within 
different SU(3) multiplets, we require knowledge of the CGC of the SU(3) group. We 
already know how to reduce Kronecker products of irreducible representation, for example: 


[3] ® [3] = [6] @ [3] or [3] @ [3] @ [3]=[1] © [8] © [8] @ [10] , etc. 
To construct the CGC of the group SU(3), let us consider two irreducible represen- 
tations a = D(p1,q1) and 6 = D(p2,q2) which are generated by the two basis functions 


pl and bh? y Here a and f denote the corresponding representations and p, v stand for 
all other quantum numbers (T, T3 and Y). We use the abbreviations: 


= {y, t, ts} ? y= {y',t',t5} 2 m= {Y,T,T3} 


Let N be the dimension of the representation D(p, q). In the well-known manner we first 


: : : ‘ (a) (B) 
construct eigenfunctions of the isospin from Pytis and by tty? 
(T,T3 


ae = Yet’ Test Ts 0 ae ’ (8.59) 
t3t) 


where (¢t’T'|t3t73) are the usual SU(2) Clebsch-Gordan coefficients. Now we construct 
similarly the eigenstates of the irreducible representation + of dimension N, 


wv PP 
ee 3 (aByty't’|NYT) xT). (8.60) 
yty! i 


The coefficients (afyty’t'|N YT’) only depend on T, not on 73; therefore they are called 


isoscalar factors. Thus, by inserting es ) we obtain the CGC of SU(3) as 
(aBpv|Nmy) = (aByty’t'|NYT)(tt'T|t3tT3) _, 
SU(3) — CGC = isoscalar factor x SU(33)—CGC . (8.61) 


To determine a CGC of the SU(3), we only need the SU(2)-CGC and the T3- 
independent factors? (a Byty’t’| NY T+). As an example let us construct SU(3)-symmetric 
wave functions [wave functions with well-defined SU(3) symmetry] for the simple quark 
model. We know that [3] and [3] are two fundamental (smallest non-trivial) representations 


° One finds a detailed table of isoscalar factors, for example, in J.J. de Swart: Rev. Mod. Phys. 
35, 916 (1963). 
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of the SU(3): [3] for the quarks and [3] for the antiquarks. Consequently, these representa- 
tions correspond to the three quark states q1, g2, q3 (or also u, d, s) and the three antiquark 
states 91, 9, 73 (or also 4, d, 5), the quantum numbers of which are listed in Table 8.1. 
The physically most significant Kronecker products of these representations are 


[3] ® (3) =[8] @ [1], (8.62) 
which is the meson octet + singlet. Similarly, the reduction of the product 
[3] @ [3] ® B)=[1) © [8], © [8]. @ [10] (8.63) 


yields a singlet, two octets with different symmetry, and a decuplet. This product repro- 
duces the baryons and their resonances, respectively. As done previously (see the section 
about meson multiplets), we conclude from (8.62) that the mesons consist of a quark and 
an antiquark, while the nucleons are composed of three quarks. This is also the reason 
for expecting the spins J = 0 or J = 1 for mesons and J = 4 or [ = 7 for baryons, 
remembering that the quarks have spin J = 3. 

Next we discuss the meson octet and, in particular, we construct the pion triplet: > 
can only be a coupled wd state with an isospin wave function given by 
Kaen oe (3 3 1|5 5 1) oe re 1 

2? 3 2 a 2 oe 3 


(8.64) 


Led 
22 
In this case the CGC is given by (3 5 1\5 ; 1) =1, and furthermore the isoscalar factor 
is found to be (334 - _- 3 3|80 18) = 1. We note that this result is valid for all pions, 
because the isoscalar factors are independent of 73. The 7+ wave function is then given by 
|x+) = ud, ie. the corresponding SU(3)-CGC equals 1. For the x® state we find similarly 
that |r°) = (4)1/2 (ua — dd) and for the 1 state |r) = du. There are no other possible 
ways to construct the T = 1-triplet than through coupling of the T' = 3-doublet of [3] and 
the T = 4-doublet of [3]. Similarly the T = }-doublet states of the meson octet [8] with 
Y = 1 can only be coupled by the T = 3-doublet YY = 3) of [3] and the T = O-singlet 
(Y = 3) of [3]. Analogous reasoning holds for the T’ = 3-doublet of the meson octet [8] 
with Y = —1. So there appear only ordinary SU(2) CGC [for example +(4)!/?]. For 
completeness we note the quark content of all pseudoscalar mesons in Table 8.2. 


Table 8.2. The quark content of the pseudoscalar mesons 


ees ee 
SU(3)- Quark Y T T; £=Name 
multiplet content 


[8] ud _ 01 1 ma 
[3] (uu — dd) oO 1 0 «x 
[8] du ®@ dt = we 
[8] us Dog are bs 
[8] d3 14 -} os 
[8] sd -1 4 +3 K 
[3] st _ Ay oy 
[3] Sp (uu+dd—2ss) 0 0 0 nn 
[1] Sg(uu+dd+ss) 0 0 0 a7 


ee enna 
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Table 8.1. 
The quantum numbers of the 
quark and antiquark states 


In addition we have constructed isospin multiplets: 
with ce and Y=1: ds,us , 


il = = 
—(uu—dd),ud , 
73! 
with T=4 and Y=-1: su,sd 
As already mentioned, here all occuring CGC are SU(2)-CGC. 
Thus we have built up seven independent states Ho, ~g, ... from the nine states q;q; 
(2,7 = 1, 2, 3). The states are orthonormal, i.e. 


(halve) = bap » with a= D404 jG; ’ 
aj 


with T=tand Y= 0: da, 


and, further, we can construct the state 
il = 
= —=(uu+dd+s3) , 
1 v2 


which can also be written as 
1 = 
vy a Ve py 149; 


The invariance of this wave function with respect to SU(3) transformations is easily 
recognized with the aid of the results of Exercises 8.1 and 8.2. Namely, we have 


= = = 7-1 
Vag = LIU aes aT ei lmao 
i ijk ijk 


= SG nk =D UG » (8.65) 
jk i 


and consequently %, is completely invariant under SU(3) transformations since it will 
be transformed into itself. Thus 1 is an SU(3) singlet (scalar). The eighth state wg = 

7g (uta + dd — 283) follows from the requirement of orthonormality. In simpler cases 
Me SU(3) Clebsch-Gordan coefficients can be determined by symmetry arguments or 
normalization conditions, and in general there exist detailed tables on this subject.!° To 
gain additional, and experimentally verifiable insight we continue the discussion of the 
quark models. 


8.11 Quark Models with Inner Degrees of Freedom 


So far we have discussed a naive quark model by neglecting all internal de grees of freedom 
of the hadrons (like quark spin, angular momentum etc.). Now we want to extend our 
discussion of these subjects. Taking the quark spin into account we have six independent 
quark states q = {uj, u2, d1, dz, 31, $2} where, for example, wu; means the u quark with 
spin up, u2 the uw quark with spin down, etc. In the case of SU(3) the quark triplet 
is the “simplest” representation of the group. Demanding our quark sextet g to be the 


10 See, for example, P. McNamee, F. Chilton: Rev. Mod. Phys. 36, 1005 (1964). 
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smallest nontrivial representation of a symmetry group, we will be lead directly to the 
application of the SU(6) group of which [6] and [6] are the fundamental representations. 
Again we can form Kronecker products and reduce them (graphically), so that it seems 
reasonable to introduce a notation simplifying the reduction. This is realized by classifying 
the representations of the SU(6) group by means of the quantum numbers in relation to 
the subgroup SU(3) x SU(2) Cc SU(6). We denote 


]su@) 3 13}.2]} sug) x sua), 

]su@) + H3}2]suey x sua), (8.66) 
where the first number marks the SU(3) content and the second the total spin. Again 
mesons should be composed of a quark and an antiquark pair. Hence they have to be 
imbedded into the direct product [6] ® [6]. Because the product contains the spin, we 


should obtain both pseudoscalar mesons with spin 0 and also vector mesons with spin 1. 
Reduction of the product yields 


[6] © [6] = [1] [35] , (8.67a) 
or, by denoting the spin explicitly, 
[{3},3] © [{3}.9] =[(1}.0] © [{1}, 1] © [{8}, 1] © [{8}.0] . (8.67b) 


Here we have used that [3] @ [3] = [1] © [8] is valid in the case of SU(3). Furthermore 
we have coupled the individual spins S; = 5 and S2 = “= to the total spin S=0O or S=1 
and, since gq is the quark content of the mesons, we have obtained a better classification 
for mesons: A singlet and an octet with spin 0 and a singlet and an octet with spin 1. 
Indeed, these are just the pseudoscalar and vector mesons. 

To summarize, we first have to determine the SU(6) multiplets (in the case [6] @ [6] 
these are one singlet and one 35-plet) and then decompose them into SU(3) multiplets. 
Let us do this again taking the baryons as an example: 


[6] ® [6] @ [6] = [20] © [56] @ [70] @ [70] (8.68) 
or 

[(3}, 3] @ [{3}.3] © [{3}. 3] - (8.68b) 
This form allows a further decomposition of the 56-plet: 

[56] = [{8}, 4] © [{10}, 3] . (8.69) 


i.e. we obtain an octet of spin-5 baryons [{8}, 5] and a decuplet of spin-3 baryons 
[{10}, 3]. We already know both of them as the baryon octet (N, Y, A, =) and the 
decuplet of the baryon resonances (A, ...). The octet with spin 3 contains 8 x (25 +1) = 
8 x 2 = 16 states, while the decuplet with spin = has 10 x (25 + 1) = 10 x 4 = 40 states; 
altogether they yield exactly 56 states. 

Obviously, when we reduce the product of the three quark sextets, we find more states 
than physically observed. Moreover, rather than the “smallest” multiplet [20], the [56]-plet 
is realized. At the present time one assumes that all of the other multiplets, i.e. [20], [70]1, 
[70]2 have much higher masses and therefore have not yet been observed. The formation 
of the wave function in the SU(6) model is analogous to SU(3), i.e. wave functions with 
good spin and isospin are constructed. The physical reason for the occurrence of only one 
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irreducible representation of the SU(6) lies in the Pauli principle which requires a defined 
symmetry of the quark wave functions. Only the [56]-plet has the correct symmetry if one 
also ponies the colour wave functions of the quarks. The quark wave function of the 


triplet, pe , is supplemented by the spin wave function. Hence 


ay (8.70a) 


yttsXLy , 


and similarly for the antitriplet 


ipa (8.70b) 


From these quark sextets we now construct the a-meson isotriplet (T = 1), which is 
embedded into the meson octet and has Y = 0 (cf. figure in Example 8.6 and Sect. 8.10). 
According to (8.64) the isoscalar factor is known to be equal to one. Therefore the states 
of the T = 1 isotriplet of the pions (spin 0) can be written as 


P¥=0,7=1,15,1=0,M=0= 2. (2 al ltstsTs) (9 30luv0) 
tg ,t pV 


OE, oe) xa pDx1,2) - (8.71) 


The arguments (1) and (2) denote the coordinates of the particle 1 (quark) and particle 2 
(antiquark), respectively. We explicitly evaluate (8.71) for different values of T3: 


a) Tz = 1. In this case both tz and ¢, can only take the value 3 Hence the wave 
function reads 


It) = GHIS41) DG don 0) 
Le 


#2) OV) @rxa,Oxy_,@ - (8.72) 
Since the Clebsch-Gordan coefficients are 
Gj2|772)=1 , (8.73a) 
(G70|u — 0) = eve (8.73b) 
Vie 


it follows that 
5 1 
let) = PL OE? OT [xa_2 Oxy 1@ — xg 1)xa_1)] 
sn, 1 
- ae xa 2 @x1 1@ - xa 1@xa_1)] 
Form — u(1);d(2)j] 


: — supa —uydy) (8.74) 


In the final step the phase (—) was taken out and wave functions and spin up and spin 
down are indicated with the indices q and |, respectively. At the same time the position 
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of the wave function denotes the argument; thus uy qd actually implies u;(1), qd (2), and 
so on. 


b) T3 = 0. According to (8.71) the |x) wave functions reads 


In?) = | (4 2112 — 20) Ya DYED y+ (5 $11 — 9 40) 


3 3 
x xP, @o") 1] (— 440m — 10) x1,x1_,@ . 8.75) 
2 322 2 23 
The SU(2) Clebsch-Gordan coefficients take the values 
1 
GH-40) => (8.760 
1 
HI - 440) =-5, 8.76) 
S+u 
Lot A on) = 
( | — 20) i (8.76c) 
which lead to 
In?) = — (u(aya2) — dyd@) | -Z] (xa a xa_3@ - xy_1 x1 1) 
2 we 22 (ie a 22 
= -4 (u(1),u(2), = d(1);d(2), — u(1) a2); + d(1), d(2);) 
= 4 (ust — dy dy =u + dy dr) : (8.77) 
This continues in the same way for the 7~ meson (73 = —1). In the following table 


we summarize the wave functions for the (pseudo-)scalar (pions, spin 0) and the vector 
particles (g@ mesons, spin 1) which belong to the isospin triplet of the SU(3) octet: 


Int) = Se(uydy — udp) 

[n°) = g(uptiy — uy Uy — dydy + dydy) 

In~) = Fg (aya — dy) 

lofi) = (yyy) 

log) = sylupady + udp) 

loka) = Seen — S14) 

lop) = g@uqty + uyty — dydy — dy dy) 

lox) =(4qyuq)) 

loo) = adit +dyuy) . C7) 


The upper index refers to the charge and the lower one the z component of the spin: 
uy means ult), uy means u|{), etc. The pions have spin 0, the g mesons spin 1 (vector 
mesons). The latter have therefore j, =0, +1 as indicated in (8.78). The wave functions 
of the baryons can be constructed similarly, which is quite easy for the decuplet [{10}, 3}. 
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Let us start, e.g. with the state of maximal weight ATT: 


oe en (8.79) 
Oy: 7 Att = L(uyuyuy t+ upuyuy tuyurzury) , ; 
= Virb en est cal 


We now explain the construction of the second wave function in (8.79) in greater detail. 
The SU(3) component for At* is u(1)u(2)u(3); the spin component of these 7 = 3- 
particles reads as 

S> (4 4lluvm) (13 $lmrM) x1,Dx1,2x1,8) (8.80) 

BUNT a Z & 
This corresponds to the only possible coupling for 7 = 3, 

fe 2 ih] Q 3| el (8.81) 
Now we evaluate (8.80) for M = 3 and M = 3. 


a) M= 3. Accordingly one must have r = 3 and m = 1, which leads to p=v= 3. For 
(8.80) this results in 
(3 213 21) (13 3112 3) x2 2x1 12x11) (8.82) 


The two Clebsch-Gordan coefficients are equal to 1 (maximal coupling, no other possibil- 
ity!) and hence we get for the total wave function, 


Rts = Fy [eMDu@u@xa 1x4 Ox 1) 


= ut (1)uyz(2)uy(3) 
Supuput . (8.83) 


b) M = 5. For (8.80) must hold 


fail . T=-4 or m=0 Z r=4 
Further, for 
= val el 
ee [ap Sy 
m=0: se v=-5 


For the spin wave function (8.80) this yields in all: 
a= (9 allg 31) (13 Sl ~ 2 3) x2 10x12 1@)x1_1@) 
+ (33113 20) (1 - 3 $105 3) X12 2)x_1@x1 1G) 
x (21-3 20) (12 3105 2) xa_a@x2 1x2 1G) (8.84) 
The values for these Clebsch-Gordan coefficients can be found in various books!1, and 


er vl Rotenberg et al.: The 3j- and the 6j-Symbols (Technology Press, Cambridge, Mass. 1959). 
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we quote 


This results in the total SU(6) wave function 


Att, == 
ja=t = 


cy x11) x4 12)x1 13) 
1 


[u(1)u(2)u(3)] - Ix Xa 1 Yx2 we x alee (2) Xi ix 1 _1(2)x1 1 (3) 


5 [up (uz Quy 3) + uy (uy (2)u4(3) + uy (1)us(2)u4(3)| 
[upupuy +upujuy t+ upuzer| . (8.85a) 


By means of acting with the lowering operators T_, U_, and V_ of the SU(3) symmetry 
group or with the spin lowering operators S_ on the state (8.79), all the other wave 
functions can be constructed, e.g. for the *+ particle with the spin projection j, = +4 
we obtain the wave function 


aye = const. V_ Ant = Se(spupuy + spujuy +sjusuy + permutations) 
The permutations arise from the fact that V_= V_() + ve) oi (Gye: V_ is built up 
by the V_ operators of the three particles (quarks). Notice that the states of the decuplets 
[{10}, 3] automatically reveal symmetry under exchange of any quark pair. This can be 
immediately seen in (8.79 and 80). 

To construct the states of the baryon octets with 7 = 5 we combine two quarks to 
form an intermediate angular momentum and then couple them with the third one. Here 
we require that the total wave function is completely symmetric under exchange of two 


quarks, just as for the spin-3 baryons [cf. (8.79 and 80)]. If, for example, we want to 
obtain the wave function of the proton p,1, we combine two u quarks to the (symmetric) 
2 


triplet state (uu) and then couple the third quark, the d quark, to form a good total 


sea lle 
spin 3° 


ip) const [(1} $11 — 44) Goh + (14 $1044) Ganda + pert 
= const. [Burnie - aus + uyut)dy + perm, 
= Ti [2uyuy dy = upuy dy = uyur dy ap permut. 
In detail the wave function (showing all permutations) reads as 
are |uydyut) a |d+uyut) cs |dyuyuy) = |ujuzd;)] . (8.85b) 
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By coupling the proton wave function via the intermediate spin j = 1 one assures the 
symmetry between the two u-quarks. The coupling via an intermediate spin 7 = 0 (which, 
at first, seems to be possible) is ruled out, because the wave function of the first two 
u-quarks would then be antisymmetric. 

Still another remark on the wud-structure of the proton: Why is its structure not 
uus whose charge Q = (2 + % — $4) = 1, too? The answer is simply that the proton in 
A) has to have hypercharge Y = 1 while the uus-configuration has hypercharge Y = 

3+ z - 2) = 0. Similarly as for the proton above one obtains for the wave function of 


the atte 
Iny) = Fey 2dpdyuy —dydyuy —dydyuy + permut] Chee 


The other states of the octet look quite similar, except the A° particle, which has to be 
determined by orthogonalization with respect to the 5°. One finds in this case that 


|A; )= = Tag (41454 = dys, — dyu| sq ar djuy sy ap permut. | 4 (8.85d) 


In the ie exercises the structure of the neutron wave function and especially also 
that of the wave functions of the baryon resonances is worked out in detail. 


SkERCISE (SFE ————E—— Eas 


8.12 Construction of the Neutron Wave Function 


Problem. Calculate the wave function of the neutron by applying the shift operator T_ 
to the proton function. 


Solution. We know that the wave function of the neutron results from the wave function 
of the proton by applying the T_ operator, which lowers the 73 component by one unit. 
Since the wave functions of proton and neutron are three-body functions, we have to use 
the three-body operators 2 hye Oye T_(3). This operator consists of three 
parts, each of which acts in a different Hilbert space, though in a similar manner. The 
wave function of the proton is known from (8.85b) as 


1 
IP) = ag {2g 1Y_2 2 Oh 1) 


+ a2 i(yz 1(2))_3_1@) a AY Ns 1(2)2 1 (3) 
== v1 UO Caan 1 (3) = v1 INU 1 (2)1_1@) 
= PRY od 1(2)b2 1 (3) =i A 1(3) 


#111 12)b1_18)— $1101 12_11@)} (1) 


Here ~1,;, denotes the wave function of a particle with spin component j3 and isospin 
component ¢3. The number given in parentheses specifies the corresponding Hilbert space, 
which is important because an operator applied to a function in a different Hilbert space 
does not affect that function [e.g. the notation Eh) should be understood as an abbre- 
viation for the tensor product operator ge GBT (2)I(3), where f is the identity operator, 
etc.]. We know that T_ lowers the i isospin component t3 by one unit, all other quantum 
numbers remaining unchanged. The 7°; operator can not lead out of the multiplet of which 
the function is a member. Since the functions tg j3 (2) are all functions of the elementary 
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SU(3) triplet, it follows that T_@Ob_a, sey = = 0 for all ¢ and 73 (see figure below for 
illustration). The only allowed shift ern remains is 


T_@$1;,@) = N¥_1,,@ (2) 
for all 2 and 33, where N is a normalization factor. Thus follows: 


n N 
=a NT =— 


: {2(f-ba 1())d_1 1 @)pr a 1(3)+ 2%. 1 1(1)(T_@)p_1_12)) v1 1 (3) 
tF Ze. 1()$_1_12)(T_B)by 13) r 2(L_()b1 1(1)) pa ye) 
+21 1(1)(T_Q)x 1) b_1_1) +22 1 (Dvr 12)(L_@)W_1_1B)) 
+2(L_()d_1_1)) 1 1 Qh 18) + 26_1_10)(T_Qy 1@))¥1 1B) 
+ 2b_1_1 (1) 1(2)(T_(3)1 1.(3)) - (f_()p3 1())$1_1Q)v_a 1(3) 

= (Fe QW, 1@)¥_110) — $111 _12)(F-G)Y_1 1) marr gs NS 
= (Fwy, 1(1))p_a 1(2)1_1(3) = vr 1()(L_@Q)$_a 1(2))p1_1(3) 

= ON 1(1)p_2 1 (2)(T_@)v1 _13)) = (T_()b1_1))o_a 1(2)p1 1 (3) 

= by ,OV(P-O)_4 1(2))1 18) — $1_1 0) 4_1 12)(T_G41 1B) 

= (FO) 1(1))b1_ 322 1G) — d_a 1) (L_Q1_1@))¥1 18) 

= 9440140) (POW, 13)) — P-@)$_a 1 ())b1 1 Q¥1_1) 

- ce 1)(P-Ohy 1 2))$1_1) — ¥_1 141 12)(T_@)$1_1 8) 

= (F-Oyy_y@))¥y pee 1 (3) = 1 _1 (1) (T_Q)p1 1(2))p_a 1 (3) 


— v1 1041 12@(F-@G)4_11@))} 


Inj) = aa ; {2-4 a (1)p_1_1 21 1(3) +0 
+21 OU NCO 1(3) st ABA (Ia 1(2))_1_1() 
oy AGO 1Qv_y_1@)+0+0 
+ 2 scoplNA 12)p1 1 (3) 3 2 ae eet 1 (21 1 (3) 
= pat Oar 1G) 3 pr su IY eee 13) — 
= mn Kai 1118) =0= va i(1)p_y 1(2)$_1_1@) 
Ue a_i “Alin 16) Q= ee 1(2))_1 1(3) 
=) ae s((V a AON MS) St LI AO) 8) 
aS va Kore 1Qb1_1@) — ba i(Iya AP oh 1G) 
= $1101 1@4_1 1G) - ¥_1(Dd_1 1@d_1 1) - 0} 
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N 
ice {2p_2 ge Sao 1(3) 


2 2 2 
+2 _110))v_1 1 (2)b4_ 103) + By AE 1(2)b_1 1(3) 
22 24 24 2 2 2 2 
ae 1(1b_1_1@)v2 1(3) os v1 ONZE AOA 2 1(3) 
— wb 11(1b11(2)o_1_1@3) — $1 101)o_1 12) p_1_1Q) 
2 2 a) 2 2 2 93 2: 2 2 2 


(3) 
The normalization condition is (nj|ny) = 1, and the integral which has to be calculated 
consists of a sum of individual integrals which satisfy the elementary orthonormality 
conditions 
(hej: Dbte jo Qe 7.) Pu 52 Dus jp Debus 54 (3)) 
=S Ont! é. oh, bot! 6 eal brat! é. 


in dilaa 2 J232 EB) 3334 


(4) 


(We suppressed here the index 3 on both ¢ and j.) 
Making repeated use of this relation yields 


2 
1 = (nj|nq) = To +{4+040+040+0404040404440+4040 


+04+0+0+04+04+0+4+0+04+0+0+0+0+0+0+041+0+0+0+0+0+0 

+04+04+04+14+04+0+0+0+0+0+0+0+04+14+04+0+0+0+0+0+0+0+0 

+14+04+0+0+0+04+0+04+0+04+1+0+0+40+0+0+4+0+0+0+0+1} 

=N?.4-(44+4+4+1414+14+14+1+1) 

=N?. oN? . (5) 
Hence |NV 2 = 1, ie. N =e'?, where the phase ¢ is arbitrary, because a wave function is 


only determined up to a phase. To obtain a result similar to the initial wave function, we 
choose ¢ = 7, 1.e. N = —1. Hence the wave function becomes 


1 
Int) = ag {2044 O¥,_1Ov_1 1) 
ae ey 1(2))1_1() nee ea IRD pees 1 (3) 
=U ()y_1_1@2)v1 1(3) = PL OS) 13) 
=o (ys Meat (6) — vi OW sR A) 


~ b1_1(b_4 121 1@)— ¥_1_10t11@4_11@} 
2 2 22 22 2 2 2 2 22 


With the abbreviation d; for y_1 1 and u | for 1 _1, respectively, it is possible to rewrite 
22 


the equation. Bearing in mind that, for instance, the stands for duu = d(1)u(2)u(3), we 


obtain 


i 
2 
i 
2 


Rf fe 


1 
In) = ae {2dpuydy + 2dpdyuy + 2ujdpdy — drdyuy 


— uy dydy — dyuydy —updydy —dydpuz —dyuyay } (6) 
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EXERC(S (Sap I 


8.13 Construction of the Wave Functions of the Baryon Decuplet 


Problem. Construct the wave functions of the decuplet of baryonic resonances, starting 
from Att which we already know to be [see (8.85a)] 


Jatty = 38), ayy, aol 


it aL 1 1 
3 2 3 3 


(3)xa 10) + x1 1@)- x1 1G) (1) 


1 1 
2 2 


Solution. The wave function of the Att is given by the product of the SU(3) wave 
functions perl (in this case the functions are from the elementary triplet, thus [m] = 
[3]) and the spin functions x;,, of the quarks constituting the particle. The number in 


parentheses specifies the Hilbert space of the respective function, so for example pe, 6D) 
2 


. . . ° . . . 3 

is the wave function of particle 1 which is part of the elementary triplet having the quantum 
numbers y = 7 t3 = 5 Spin, isospin and hypercharge are additive quantum numbers, 1.e. 
for Att we have the values Y = 1, 73 = 3, f= 3. Here we consider only states with 


maximal spin projection M = 3. In general this is not necessary, we may also consider 


states with Mf = 5 = —} or M = —3. But the isospin-hypercharge part of the wave 


function is not affected by the spin-projection value, hence our choice of M = 3 only. 

Starting from the Att function, the other wave functions of the baryon decuplet 
can be constructed by successively applying the shift operators. All observed baryonic 
resonances have spin J = 3. 

We know the effect of the shift operator acting on a state in Y — T3 space (see figure 
below) and care has to be taken that it does not move the state beyond the boundaries of 
the SU(3) multiplet, in which case the result would be zero. In our case the wave.function 
denotes states of the elementary triplet (see following figure). 


desiree 


Py,ts+1 iG 


2, 1,t3+4 


The effect of the shift operators The elementary quark triplet 
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The decuplet of baryon reso- 
nances 


Hence, for example ‘esc = 0, because the state male does not exist. Similarly, 
3) 2) 32 


Nevertheless the state 
a 15 15 
Pp! | = const. wl d 

32 am) 


exists, because in the case of the 15-plet the 7’, operator acting on the state with Y = 4, 
T3 = 4 does not result in an exit from the multiplet. The operations which are possible 
within the elementary triplet are 


tp, = const. pil i ry, = const. ph ; tye) 1 = const. pe, 
oye, = const." 4 ysb0) 9 = Const. Bey 


2 


? Obed, = const. pe 1 o (2) 


3 


bs 


Before we start to construct new states of the decuplet, (see figure below) we have to 
realize that we are here concerned with many-body states, and consequently the operators 
have to be many-body operators: 


O¢ with = 4(1)4(2)¢(3) 
Therefore, 
{O(1) + O(2) + 0(3)} ¢ 
= (O(1)4(1)) 6(2)6(3) + (1) (O(2)6(2)) 43) + (1) 6(2) (6(3)4(3)) (3) 


Now we can start to construct the first new wave functions: 

As we can see in the left figure, |A+) = N-T_|A++), where N is a normalization 
factor which ensures that (At|At) = 1. Since we exclusively consider functions » 
belonging to the elementary triplet (which we assume to be normalized), we omit the 
superscript [3] in the following. Moreover we set 


pel) Samer (2) xe) = 
2 2 2 2 22 
because the spin part of the wave function remains unchanged. Next we obtain 


|A+) = Nf_|At) 


+411)(7_Qv1 1@)¥4 1) +41 D1 1@)(P-_@v1 1@)} 
=N-x-{b1_1 (1 11 18) 
va 4)%2_1 1 13) + b2 (Depa 1Qb1_1@)} (4) 


3 


The factor N is determined with the help of the normalization condition 
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1 =(At|At) 


wr wri 
x N-x: [yyy 1(2)p1 1 (3) 


+b31(Db1_12)1 1) +d. 11 OW, 12) } de 
=|N/’- / xl? {Wrl? +o t+ bei 


+ byt orl? + bdr + Sree + Vrreu + lear} Prd x2d°x3 
Now the wz are orthonormal, for example 
ler? lx? ParPordes 
= [Fx 2Ov_ sO? Par [Fs Obs OP? Hee 
3 2 3 2, 3 2 a) 74 
x 
1 


[x3 @¥2 @Olx@? Pas 
1-l= 


JlxP Bren BPxid°x9d° 23 
= [Fx_,Ov2 Dixy pO? Bar [Fy Qdz_s@lxq OM? dan 
3 2 32 272 sl yp 3 2 94 
x [%11B)b11B)x11@)|? dz3 
32) a) 7 22: 
=0-0-1=0 
With this, one obtains 


1 =|N|?-(1-1-1+0-0-1+0-1-0 
+0-0-141-1-14+1-0-0+0-1-0+1-0-0+1-1-1) 


1 
a|nPes = NSS = 


V3 
and hence, 
1 
+) = —.- al i i 1 
Ja+) =e {yp Uy Ov 1) 


+a Dv y_1 v2 1G)+ da 1¥y 1,1} 
x x11 Q)x2 12)x1 1@) 


5 16) 


(6) 


(7) 
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Now we may calculate |°**) in the same way: 
Ju*t) = N- (va) + V_(2)+ ¥_@))vx 111 12)b1 1B)x2 1x1 1@)x1 1) 
=N-{(V_G)b2 1) vz 1 v2 1B) 
+ 1 1(1) (V-Qvby 1) #2 1G) + oy 1, (Vda 1)) } x 
=N-{b_2o(D¥1 1 v1 1B) 
+1 10)b_g9(2s 1) +42 101 1@)d_g93)} +x @) 
Again N arises from the normalization condition 
1 =| P+ ([¥_2 912 1 Qh 18) 
a va 1(1)p_29(2)1 1(3) v2 1(1)p1 1 Qb_29(3)| oe | -29()¥2 1(2)p1 1 (3) 


me 1(I)p_ag2)Pr Nee UN 1 2)b_29)]x) 
={N|?-(1+0+04+04+1404+0+04+1)=3|N|? . (9) 


Thus, V= 1/\/3 and we obtain 


*-f- i oe 
Dt) = To {b_ao(Dvs 12a 12) 


+2 1 (Dd_292s 1) +11 vs 1 Q)d_29(3)} 
3.2 3 3 2 3 2 a) 3 
pO Ob ret epee) (10) 
292 2 2 2 2 
Similarly one can determine the wave functions of the particles A°, A~, =*, Q: 


Ap es) 
SN (T_(1) + T_(2)+ T_@)) : {ly 3 vy en 1 (3) 


121 = 


1 13)+¥1 11 1, @kar@x@} 
N A 
=} (LW e1_1@) 2 11 
+ (LG)¥2 10) ¥y_1@¥2 1)+ (O11) ¥1 1 @v1_1@) 
32 3.2 3 2 3 2 3 2 3 2 
+4110) (P_@v11@) 1 1@)+¥1 10) (QW1_1@) ¥2 1) 
3. 2 32 3.2 3 2 3.02 32 
+011) (LQ) 1@) #1 1) 
+¥1_1 (1 1@ (f-@)1 16) 


a 2 


+1421 @ (2Ghs 1@)) +42. D¥dy 1 (P_@ds_10)) \ x 
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Feix {0+ oy (8 y_ 1 vy 10) 
+11 (1 1@)b1_1)+1_1(D1_1 1 1G) +0 
+1 11 _1@d1_1B)+41_1 D1 12118) 
+1 1()¥1_1@2)p1_1) +0} 

=e N-x: {a2 O11 v1 18) 


+411 (Dbz 1@1_1)+ $11 @t1_12@41_1B)} 
3° 2 3 2 a 2 3° 2 


3 2 3 2 


From 1 = (A®|A°) follows 
1=4$-|N|?-(1+0+0+04+1+0+0+0+1)=4|N/? aed 


leading to 
(Ane - ‘ {¥z-10)}1_1 da 1 (3) = es 1(2)3_1@) 
toi 1(Dt1_1 211) bra i()x1 1(2)x1 13) (11) 
3 2 3 2 2} 2 oh Pa BA PA 2 2 


ee ee 
|A~) = NP_|4°) = =, { (t-vy_4@) 8 _1 23 1@) 
+ (F_p1_10)) dy 1@¥1_1) 


+ 


110) (1112) #218) +410) (LOY, 1@) v1) 
+21) (FOv1_1@)) ¥1_16)+41_1Dd1_1@ (F.@v2 1) 
p 


vile 


a 2 


112) (Ga _16)) +41 111 @ (L.@v1_1)) \ “x 


JA-) =e ex{O+0+ vs pC, yQyy_1) 


ae 


+O + b1_a(b1_12)b1_1G) +04 bi 1) _1(2)_1@) +0+0} 


a 2 


=Nx- V3-b1_1()b1_12)1_1 8) 


3h 24 
From (A~|A7) = 1 follows 1=3-|N|?, that is N = 1//3. With this, 
A 1 _10)o1_12h1_1 x2 1x1 12)x2 1(3) (12) 
F N . 
Bey Siva) = WX | (7C)s_29(D) v1 1(2)¥1 1G) 
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+ (My 10 )) 2921 1) + (2 (di 1 )) 1 12)4_29(3) 
: nee Qa 1(2)) v1 12) + d2_1) (W@¥_292) ¥21@) 
‘i ie 293) +¥_2o(Da 12) (V-@ws 0) 


+ 


1 1)) +42 11 1@) (V_@p_ 0) 


LL 
~~ 
— 
Nar 
a 
Ee 
oS 
~~ 
i) 
Nw 
(Ay 


N 
a es 2o(lP_292¥2 1) 
+P_aq(Dv1 1 2_293) +42 1)d_292d_29@)}-x (13) 


The normalization condition yields 
—«0 ee Jl P 
IE) = e+ {P_ag(Db_go2a 10) 
+ b_2g(D¥ 1 @Q_298) + Ya 1(P_292)¥_293)}x@x@x@) . 14) 


and in the same way, 
\O-) = N-V_[5") 
= %_29(Db_292)¥_293)x2 1x11 @)x11@) . (15) 


Now several possibilities exist for deriving |*°) from the previously calculated states, 
as can be seen in the Y — Ts diagram. On one hand we have 


a a (16) 
other possibilities being 
ee anda) AD 
We prove that all possibilities yield the same function (as one would expect), with 
jE) = PEt) 
a 1 
= NP} a [bg (Dg 1a 18) + Ha 1g 922 1) 


+011 Dx1 1@b_298)|x1 2x11 @x ey} (17) 


ae 
we 


= F-x-| (PO¥_agD) Yy 1 1 
+ (FG 10) ¥_ao@vy 1+ (Os 1) v1 1OY_a9@ 
+ ¥_go(1) (Z-2ybs 12) va 1) +04 1) (FOW_292) va.) 
+440) (Lvs 12) 398) +4_g9(0¥1 1 (Gv 10) 


+4 1¥_292) (7G) 1) +42 101 12) (7 @v_29)) \ 
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N 

Fae {OF va 1_ 392 12) 

+¢1_1(Iy1 1(2))_29(3) + v_29M)v1_1 21 1G) 40 

zt ae 1(1)1 _1(2)p_29(3) a v_29)y1 WE Peo) 
+d11()d_292)b1_1)+0} (18) 
The normalization condition leads to 

1 = (55%) = (lby_Dp_29 22 1) 

s ea 1 (2)p_29(3) - v_29(D)1_1(2)¥2 1(3) a" va 1(1)1_1(2)p_ 29(3) 

+ b_2o(1b1 1 )¥1_1G) +411 D¥_292¥1_1)] -x 


& 


x | [a1 (Db_ 292) 13) +91 _1 (v1 1@))_ 293) + b_29(Dh1_1@)¥1 13) 


3 2 3 
ay v1 (Ihr _1 (2))_ 293) + _29M)¥2 1(2)1 _1(3) 
2 
+01 10))_29@va_1@)] +x) AL 
=(14+04+04+0+0+0+0+1+04+0+04+0+04+0+4+14+0+0+0+0+0+0+1 
+0+0+4+04+04+0+0+14+0+0+04+0+0+0+1) 
eae 
x ar =2|N|? 
Thus N = 1/2 and therefore 
ae 
2) - Se {v2 Qb_ 2921 1) + bx_a(Ds 1(2)_29() 
F si COON 1(3) er 1(1)b3_12)P_29(3) 


3 2 


ot b_29(Dh1 1(2))3_1@) a ae 1()b_2¢2¥1_12)}xa Dx @x1@) 


On the other hand, 


\5*) = NV_|AT) = NV_ Ee {baba 12116 


Ne 


= Me -x- {0+b_ag(1a_2@¥y 18) + ¥_go(D¥2 1211) 
(1)p_292)¥2 1(3) Oe 1(1)b_29(2)2_2 3) 
(Lary 4 b_go) + Hy 1D¥,_1@¥_go)40} (19) 


1_1L 
2 
i aad 
5 8 


From this it follows that 1 = 6-|N 7/3 too, that is N = 1/./2; thus the function is the 
same as the one above. In the same way one makes sure that 


ao 


Jz") = NU_|A") = x-{ (@-Gd1_1D) x21 Qs 1) 


1211) + (O-C110)) d1_1 QD _1) 


pea) (0-2, 10) v2 1 (3) ae a) (6-21 12)) ¥1_103) 


a) 2 B 3 


3 2 


+1 _i1(Dd_a9(2)¥1 1G) + 1 1 Dd_ 2921 _1G) 
+0111 12)}_298)+ $2 1M 41_1@4_29(3)} 


which, after normalization, yields the same function. Now we calculate |X*) from 


|Z*~) =NU_|A~)=N +{ (6-411) Ds Re), 
+ d1_1(D) (O-@yh2_1@)) ¥1_1) 


a 


+440 42) (0-04) bry pq Org 4) 
=N-{b_2g(D¥2_1@¥1_10) 
° 11 (1)o_29)2)1_1 GB) 1 111 _12)b_2903)} oN 


normalization yielding 
1 
a) = Nec 
(2 |B) A 
1 


5°) = ee {d_ag(Dvx_ Qvy_1G)+¥y_p Dd_292¥1_1@) 


+ $11 (D¥1_1 @d_29)}xa 1x1 1x11) 


Calculating T_|5*°) or V_|A°) gives the same result. 


FX { goa Deby 18)+ Y_g9(Dvy 1, 3) 


+11) (O-@)1_1@) ¥1_1@) + 41_1@¥z_1@ (8-11) 
by 11 12) (0-Gta_1@) +412 @¥1_1@ (O-@1_1@) \ 


(20) 


(21) 


(22) 


Finally there is |=*~) to be calculated. The easiest way to obtain this function is by 


|S") = NO4|0-) 


=N- { (04-@b_29(1)) Y_a9@_293)+¥_ag(W) (0+ @4_29(2)) b_29(3) 


1 P_29(1b_29(2) (01.@)4_29(3)) ba i()x4 12)x2 1 (3) 


=N. {¥ -1(1)p_29(2)b_29(3) 


i. 
3 
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3 a 


+ b_29(Ib1_12)d_29(3)+$_ag(Db_a9(2va Ohad, 


On normalizing, (23) 
1 
l= = | eee == and 
(S*1E*-) = NI a 
1 
S*")=—.- 1 2 3) + 1 
57) = es {haa ao _ 298) + ¥_z9(Dva_1Q_ 393) 
0 _2q(I_aq(21_1) bx 2) xia )xr iG) (24) 
3 3 aj 9% 7 1 
Now we combine all the wave functions, using the abbreviations 
mix = Up 4 il ixii =a; 5° 29X11 =5; ; (25) 
3 Dae) 3 8 Be 3 2 o4 


and, with regard to the implicit order, i.e. udu = u(1)d(2)u(3) etc., we write 
Ae UpUzUy 


1 
(Ar) = ati +uzdyuy +uzurdy) 
i] 


|A™) = dy dy dr 
4+) — 1 a 
|x ) = qa ate uzpspUt upurst) 


1 
Sit Roy oi ete ec tote eect tet eeian® 151? 


1 
ee) = yee SP dys, + d;dys1) 


1 
\=*°) = a aba + spuzsy +utstsq) 


1 
St) = —=(sy54d4 + 57d454 + dyp54 54) 
) aaa rerst +p stst 


liom = $7S7Sq . (26) 


To construct particles with different spin projection j3, it is only necessary just to recal- 
culate the different spin part of the wave function. 
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EXERCISE SE 


8.14 Construction of the Spin-Flavour 
Wave Functions of the Baryon Octet 


Problem. Construct the wave functions of the baryon octet 
in the frame of SU(3) x SU(2) (ie. the baryonic wave 
functions as eigenfunctions of isospin, hypercharge and 


spin.) 


The baryon octet 


Solution. J. The baryon octe: cd the effect of the shift 
operators. The baryon octet in tne Y — T3 plane is known 
from Example 6.3 (see above figure) and we know the 
effect of the shift operators from Chap. 7, in particular from 
the consideration of the subalgebras of the SU(3). This is 
shown once again in the figure below. 


ue 


ve 


| The effect of the shift operators 

A shift operator applied to an arbitrary state of the 
baryon octet yields the adjacent state with respect to the 
shift direction of the operator. If it is a state of the octet, 
one obtains the wave function of the corresponding parti- 
cle. But if the shift crosses the boundaries of the octet, the 
wave function vanishes. The construction of functions of 
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the doubly occupied points of the octet (this occurs only 
at the origin of the Y — 73 plane) will be considered sep- 
arately. We know here (from our investigation concerning 
the number of states belonging to lattice points of inner 
shells, Chap. 7) that we obtain two different states if, start- 
ing from +, we apply T_ or the operator combination 
U,V_ to D+: In the first case we generate a 5° and in the 
second case a A°. Before we start to construct the wave 
functions there are still two important things to be consid- 
ered: 

II. The explicit form of the shift operators: Each baryon 
consists of three quarks; in general its wave function con- 
sists of a linear combination of products of quark wave 
functions which obey the restrictions of the possible baryon 
quantum number Y, T,, T3 (initially we will not concern 
ourselves with the spin): 


bp(r) = 
ye: (441 4,y8 0) 12 23,y2 (72) * M9 43.3 (r3)) (1) 


t 
The parentheses (...),; indicate the ith of the possible three- 
quark wave functions; q,; ys (j) is the wave function of 
the jth quark with quantum numbers #7, 12, y/ (in the 
following we frequently use the common abbreviations |u) 
for qi ds |d) for qi_1 - and |s) for Qoo-2)- In the first 
instance the Aj, are arbitrary complex numbers. 

Looking at (1) we recognize that in reality the baryon 
wave function is a many-body function. Therefore an op- 
erator (for example one of the shift operators) which acts 
in the space of the baryon wave functions is a many-body 
operator, too, and 


Op = 01 + 02 +03 : (2) 


0; are operators which act only in the space of the cor- 
responding quark wave function Qi ti yi ()).!2 This means 
3 


that 
Opyp(r) = LiOB (qi(71)¢2(r2)93(r3)) ; 


= Ay (O191(r1)) a2(r2)93(r3) 
+ 91(71) (O2q2(r2)) 93(r3) 


+ q1(71)¢a(r2) (Osaa(rs)) } 3) 


i 


‘2 See Vol. 1 of this series, Quantum Mechanics I - An Introduction 


(Springer, Berlin, Heidelberg 1989). 


{here we have abbreviated “‘t', ¢? ty Diaby “3 


Finally we have to saute the functions on which 
the operators act: 


Ill, The form of a baryon wave function with spin com- 
ponent: Neglecting spin the wave function has the form 
(1). If we include spin, at first sight it may seem that the 
function will be very complicated. As has been shown pre- 
viously (see footnote 12), the total wave function is the 
direct product of the wave function (1) and the spin wave 
function and is defined as 


pp(r) @ x(r) = di (q1(71)q2(72)93(73)) j 
® AG (x2 m3 DX mgd, mg2)) 


= DOAK (G1 @ Xa mi Da ® X1mg(2)- 93 
py 8 


® Xr mB) - (4) 


Here wp is a function in the space of eigenfunctions of 
isospin and hypercharge, y is a function in the space of 
spin eigenfunctions. 

The point which significantly simplifies the calcula- 
tion is that the SU(3) shift operators do not influence the 
spin functions. Therefore, applying one of the shift opera- 
tors to an arbitrary function belonging to the octet will not 
change the spin part. Thus one can define the spin projec- 
tion at the outset and leave it unchanged throughout the 
calculation. 

Since the quarks have spin s = 3, with the projections 
Ms = + oo the coupling of three quarks provides the total 
spin projections J; = + 3, +3 for the baryon. Yet we 
know on Example 6.3 oe all baryons of the octet have 
spin J = 3, ie. J, = +4 5 (on the other hand the decuplet 
of baryonic resonances has spin J = 3). Hence ye only 
have to consider the two cases J; = +5 and J, = —4 and, 
since the spin part of the wave perench is not chanced by 
applying the shift operators, we may restrict ourselves to 
J, = +4 from the beginning. The other case can be treated 
similarly. 

In order to construct a wave function one has first to 
calculate an initial state. Then the other states can be gen- 
erated by applying the shift operators. 


IV. The construction of the first baryonic state: We choose 
the proton function as the initial state. We know the quark 


content of the proton to be two u quarks and one d quark in 
the framework of SU(3) (or a linear combination of these 
if the function has to have specific symmetry properties). 
In the framework of SU(3) x SU(2) the quark content has 
to be a linear combination of the product wave functions 
of three of the quarks 


uf) =|u) @xaa 5 
Jul) =|u)@xaa 5 
|dt) and |dJ) 


(where two u quarks with spin are always coupled to one 
d quark with spin. Furthermore, J = J, = +3). 

To generate a wave function of this kind from three 
quarks, one has to apply the formalism of angular momen- 
tum Soh of Chap. 2. First we couple |ut) and |uT) 
to Gaye 1 = |uTuT) and then the resulting neste is 
coupled ‘with |d|) (so that it yields a J, = i ee In 
the same way |uT) and |u|) are coupled to (uuyj ~9 and 
the result is coupled to |dT). Since we have omitted the 
arguments 71, T2, 73 for the sake of greater simplicity, 
the order of the quarks corresponds to the order of argu- 
ments; thus being of crucial importance. The quark placed 
first has the quantum numbers t!,t}, y! and argument ry 
of the corresponding wave function, the second quark is 
specified by t”, t2, y? etc. Hence, 


(uw) = SS (4 fllmamnto) 
x (lu(1)) © X4mq(1) (IuCr2)) ® x2 mz) 
= (3 411} — $0) fututy + (4 $419 $0) uta) 


= Sailetul) allow) 

leading to 

pt = Cee ele! 
1 5 


) Sa(lutuldt) + |ulutdt)) 


2 1 
: \/Zlututary ~ pllutuldt) +ulutan)) 6) 


The wave function is correctly normalized but, since 
baryons have even parity (cf. Example 6.3), we must addi- 
tionally demand that the wave function is symmetric with 
respect to the exchange of the quarks. Therefore we have 
to symmetrize the function. 
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An arbitrary wave function can be symmetrized by ap- 
plying the symmetrization operator (cf. Chap. 9). The total 
symmetrizing operator for a three-body system is defined 
as the sum of all permutations of the three particles 
S193 = 14+ Prot Pig + Pox t+ PigPio+Pi2Pis , (6) 


where the P, j denote the operators which exchange the zth 
with the jth particle. Hence the total symmetrical proton 
wave function is 


pt) = +e: {2lutwtdl) ~ jwtuldt) — fulera) 


+2lututdl) — |ulutdt) — |utuldt) 
+2|dlutut) — |dtulut) — |dtutul) 
+2lutdlut) —|utdtul) — juldtut) 
+2|dlutut) —|dtutul) — |dtulut) 
+2|ufdlut) — luldtut) —|utdtul) } 


1 
pt) = eq (2letutal) + Adlwtut) + 2}ut aut) 


— |utuldt) — |dtulut) — |utdtul) 

—|ulutdty —|dtutul)—luldtut)} . 
If we choose (pT|pT) =1, N = 1/12 results by normal- 
ization [for normalization of the wave function see Sect. V 
of this exercise]. 

It is easy to prove that this wave function is totally 

symmetric with respect to the exchange of two arbitrary 
quarks. 


V. The construction of the other baryonic states. Starting 
from the wave function of the proton we construct the other 
baryonic wave functions according to Sect. I. The neutron 
wave function is hence 
3 
z n 1 
n = IN oD. =N.- = 
Int) IPT) Xu Tis 
x {2|ututd]) +2|dluTtuT) + 2|utdlut) 
— |ufuldt) — |dtuluT) — |uTdtul) 
— |ulutdt) —|dtutul) — |uldtuty} 


N A 
ice {2|(2_(u)tutdl) 


+ 2|ut(T_Q)u)tdl) + 2jututZ_@)d1) 
+ 2|(T_()d)Lutut) + 2|dL_@)u)tut) 
+2|dlut(T_@)u)T) + 2|\(T_(1)u)tdlut) 


204 


+ 2|ut(L_(2)d) Lut) + 2Jutdl(T_()u)t) 

— |@_()u)tuldty — |ut(P_@Q)u)Ldt) 

— |utul(L_(3)d)t) — |(f_()d)tulut) 

— |dt(T_(2)u)lut) — |dtul(T_@)u)t) 

— |(f_()u)tdtul) — |ut(f_@)d)tul) 

— |utdt(T_(3)u)l) — |(T_-()u)Lutdt) 

— |ul(f_(Q)u)tat) — |ulut(P_(3)a)t) 

— |\(f_)d)tutul) — |dt(P_@Q)u)tul) 

— |dtut(f_(3)u)L) — \(T_)u)Ldtut) 

— |ul(P_(@Q)d)tut) — Juldt(L_(3)u)t)} 8) 
From the structure of the elementary triplet (see figure 


below) and the effect of the shift operators we may read 
off terms like T_(2)q;: 


T_(i)|d;) = 0 


T_(é)|ui) = |d;) 


The elementary triplet 


It follows that 
Int) = re {2ldtutal) + 2Jutataly 
+2|dldtut) +2|dlutdt) +2|dtdlut) +2|utdl dp) 
— |dtuldt) — |wtdldt) — |dtdlut) — |dtuldt) 
—|dtdtul) — |utdtdl) — |dlutdt) — |ulatat) 
—|dtdtul) — |dtutdl) — |dldtut) — |uldtat)} 
(9) 


Altogether we have 


N 
Int) = a { —2ldtdtul) —2Juldtat) 


— 2|dTuldt) + |dfdluf) + |ufdldt) + |dfutd|) 
+ |d|dtut) + |ufdtd|) +|dlutdty} (10) 


and the normalization factor N is obtained from the con- 


dition 
(tint) = fdbdad?r; Brodie, 4 
TInt) = | dndnd’rid’red’rg = 1 (11) 


Since 
* t . t 
/ Tyd gl yn = ym! (ri)ai2 £2 yl? X21 ml? (r2) 


* t 
a T413 ee we a m3 (r3)a41 83 Aue Xi ym} (m1) 
X 42 ,t2,y? Xi ym2 (72)443 13 8 Xi ,m3 (r3) 


x Br, Bro Br 


3 

E ° f 

= II Fab ei gh pe POG gyi XA gmg (PD ae 
2 2 3 aa 


3 
= I] bi iy bi ae by i Ons 3 (12) 


i 
then 
1 
1 = |n{|nT) SNS asec arise 21 
Gs 2S ae Ih 


If we choose N = —1, then the neutron wave function is 
of a form similar to the proton wave function: 


I 
|nt) = Vig {2|dtdtul) +2|uldtdt) +2|dtuldt) 
— dfdjut — |utdldt) — |dTutdl) 
—|d|dtut) —|utdtdl) —|dlutdt)} . (13) 
We proceed similarly with |X +t): By replacing the opera- 


tor T_ by U_ in (8) and using the corresponding relations 
U_|d) =|s), U_|u) =0), we immediately write 


ott) = O-[pt) = 
x {2|uTuts|) +2|sluTuT) +2|ufsluT) 
—|utulst) —|sTulut) — |utstul) 
—|ulutst) — |stutul) — Julstuf)} . (14) 


We chose the normalization factor in such a way that 
O57 pee Se 


Furthermore, 
eet) = T_[ZTT) =F: {2|dtutsl) + 2lutdts!) 
+2|sldfut) + 2|slutdt) — |dtulst) — |utdlst) 


— |stdlut) — |stulat) — |dlutst) — |uldtst) 

— |stdtul) — |stutdl) +2ldts|ut) + 2|utsidt) 

—|dfstul) — |utstdl) — |dlstuTt) — |ulstdt)} 
(15) 


since 


Polo = 7 |p 0, Tes) 


a N 
JD~1) =T_[2°1) = |: {2lafatsl) + 2\dtdts1) 


+2|s|dtdt) +2|s|dtdt) —|dtdlst) — |dtdlst) 
~ |s}dldt) — |stdldt) — |dldtst) — |dlatst) 

~ |stdtdl) — |stdtd]) +2|dts|dt) + 2|dtsldt) 
— |dtstal) — |dtstdl) — |dl stat) — |dlstdt)} 


ID“1) = pqs (Alaa) +2IsLdtat) + 2I¢T stan) 
— |dtd|st) — |stdldt) — |dfstdl) — |dldtst) 
—|stdtdl) —|dlstdt)}, (16) 
with N = 1/\/2 and 
T_|u) =|d), T|s)=T_|d) =0 . 


JS-1) = OE) = Fe- (lstatal) + 2ldtotsl) 
+2lsLstat) +2|sLdtst) — [stdlst) — Idtslst) 
_ |stsldt) — |stdlst) —|stdtst) - Idlstst) 
_ |ststdl) — |stats) +2[stsLdf) + 2ldts1s1) 
_ |ststdl) —|atsts1) — [sLstdt) — Idlstst)} 


JST) = Hg (Alotstdl) +2|dL stot) +21stalst 


— |stsldt) — |dts|st) — |slatst) — |sL stat) 
—|dtstsl) —|stdtsl)} (17) 
setting N = —1 to produce formal similarity to the other 
wave functions. cael 
EM) Swe Ve aaa -{2|sTsTul) 
+ 2Julstst) +2|stulst) — |stslut) — lufslsT) 
—|slutst) — |s{stut) — |utsts1) — |stutsl) 
(18) 
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because 
Ty|u) =Ty|s) = 0, TyId) = |u) 

In order to construct | A°T), we first construct the sec- 
ond state at the centre of the Y — 73 diagram as explained 
in Sect. I: 

[At) =04V_|5*1) = 04|5°T) = § {2ldtstul) 
+2|sTdful) +2|uldtst) +2|ulstdt) 


— |dtslut) — |stdlut) — |uTdlst) — |uTsldt) 
—|dlstut) — |sldtut) —|ufdts]) — |utstdl) 
+2|dTulst) +2|stuldt) — |dlutst) — |slutdt) 
—|dfuts|)—|stutdl)} , (19) 


since 
O4\d) = Olu) =0, Os) =|d) 


This wave function is similar to that of 5°: nevertheless, 
the two functions are linearly independent. To get the phys- 
ical A° wave function we have to orthogonalize the func- 
tion (19) with respect to 2° (15). 

According to the usual orthogonalization procedure of 
Schmidt the orthogonal wave function |A°T) is given by 


[A°r) = N- ([A°t) — (24471 2°) ) 
Then 
(297 4"1) 
=~ ((5°r}d1) — (11d) (51121) ) = 
=1l 


(20) 
explicitly [because of (7)] 
(2°T|A°T) = &e{ —2-241}-6=—18 =_ 


4 
36 2 


Thus we find 
ey = - -{2|dTsful) + 2|sTdtul) 
+ 2|uldtst) +2|ulstdt) +2|dTulst) 


+2|stuldt) + 4(—|dtsTul) — |stdtul) 
—|uldtst) — |ulstdt) — |dTulst) — |stuldt)) 
—|dtslut) — |stdlut) — |utdlst) — |utsldt) 
— |dlutst) — |slutdt) + $@2|dtslut)) 


+ 1(—|stdlut)) + 4(—|utdlst)) + 3@2|utsldt)) 


+ $(—|dlutst)) + 3(2|slutdt)) — |dlstut) 
—|sldtut) —|utdts|) — |utstdl) — |dfutsl) 
— |stutdl) +43(—|dlstut)) + $@|sldtut)) 
+ 4Q2|utdts1)) + 4(—lutstdl) + $2|dtuts!)) 
+ 3(—|stutdl))} 
== - {3(ldtstul) + |statul) + fulatst) 
+|ulstdt) + |dtulst) +|stuldt)) 
— $(|dLstut) + |stdut) + lutdlst) 
+|utstdl) + |dlutst) + |stutd|))} 
and, after normalization, 
[A1) = ex {ldtstul) + lstdtul) + [ult st) 
+|ulstdf) + |dfulst) +|stuldt) 
Seley) — (spake = \ejalai) 
—|utstdl) —|dlutst) —|stutdl)} . (21) 
|A°T) is the orthogonal wave function constructed from 


|A°T), normalized to unity. It is also totally symmetric 
with respect to the exchange of two arbitrary quarks. 


8.12 The Mass Formula in SU(6) 


It is easy to generalize the Gell-Mann-Okubo mass formula in the framework of SU(6). 
To this end we assume the symmetry- breaking part of the Hamiltonian to be a scalar in 
spin space, e.g. [Hms, S? ] = 0. Thus Ams leads to a mass splitting of particles haying 
different spin within a SU(6)-multiplet. The simplest assumption is then Hms x 3 , with 
which we obtain the mass formula 


M=a+bY +c|T(P+1)- hy? 
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| +dS(S +1) 


This relation is called the Giirsey-Radicati mass formula}. It is valid for the baryon octet 

and the decuplet (for all particles of the 56-plet). Fitting the constants for the masses of 

N, A, 0, 5°* and =* we obtain 
a=1066.6MeV/c? , b=—196.1 MeV/c? 
c= 38.8MeV/c? , d= 65.3MeV/c? 


> 


With these constants the calculated masses of the other particles compare well with the 
experimental masses (see Table 8.2). 


8.13 Magnetic Moments in the Quark Model 


Up to now we have assumed that the spatial wave function of the quarks’ has orbital 
angular momentum ! = 0, i.e. they are bound in an s state. This means, however, that the 
magnetic moment of ground state hadrons should be the sum of the magnetic moments of 
the constituent quarks. Therefore we assign to each quark a magnetic moment Hg (with 
q = u,d, s) with as yet undetermined value, and make an ansatz for the operator of the 
total magnetic moment: 


=> ugQ@eQ) , (8.86) 


where $6(:) is the spin operator of the :th quark within the hadron. The measured (static) 
magnetic moment of a hadron |h) is the expectation value of the z component of y, ice. 


Uh= (AID Hg@Se@|h) (8.87) 


By definition |h) is always taken as the state of maximal spin projection. This relation can 
be directly evaluated by use of the hadron wave functions derived previously. Let us look 
at the magnetic moment of a proton described by the SU(6) wave function [see Exercise 
8.13, Eq. (7)] 


if 
Py) = Taga — upuyd, — ujusdy + permut.) 


Inserting this we get 
bp = te [4(uputdy| Do uq@ee@)lupurdy) 
a 
+ (upuydy| Yo Hq (Gz (2)|uzuy dy) + (uy urdy| Do Hq ()G2(i)|uy uy dy) 
a i 


= 3 [4(uu + wu — Ha) + (Hu — Hu + Mg) + (—pu + Hu + Ha)] 
= fh (Suu — 2g) = 3 4yuu — Ha) 
The magnetic moment of the neutron follows in a similar manner (interchange u and d), 
with 
Ln = + (444 an fu) 
13 P. Gursey, L.A. Radicati: Phys. Rev. Lett. 13, 173 (1964). 
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Table 8.2. Comparison of masses 
calculated by the Giirsey-Radicati 
mass formula with their exper- 
imental values 


Name Calcul. Exper. 


mass mass 
[MeV/c?] [MeV/c?] 


{y 


1331 1318 


A 1251.2 1232 


2Q- 1664.9 1672.4 


From these results zy and jg may be determined by comparison with the experimental 
values of jp and jin. We can derive an independent relation if we assume that the magnetic 
moments of quarks are proportional to their charge [see (8.13)] and if we neglect mass 
differences, i.e. 


—1/3 1 
Hd = SR ts =— Zhu 


We thus get the prediction that 


(Z=) _4ta-tu _ 2 
Ep / theor. Apu eral 3 


while (un/p)exp = —0.685. The agreement is obviously quite good in view of the sim- 
plicity of the assumption and is one of the main successes of the nonrelativistic additive 
quark model. 

Conversely, we can calculate the magnetic moments of quarks from the experimental 
values; namely 


fy = $n t+ 4p) = 1.8520, 
Ma = 5(up+4yn) = 0.9720, 


Hs =HA=—0.613p0 , 
eh 
Nic 
where M is the quark mass. The last value was obtained by use of the wave function of 
the A° baryon. With these values predictions can be made for the other baryons which 
have a sufficiently long lifetime. In Table 8.3 the results are compared to the available 


experimental data. 


(8.88a) 


Table 8.3. Comparison of predicted and measured values of the magnetic moments of some baryons 


Baryon pp Prediction [40] Experiment [0] 
ae Su — F hs 2.67 2.379 + 0.020 
a (Hu +Ha)— ZHs 0.76 - 

Sa 4 ua — $Hs = oe —1.14 £0.05 
ey 4 pts — dyn —1.44 —1.250+0.014 
7 $s — F Ha —0.49 —0.69 +0.04 


Obviously the agreement is satisfactory. The remaining deviations may probably 
be attributed to admixtures of a d wave contribution to the orbital angular momentum. 
Furthermore, if we assume that quarks are elementary fermions having a g-factor of 2, the 
relation 


Lg = 2Mye (8.88b) 
should hold for their magnetic moment. From this the “masses” of the quarks follow as 
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Mu =338MeV , Mg=322MeV , M,=510MeV . (8.89) 


These masses are surprisingly small, pale) since even in the largest accelerators 
no particles with masses below 10GeV/c? that could be interpreted as quarks have been 
found. In fact, particles with fractional charges (¥, 2) have never been found. It has 
therefore become a major theoretical problem to explain why quarks exist only inside 
hadrons, the so-called problem of quark confinement. However, it is quite possible that 
sooner or later free quarks may be found and their mass could well be much larger than 
100 GeV/c?, a region not yet accessible to today’s accelerators. Such a large mass for free 
quarks is not a contradiction of our statement that Mg *® 330 MeV/c’, since quarks inside 
hadrons are bound particles and therefore their mass is reduced by the binding energy. 
(More precisely, one should call the values Mg energy eigenvalues Eg, not masses.) The 
reader will note that the quark masses (8.89) roughly add up to the masses of hadrons 
according to their quark content. This fact, which represents a further success of the 
nonrelativistic quark model, can be utilized to derive mass formulae for hadrons which 
are not based on the flavour SU(3) symmetry group. Eq is commonly called the “mass of 
the valence quark”. 


8.14 Excited Meson and Baryon States 


We have seen that in the framework of SU(6) based on the quark triplet with spin, the 
O~ and 1~ mesons can be explained as members of a singlet and a [35] representation, 
because these representations can be decomposed into the SU(3) representations [1] (spin 
0), [8] (spin 0), [1] (spin 1) and [8] (spin 1). Similarly for the baryons, the [56]-plet 
decomposes into an octet and a decuplet. 

In the following we want to concern ourselves with the excited mesonic and baryonic 
states. There are two ways to do this: 


a) one imagines the excited states to consist of more than 2 or 3 quarks (for example 
qqqq for mesons or qgqqq¢q for baryons), so-called “exotic” quark states, or 

b) one keeps the structure of gq and qqq and interpretes the excited states as states 
with an orbital angular momentum | #0. 


To begin with, we want to examine the first possibility. 


8.14.1 Combinations of More than Three Quarks 


If we adhere to the concept that quarks are bound in s states (/ = 0), the combination gqgqq 
allows for the construction of mesons with positive parity (0- @0- +0+;0- @17 - 17; 
1- @ 1— 0+, 1+, 2+). If each gq is an SU(6) representation, we obtain the following 
possible combinations: 


(6] @ 6} =[1] © 35] . PJ @l=f) . f) e@ B5)=B5) , 


[35] @ [35] = [1] @ [35] @ [35’] @ [189] © [280] & [280] @ [405] 


Again one can decompose these SU(6) multiplets with respect to their SU(3) content. We 
obtain multiplets of different spin (all of positive parity) which are shown in Table 8.4). 
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Table 8.4. Decomposition of SU(6) multiplets 


SU(6) multiplets decompose into 


[189] 


SU(3) - - : 
multiplets| [10] -— — ag: 20 on iar 
[Siero etait Ogee laure 0 ot eae Or 
ot 4+ 2+, ot it on OE 


Besides the 2+ nonet (Ag, f, f’; K, cf. Example 8.10), out of this multitude of 
states only a few states of the 0* nonet (e.g. the o-meson cf. Example 8.8) are known. 
There is no (or only very weak) experimental evidence for all the other states. 

Now let us consider the baryon combination gqqqq. If we assume that pairs are 
always bound in s states (J = 0), all possible states have negative parity co @07 > 43 
s @ 17 33, $3 — @ 07 a3; ae @ 1- 33°, 3°, 5). In these cases we 
couple a (qqq) [56] -plet to a (qq) [35] -plet: 


[35] @ [56] = [56] @ [70] @ [700] @ [1134] 


These SU(6) multiplets have the SU(3) decompositions with negative parity and spin 
between ; and 3 that are shown in Table 8.5. 


Table 8.5. Decomposition of SU(6) multiplets into SU(3) multiplets with negative parity 


[1134] 


This decomposition yields far too many states, most of which have not been exper- 
imentally verified. Since this is the case for the mesons too, we have to conclude that 
this model is not suitable for a description of the physical situation and we turn to the 
alternative, (b). 
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8.15 Excited States with Orbital Angular Momentum 


We first look at excited states of mesons; therefore we start with the assumption that the 
qq system in the ground state (J = 0) produces just the 0~ and the 1~ meson nonets. We 
interpret mesons of greater mass as rotationally excited states (J>0), in analogy to the 
excited states of a quantized rotator. From the singlet states of SU(6) (e.g. n’) with 1=0 
we then obtain a multiplet of total angular momentum j = / (s = 0) with 2/+1 states. In 
contrast the [35] -plet (= [8], ® [8]; © [1]3, where the index denotes the spin multiplicity 
2s + 1) allows the following combinations: 


[8], +8 x (21+1) states with j =] 


[8], ~-3 x 8 x (2/+1) 
= 24(21+1) states in the three groups having j =/+1, 1,/—1 


[1], +3 x (21+ 1) states, as well for 7 =2+1,1,1-—1 


Thus altogether we have 35(2/ + 1) states of parity P = —(—1)!. These multiplets are 
called “supermultiplets”; they are labelled by the quantum numbers Y,T,J,1,s. The 
(J = 0) supermultiplet yields precisely the two meson nonets of odd parity. It turns out 
that all excited meson states of even parity can be classified in the (J = 1) supermultiplet. 
Furthermore, even the mass splitting and its fine structure can be very well reproduced by 
a spin-spin and a spin-orbit interaction. 

For the baryons we stated that the ggqgqq model produces too many states. Furthermore 
all of these states have negative parity, whereas states of positive parity are observed too. 
Hence we will try the ggq model with internal angular momentum. Therefore we assume an 
attractive central force acting between quark pairs, for which the ground state is completely 
symmetric (having / = 0). It belongs to the [56]* multiplet (positive parity) that has the 
SU(3) decomposition [8], © [10], (the index means 2s + 1). Of course the sequence of 
the excited states of a quark triplet depends on the particular quark-quark interaction, and 
to illustrate this we adopt a simple model: We place the 
quarks in a harmonic oscillator, solve the Schrédinger 


equation and classify the states in terms of SU(6) [70}* (2) 
multiplets. The obtained energy level scheme is shown in 
Fig. 8.13. 

The ground state-is the [56]* multiplet with J = 0, ae 


and so the first excited state is the 7 = 1 state with negative 
parity that belongs to the [70] representation of SU(6). The 
SU(3) decomposition of the [70]-plet is 


[70] = [1]o ® [8]o © [10], & [8]4_ 


and this means that we expect the following SU(3) 
multiplets with negative parity that are connected to the 
first excited qqq State: 


[56]",(70]" 20)" 


1 (three octets) and 
2 72 


203 1 (two singlets, two octets and two decuplets) 
2°2 


Fig. 8.13. Energy levels of quarks 
in a harmonic oscillator poten- 
tial classified in terms of SU(6) 
multiplets 


(70]*(3) [20}*. [56}* _[56]* 
[20}*, [56]*(2) — [70]*(2)_—[70}*(2) 
[70] [70]- 
[20], [56]~ 
[56]”, (70]* 


Experiments show that there is at least one (in most cases several) verified state for each of 
these nine multiplets, and moreover they have found up to now exclusively supermultiplets 
of the kind [56]+ (with even /) and [70]~ (with odd /). This fact can only be explained 
by the use of the quark’s internal quantum number “colour”. 

The generalized mass formula which has been derived in the framework of this (/ = 1) 
supermultiplet model is very successful for the N’.A, A’, 5*, =* and 2* resonances. The 
fine-structure can also be well explained in the framework of a spin-orbit interaction’*. 
These and other experimentally verified predictions have led to the present conviction that 
the SU(6) quark model [SU(3) with spin] is the correct scheme to classify consistently 
mesons and baryons as well as their resonances. 


14 BT. Feld: Models for Elementary Particles (Blaisdell, London 1969) p. 333. 
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9. Representations of the Permutation Group 
and Young Tableaux 


9.1 The Permutation Group and Identical Particles 


Up to now we have studied the unitary groups SU(N), especially those with N = 2, 3, 4 
and 6 dimensions. Now we want to discuss some properties of the permutation group Sy, 
which is also called the symmetric group. The group Sj, is important if we have to deal 
with several identical particles. In this section we will aquaint ourselves with the concept 
of Young diagrams, which in turn is useful for the construction of the basis functions of 
the unitary irreducible representations of SU(V). 

The transpositions are those permutations which exchange two quantities (objects) 
with each other. For example, starting with N objects On (n= 1, 2, ..., N) in the order 
O1, O2, O3,..., On a transposition of O3 and O, will yield the objects in the order 
O3, Og, O1,..., On. They are of special importance, because an arbitrary permutation 
can always be represented as a product of transpositions. Let us imagine a number of boxes 
which contain certain objects, and which are labelled 1, 2,..., N. Then the exchange 
operator P; ;describes transpositions which exchange the objects in the boxes 7 and j. It 
is easily seen that 


A 2 By2 
P;; = Pji Je (9.1) 
A permutation is called even or odd depending on whether it can be produced by an 


even or an odd number of transpositions, respectively. For example, the above mentioned 
ordering of the objects 


(O3, Oo, O1, O4, ..., ON) = Py3(O1, O2, O03, Oa, .... Ow) (9.2) 
is odd while the permutation 

(O4, O2, 01, 03, Os, -.., On) = Pig P13(O1, Oo, 03, O4, .... On) (9.3) 
is even. 


In the following we define the permutations mathematically, especially in view of 
applications in quantum mechanics. For this purpose we imagine non-identical objects 
which are placed in the individual identical boxes; then we denote a permutation by 


23 ey (9.4) 
by, bo, bs, et ay bn ‘ 


meaning that the object which initially was in the first box has now been moved into box 
b;, the one in the second box is transferred to bg, etc. If we have N identical particles 
labelled by 1, 2,..., N and each of them is in a certain distinct quantum mechanical 
state, the identical particles correspond to the identical boxes and the non-identical states 
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correspond to the non-identical objects. At first, this seems somewhat puzzling since the 
objects are inside the boxes, whereas the particles (which correspond to the boxes) occupy 
specific states (which correspond to the objects). However, eventually we get used to this 
confusing game! 

There are several different ways to express the distribution of objects into boxes or 
that of particles into states. Let a, 3,y,6 be four nonidentical objects or four nonidentical 
one-particle states (wavefunctions). Then 


a(1) 8 (2)7(3)6(4) (9.5) 


means that object a is situated in box 1, object 8 in box 2, object y in box 3, and object 6 in 
box 4. With our physical interpretation, expression (9.5) also means that particle 1 is in state 
(wavefunction) a, particle 2 is in state 3, particle 3 is in state y, and particle 4 in state 6. In 
the following we will always use the latter - quantum mechanical — interpretation of (9.5). 
If we apply the permutation Gee) to the four-particle wavefunction a(1)6(2)7(3)6(4), 
we get the four-particle wavefunction a(2)6(3)7(4)6(1). We write this as 


(23.41 ) ADB )8) = 42) B3)9(A)5) (9.6) 


This notation can further be simplified if we agree to the procedure that the state of particle 
1 is always noted first, followed by the state of particle 2 and finally by the state of particle 
3. Using this notation (9.4) simply reads: 


1234 
eee a aBy6=éapy . (9.7) 
We also remark that the permutation (5334 
transpositions, namely 


eee 244 1234 1234 
PiPisti2 = oan ea.) ee) 
(1234 ei! 1234 
~\4231 234s) eae tsa 
my 234 1234\ (1234 

Mee) ga toy ea) 


Here we have to take care that we must always start with the right-most permutation. For 


example, the product (Ga) Carey, appearing in the first step means that 1 is changed 
into 2, followed by 2 changing to 2; 2 is changed into 1, followed by 1 changing to 3; 3 
changing to 3, followed by 3 changing to 1; and 4 changing to 4, followed by 4 changing 


to 4. Hence 

1234 1234\ (1234 

32 14 DMs) 62 34 ‘ sae 
which explains the last but one step in (9.8), etc. Sometimes the state is simply written as 
(1, 2, 3, 4) instead of a(1)G(2)-(3)5(4). This is more general in so far as wee) 


need not necessarily be a product of one-particle states (a6). In this notation the cor- 
respondence to 7)(2, 3, 4, 1) is: 


(2, 3,4.1)  a(2)6G)7(4)5(1) or baby . (9.10) 


) can be represented by a product of three 
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As an example let us consider for simplicity states of 2 and 3 identical particles. We start 
with the permutation group S» and choose a two-particle state ~(1, 2). The numbers 1 and 
2 comprise all coordinates (position, spin, isospin) of the particles 1 and 2 respectively, i.e. 
1} 21, Y1, 21, $1, 7132 29, yo, 22, 82, T2. In order to examine the symmetry under 
exchange of particles, we note that in general 2)(1, 2) does not have a peculiar symmetry 
of this kind. But we can always build a symmetric (7) and an antisymmetric (7,) state 
out of (1, 2), namely 


%.=90,2)+92,1) , Ya=¥0,2)-¥2,) . (9.11) 
Here 
(2, 1) = Pyap(1, 2) (9.12) 


denotes that two-particle wave function which is obtained from y(1, 2) by exchanging 
the coordinates 1 with the coordinates 2. Both, ~; as well as wa, are eigenstates of the 
permutation operator Pr. This is evident and it means that 7, as well as 7,, each one 
individually, represent a non-degenerate multiplet, i.e. a singlet of the permutation group 
S». We also say: Both #, and w, are separately basis functions of a one-dimensional 
representation (multiplet) of the permutation group. 

Now, the two-particle states 7, and ~, can be graphically represented in the following 
way: 


vs=[_[ ] .- va=H (9.13) 


Here each particle is associated with a box; two boxes in one row describe a symmetric 
state; two boxes in one column describe an antisymmetric state. These representations of 
the symmetry of states are called Young diagrams or Young tableaux}. Obviously there is 
only one box for one-particle states, so there is only one Young diagram for one-particle 
states. This is rather obvious. The situation is more interesting for three particle states, 
since in this case there are three Young diagrams: 


vs =[ | [ ] (fully symmetric state) 


(fully antisymmetric state) , 


CUS == (mixed symmetric state) . (9.14) 


The first two schemes and their interpretations are clear. The last diagram represents all 
states which are symmetric against exchange of two particles but antisymmetric with 
respect to the exchange of one of these (symmetrized) particles and the third particle. We 
can state this more precisely if we introduce the identity operator Z, the symmetrization 
operator (symmetrizer) Si and the antisymmetrization operator (antisymmetrizer) A;;. 
Then 


Ya 


§,,4ij =I+ Pj — Pj — PZ =T-T=0 : (9.15) 


2 In the literature one sometimes distinguishes between Young diagrams and Young tableaux: 
the nomenclature says that a tableau is a diagram containing a positive number in each box. 
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If we start with the state (1, 2, 3), clearly the states of mixed symmetry vm (m = 
1, 2, 3, 4) read as 


$1 = Ai3Si20(1, 2,3), yo= Ao3$12¥(1, 2, 3) 
3 = Ao3S130(1, 2,3), 4 = Ar2Sis¥(1, 2,3) . (9.16) 


As an example we denote y explicitly, i.e. 


vr = Ars[W(1, 2, 3) + 02, 1, 3)] 
= [v1 2, 3)+¥@, 1, 3)) —[¥G, 2, 1) + $@, 3, D] 
= vd, 2, 3) 12 v2, 1, 2) = bG, 2, 1) a ~(2, 2 1) : (9.17) 


These four states (9.16) of mixed symmetry, together with the fully symmetric state and 
the fully antisymmetric state, form six linearly independent combinations of the six per- 
mutations of 7)(1, 2, 3) including the identity. However, two additional states may be con- 
structed by use of the symmetrizer $3. It is easy to check by explicit calculation, similar 
to that in (9.17), that these two additional states A,5$3x(1, 2, 3) and A,3So3W(1, 2, 3) 
are linearly dependent on the states (9.16). Hence we can forget them. One can also 
interpret the mixed symmetric Young diagram 


=" 619 


as a representation of the states 
On = Si Any, 2a (9.19) 


which are constructed in such a way that the antisymmetrization is done first, followed 
by a symmetrization. The states obtained, however, are linearly dependent on the ones 
of (9.16). One should note that if a state is first symmetrized in 2 and 7 and thereafter 
antisymmetrized in 7 and k, then in general the symmetry concerning the exchange of 
2 and j is lost?. One says: The symmetrizer (or antisymmetrizer) which is applied last 
controls the result. 

Let us summarize the six possible states which can be constructed by application of 
the permutation operators on (1, 2, 3). They are 


ts = S123 01, 2, 3) 


= (T+ Pio + Py3 + Pos + Pro Py3 + Pi3P2]W(1, 2, 3) = Se (9.20a) 
ba = Aros, 2, 3) 
= Ai2A13A23 (1, 2, 3) 
=[Z — Pio — Pys — Pog + ProPi3 + Py3 Pio] WU, 2, 3) = (9.20b) 
and 
bn = An Si; PCL, 2, 3) = KH (9.20c) 


? The symmetry is only conserved in the case of three-particle configurations (see below). 
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The four states (9.20c) are denoted in (9.16). In the final step of (9.20a) and (9.20b) we 
made use of the identities 


Pio P\3Po3 = P13, Py3Po3 = ProPis , Py3 Py = Pio Po3 (728) 


and kept identical terms only once. These six states form the basis of irreducible repre- 
sentations of the permutation group S3. Here all those states with well-defined symmetry 
properties are called basis functions. As there is just one fully symmetric and one fully an- 
tisymmetric state, the remaining four basis functions (9.19) have to be mixed-symmetric. 
One could imagine that these four states yield a four-dimensional irreducible representation 
of the permutation group S3. This is incorrect, however; instead the four mixed-symmetric 
states are linear combinations of two two-dimensional irreducible representations. We will 
derive the dimension of the irreducible unitary representations of the permutation group 
Syn more clearly in the following section. 


9.2 The Standard Form of Young Diagrams 


One can easily convince oneself that in general both the totally symmetric state and the 
totally antisymmetric state form the basis function of a one-dimensional irreducible unitary 
representation of S,7. Namely, if one permutes the fully symmetric state w,(1, 2, ..., NV) 
by applying any permutation operator Pi; to wz,, the state ~, is transformed into itself. 
Application of group operators Pi; does not lead out of ws. Thus 7, is an invariant 
subspace. A similar statement holds for the fully antisymmetric state 7,(1, 2, ..., 7). 
All non-equivalent mixed-symmetric states, however, decompose into multi-dimensional 
irreducible representations of S;y. As we shall see, the dimensions of these representations 
can be obtained by use of the Young diagrams. This is a very powerful technique. To 
understand it we have first to explain the so-called standard arrangement or Standard 
form of the Young diagrams. 

Consider a Young tableau with various rows. Let g; denote the number of boxes in 
the jth row. We now agree to the convention that q; > q;41 should hold, which can always 
be achieved by rearranging the rows. In other words, the columns of a Young diagram 
should be arranged so that the number of boxes decreases with increasing row number. 
The total number of boxes gives the number of particles whose wave functions have a 
certain permutation symmetry expressed in the diagram. For example, a typical Young 
diagram is of the form 


(9.22) 


Here gi = 8, g2 = 5, q3 = 2, 94 = 2, g5 = 0. The symmetry of the 17-particle wave 
function represented by this Young diagram corresponds to permutations where the rows 
are symmetrized first and the columns are antisymmetrized afterwards, or vice versa. 
In particular scheme (9.22) describes all possible states of 17 particles that possess the 
symmetry expressed by the diagram. 

It is often suitable to characterize the diagram not by the q;’s, but by the integer 
numbers p;, 


Zales 


=a {aw (9.23) 


given by the differences of succeeding q;’s. In (9.22) this is 
pi=3 , pe=3 , p3=0 , pa =2 


We recognize that p; is the number of columns with one box, pz the number of columns 
with 2 boxes, p3 the number of columns with three boxes, and pq the number of columns 
with four boxes. Hence (9.22) can be described either by 


gS (q1, q2> 93> q4) = e oF ae 2) (9.24) 
or by 
p=(p1, pa, p3, pa) = 3, 3, 0,2) . (9.25) 


From now on we shall choose the p characterization of Young diagrams. 

The standard form of a Young diagram is defined in the way that the boxes are 
labelled by positive integers obeying the rules that the numbers in one row of the diagram 
(read from left to right) do not decrease and those in one column (read from top to bottom) 
increase steadily. Each number represents a possible state of a single particle (one-particle 
state). If m states are available to a single particle, these states are ordered in some way 
and labelled by numbers between 1 and n. Thus the number j; in a box has to be between 
lean 7 bes 


I<hem (9.26) 


We explain this by using the standard form of a three-particle Young diagram having four 
allowed one-particle states: the symmetric diagram is given by [ | | ] and the standard 
forms are 


Sie 
Se 
ASS 

Eis 

SiS 

jo} [| 
isis 
tlt = 
Sas 
Sie\e 
PS] fe] 
ESIESIES 


ty] 
ke 
[| 
Sis 
Bis 
Bis 


| 
| 
[8 
>] 
| 
[SI 


| 9.27) 


The antisymmetric diagram is given by F and posesses the following standard forms: 


Be! El - (9.28) 


Immediately one notices that a number (e.g. 2 or 3 or 4) can occur several times in 
one row, but not in a single column: all numbers in a column have to be different from 
each other. This means nothing more than that two particles can be symmetrized in the 
same state (there is a symmetrized two-particle state with the same one-particle function), 
but that two particles can never be antisymmetrized in the same one-particle state (these 
two-particle states are identically zero). 

As another example we list the symmetric and antisymmetric standard arrangements 
for a two-particle Young tableau with three allowed single-particle states: 
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a) Symmetric arrangements: 


Ut) G2) GB) 22) 2B) BB). 
(23) 


b) antisymmetric arrangements: 


9.30 
HY By. (9.30) 


9.3 Standard Form and Dimension of Irreducible Representations 
of the Permutation Group Sy 


The dimensions of irreducible representations of the symmetric group S, can be deter- 
mined by use of the standard forms (arrangements). For this purpose all Young diagrams 
with N boxes have to be considered; each distinct diagram represents another permuta- 
tion symmetry and thus another representation of the permutation group. The dimension 
of a representation is obtained by counting the standard arrangements for N available 
one-particle states. Here, each particle should be in a different state. 

We explain this in the following example for three identical particles in different 
single-particle states: The standard arrangements of the Young tableaux read 


, 931) 


Obviously there is only one possibility for a standard arrangement of the diagram [_] | ] 
with different one-particle states (1,2, 3). The same holds for the diagram |_|. This means 


that there is only one symmetric and one antisymmetric combination of three particles, 
which is rather plausible. It is also obvious that this statement holds for any number of 
particles. The non-standard arrangements correspond to the same states as the standard ar- 
rangements do after a corresponding symmetrization. Therefore, they must not be counted. 
We illustrate this with the non-standard arrangement |[1]3[2], which yields the same total 
state as the standard arrangement [1[2]3], because we symmetrize with respect to all 
three particles. 

As noted above there is only one symmetric and one antisymmetric standard arrange- 
ment. Each of these two arrangements represents a basis vector (the totally symmetric and 
the totally antisymmetric wavefunction, respectively) of a one-dimensional, irreducible 
unitary representation of S3. Each of these representations is a non-degenerate multiplet, 
namely a singlet. Indeed, the generators of the permutation group, i.e. the operators P;; 
of (9.1), reproduce the symmetric and antisymmetric state (many particle wavefunction) 
if applied to the symmetric or antisymmetric state, respectively. Since all members of a 
multiplet can be reached if the operators of the group are applied to any one state of the 
multiplet [see Chap. 3, (3.25)], the multiplet contains only a single member in these cases, 
and one deals therefore with singlet representations. 
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3 See, eg., W.K. Tung: 
Group Theory in Physics (World 
Scientific, Singapore 1985), 
Chap. 5. 


Consider now the mixed-symmetric Young diagram 


| , (9.32) 


for which there are two standard forms (arrangements), namely the tableaux 


ns (9.33) 


The two wavefunctions represented by these tableaux cannot be transformed into each other 
by permutations of the group S3. Hence they must constitute basis vectors of two different 
irreducible representations of S3 which are not singlets. Up to now we have considered 
four basis functions, namely those corresponding to the tableaux (9.31). However, we 
know that in total we obtain 3! = 6 basis functions from (1, 2, 3) by permutation. Where 
have the other two basis functions gone? The remaining two functions combine with the 
two functions (9.33) to form two doublets of S3 which are represented by the same scheme 
(9.32). The associated basis functions are given by the nonstandard tableaux 


and (9.34) 


They are different from the functions (9.33), e.g. is antisymmetric against exchange 


of 2 and 3, which none of the functions (9.33) are. As we will show in the following 
Exercise, 9.1, application of the group operators 


Pi; = {Pyo, Py3, Pos} (9.35) 


transform the states (9.33) and (9.34) into each other; therefore they constitute two in- 
variant subspaces, i.e. two multiplets (namely doublets). In general it can be shown that 
if an irreducible representation of Sj, is N dimensional, then there are exactly N such 
representations.? 

In general a Young diagram with N boxes represents the basis functions of an ir- 
reducible representation of Sj. The basis functions are also often called basis tensors - 
(instead of basis vectors), because they depend on N indices. 


SE ae Ee Se ee 


9.1 Basis Functions of 83 


Problem. Determine the basis functions of the permutation 


Normalizing ws we get 


bs = UV6(ahy + Bay+ yBa 


group S3 in terms of the single-particle wave functions yO 4 ad 4 25a) ae (3) 

a(2)G)y(k) Similarly for the antisymmetric wavefunction: 

Solution. According to the previous results the total sym- 

metric wavefunction is given by ta =[2|= Ajogahy (4) 
a~ ay ? 

bs =(1 213] = Si230 fy (1) 

The total symmetry operator is the following combination wilde 

of transpositions P;; [see (9.20a)]: Aaa Pio Pee P13 Pio + Pio Pas (5) 

Sio3 = + Pio + Piz + Po + Pi3Pio+ PioPiz . (2) _ is the total antisymmetrizer [see (9.20b)]. Therefore we 
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find the normalized w, to be 


pa = 1/V6(a By — Bay — yBa 
—ayB+yah+ Bya) . (6) 


However, the basis functions of the representations with 
mixed symmetry are not unambiguously determined, but 
it is possible to derive alternative basis functions with the 
help of unitary transformations. It is already known to us 
that the S3 contains two doublets with mixed symmetry. 
To obtain suitable basis functions, we start by constructing 
four wavefunctions with mixed symmetry with the a of 
the symmetrizers Sij and the antisymmetrizers Ai; 


v= = Ai3Si2a8y 


=aBy+ Bay—yBa-—yaB , (7a) 
pe By = Ao3Si2aBy 

Souyeay— ays — Bya”, (7b) 
v3 af = Ay2S13087 

=afpy+ Ba —Bay—Bya , (7c) 
4 =} = Ao3$130 87 

=Op yt yea a7) — yap (7d) 


These four wavefunctions represent both mixed doublets, 
yet they are not orthogonal. To get an orthogonalized ba- 
sis we form a linear combination of 7, and we that is 
orthogonal to #1. Therefore we set 


oh = peta , (8) 
with the condition 
0 = (d1|b9) 


= (apy + Bay — yBa — yoB| 
|(1 + a)(aBby + Bay) — ayB 
— Pya — a(yBoa + yaf)) 
=2(1l+a)+2a=0 . (9) 
Here we used the orthonormality of the single particle 
states a, 8 and , which has the effect that nonidenti- 


cal product wavefunctions are always orthogonal. With the 
help of (9) we find a= SWZ) ke. 


by = 2-301 
= $(aBy + Bayt yBatyaB)—ayfh—Bya . (10) 


By applying the six permutations of S3 to #1 and 4, ex- 
plicitly, we can express the result as linear combinations 
of ) and w. Thus the two normalized vectors 


it 


] 
sv1 > a (11) 


are an orthonormal basis of a two-dimensional irreducible 
representation of S3, i.e. they form a doublet. 

We proceed to construct a basis function from 3, #1 
and 5, required to be orthogonal to 7, and y,. Repeating 
the Schmidt orthogonalization process we find 


by =¥3+ 401-54 
= aBy — Bay 
+ 4(yBa +a7f —yaB —Bya) . (12) 


Finally, the fourth orthogonal function is given by the lin- 
ear combination 


by = ba — C1 + 2p) + 243) 
= 3 (Bya +7Ba-—ayB—yaB) . (13) 


Here S3 transforms the functions 7) and 74 into linear 

combinations of these same functions again. Hence we ob- 

tain the functions 
1 / Dad 

aes » 34 (14) 


as an orthonormalized basis of a second doublet. 


ERS ei tn eee 


9.2 Irreducible Representations of S4 


Problem. Discuss the irreducible representations of the 
permutation group S4. 


Solution. The irreducible representations of S4 are given 
by the Young diagrams 


com FAA EP ) 


and the associated standard arrangements read: 
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| 


ee 142 
oe 


a) b) c) 


| 


(2) 


© esi] IS] EE 
SJ 


ia’) 
ar 


The diagrams 


COT and 


characterize the basis vectors of two one-dimensional rep- 
resentations. Namely, each one of the group operators P; j= 
{Pi2, Piz, P14, P23, P24, P34} transforms every one of 
these vectors into itself. On the other hand the Young di- 
agrams 


FFA we EP 9 


each represent three three-dimensional repesentations. To 
clarify this we consider the left diagram and its standard 
arrangements that are found in the second column of (2). 

The wavefunction represented by the first tableau in 
(2b) is given by 
b1 = AjsS12308-y6 

= [a(1)B(2)7(3) + a(1)B(3)y(2) 

+ a(2)B(1)7(3) + a(2)83)y) 

+ a(3) BC) y(2) + a(3)B(2) 71) 6(4) 

— [a(4)A(2)7(3) + a(4)8(3)-y(2) 

+ a(2)B(A)7(3) + a(2)B(3)y(4) 

+ a(3)B(4)y(2) + a(3)B(2)7(4)] 601) 


=aBy6 + ayBb + Bayéd + yaBé 
+ Byaéh + yBaé — 6Bya — bdyBa 
— dayB — baby —ébyaB-—éBay . (4a) 


Similarly, the other two tableaux in (2b) yield 
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wo = A13A12408-76 


=aByé+abyB + Bayé + dayB 
+ Bdyat dBya — yBad — yéaB 
— yaBé — yadB — yéBa —yBéda and (4b) 
b3 = A12A1340876 
= aPpyi+ aBdy + yBaé + 6Bay 
+ yB6a+ 6Bya — Bayd — aBdy 
— Byaéb — Bbay — Bya— Bbya . (4c) 


These three wavefunctions serve as generating basis vec- 
tors for the three equivalent three-dimensional representa- 
tions of the gorup S4, which are denoted by the second 
Young diagram in (1). The complete representations are 
obtained by operating on 71, w2, and w3 with all 24 oper- 
ators of the group S4. Since the representations are three- 
dimensional, only three of each 24 wavefunctions obtained 
in this way are linearly independent. One can take, e.g., 
the permutations of two numbers in the top row. For the 
first representation one has the three possible choices 


Pyov, Pigy1, and Po3%)1 


The last of these is identical to ~ 1, because the symmetry 
in 2 and 3 is not destroyed by antisymmetrization between 
1 and 4. Therefore only two choices remain; so that for 
the first representation one can take the wavefunctions 


bi Prodi, Pishi . (Sa) 
For the other two representations one may take similarly: 
bo, Prove, Prato , and (Sb) 
3, Pishs, Pras (Sc) 


These wavefunctions can be represented by non-standard 
Young tableaux. By explicitly writing out the permutations 
one easily checks that 


Pyot = P12 A4$1230876 = AosSi230876 , (6) 


or in diagrammatic notation:4 


4 Note that this rule of exchanging numbers in the tableau 


does not hold for numbers in different rows and columns, e.g. 


Pas AY? = Pos (Ars5:2087) 
A 5 = ! 
F Ai2Si30By ! 


Ap d 


Similarly, one finds: 


Ay _ 


The three three-dimensional representatikons (Sa—c) can 
therefore be denoted by the Young tableaux with “shifted 
lower box”: 


(7a) 
(7b) 
(10) 
| 


Of course, these wavefunctions are not yet orthogonal, but 
they can be orthogonalized as demonstrated in Problem 9.1 
for the case of the group S3. 

Now let us discuss the two square tableaux (2c). The 
wavefunction represented by the first tableau reads explic- 
itly: 


UBS yee 
= Ao4A13534S5120B 76 


= [a(1)B(2) + B(1)a(2)]fy3)5(4) + 7(4)63)] 
— [a(3)B(2) + B(3)a(2)][y1)4(4) + 7(4)60)] 
— fax(1) (4) + BC)a(4)][73)5(2) + 7(2)63)] 
+ [a(3)A(4) + B3)a(4)][7)62) + 7(2)6C)],. @) 


whereas that of the second tableau is: 


= A34Aj252451308-76 
= [a(1)y(3) + a(3)y(D)J[B)64) + B(4)6(2)] 
— fac(2)y(3) + o(3)7(2)][8 064) + B4)5(1)] 0) 
— fa(1)7(4) + a(4)y(1)][B2)5@) + 8B)SQ)] 
+ [a(2)(4) + 0(4)7(2)][8(1)6(3) + B(3)6(1)] 


Again, the complete representations are obtained by apply- 
ing all 24 group operators on the generating vectors (8) and 
(9). Since the representations are two-dimensional, only 
one other wavefunction obtained in this way is linearly in- 
dependent. As before, this can be obtained by applying a 
permutation within a row of the Young tableau. In the first 
case, Eq. (8) one obtains the two possible wavefunctions 


Pub t-Bu a em ie | 


These are identical states due to the fact that the wave- 
function remains unchanged if we interchange entire rows 
or columns of a tableau. For the second representation (9) 
one has the two wavefunctions 


: - ; a 

*sotal ata] °° “4[2ta) [a] oe 
which again represent identical states. From the four states 
ma A) 


one can construct two doublets of orthogonal wavefunction 
which transform only among themselves by application of 
ie In Exercise 9.1 we have shown this explicitly for the 
simple basis functions of S3, but for now we omit this. 
We conclude: the standard diagrams of the permuta- 


tion group S4 lead to a total number of basis vectors of 
14+374274+37+1=24 . (13) 


Indeed, S4 has exactly 4! = 24 elements, and therefore, 
starting with one given vector #)(1, 2, 3, 4), exactly 24 vec- 
tors can be formed by permutation. These are reducible and 
can be decomposed into the singlets, doublets and triplets 
given in (2) and (13). By decomposition of the reducible 
24 basis vectors into the irreducible representations just 
mentioned [see (13)] the symmetry properties of S4 can 
be exposed even more clearly. 


Next we shall discuss the concept of the conjugate Young diagram. There are two 
possible ways to define it: one is for the symmetric group and the other is for SU(JV). 
Here we devote ourselves only to the conjugation of the symmetric group; the conjugation 
of SU(N) is discussed later (Chap. 12). Let us take a certain Young diagram with n boxes, 
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which represents n identical particles (each one in a distinct state). Then for the symmetric 
group the conjugate diagram is given by changing every column to a row and every row 
to a column. We explain this for the following four-particle states: 


is conjugate to pees (9.36) 


is conjugate to HE and (9.37) 
A | is self-conjugate . (9.38) 


Conjugate diagrams belong to different non-equivalent representations of the symmetric 
group with the same dimension. 

We stress the importance of the dimension of irreducible representations once again: 
all basis states of the same irreducible representation of a group (in our case of Sj) 
have equal energy if the Hamiltonian of the system is invariant with respect to this group 
(in our case it is invariant under permutations of identical particles). Thus the dimen- 
sion of an irreducible representation tells us the degeneracy of an energy level, of course 
omitting accidental degeneracies. Therefore we also say: the dimension of an irreducible 
representation of a symmetry group is equal to the essential degeneracy. 

Now let us assume that the Hamiltonian of a system is invariant under two or more 
different groups. The transformations of all these groups together form a larger group that 
can be equal to the direct product of the original groups, or not, depending on whether 
all group transformations of each single group commute with all transformations of all 
the other groups, or not. In any case the degenerate multiplets are basis vectors of the 
irreducible representations of the larger group. If the larger group is a direct product, the 
multiplicities are simply the products of the multiplicities of the groups that form the 
direct product. 

All particles observed in nature are fermions or bosons. State vectors of N identical 
bosons belong to the fully symmetric representation of Sj; state vectors of fermions, 
however, belong to the fully antisymmetric representation of S,)y. We may also express 
this important fact in the following way: All particles which have been found in nature 
up to now belong to the one-dimensional representation of the symmetric group; they are 
singlets with respect to the symmetric group. 

The reader may wonder why we study the higher multiplets of Sy at all? One reason 
is that particles could be discovered in the future that are neither fermions nor bosons. 
There is, however, a much more important reason: Despite the fact that states of several 
identical particles are singlets under any permutation of all coordinates of the identical 
particles (more precisely, singlets with respect to the complete exchange of two particles), 
there are states of higher multiplicities (thus belonging to higher multiplets of Sy) if only 
permutations of some (not all) coordinates of the particles are considered. This is best 
explained by an example: Let us consider three identical spin-1 particles. The quantum 
state of these particles is symmetric against exchange of any two particles as a whole, i.e. 
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the simultaneous exchange of the spin and space coordinates of two particles. But if one 
considers the exchange of spin or space coordinates alone, the state can very well possess 
a mixed symmetry under such a permutation. Then this mixed symmetry is of such a type 
that the state is overall symmetric under exchange of all coordinates (that means space 
coordinates and spin). 


9.4 The Connection Between SU(2) and Sj 


To begin with, we consider the connection between the irreducible representations of 
the permutation groups Sj and the unitary groups SU(N), for SU(2). The fundamental 
representation of SU(2) is spanned by the basis vectors 


wi=(5) . w-() - 9.31) 


These vectors may, for instance, represent the two states of a particle with spin 7 In the 
following, these basis vectors are represented by the Young tableaux consisting of one 
box, i.e. 


di=(1] . v2=[2] . (9.32) 


If we erase the contents of the box, the Young diagram [_] symbolizes both members of 
the doublet. 

We know from (9.13) that both irreducible representations of the permutation group 
S» are represented by the Young diagrams 


[_[_] symmetric representation , - antisymmetric representation . (9.33) 


By numbering the boxes we perceive that these diagrams also symbolize irreducible repre- 
sentations of the SU(2). We start with the symmetrical two-particle states. If both particles 
are in the state 7), we have the tableau [1] 1]; if both are in state 2, we have {2[2]. There 
is a possible third state 


b= v10)p22) + yiQpa), (9.34) 


symbolized by the tableau [12]. Because of the symmetry, the tableau describes the 
same state. Therefore we can restrict ourselves to the enumeration of the standard Young 
tableaux. From this argument we learn that the Young diagram {_|_] represents three 
different standard configurations, i.e. the corresponding multiplets have three dimensions. 

If we proceed with the antisymmetric representation of Sz, however, there is only 
one possible way to construct an antisymmetric two-particle state: 


b = 1 (1)b22) — p22). (9.35) 
This state is represented by the tableau 
. res) 


Thus the related irreducible representation is a singlet. The other Young tableaux that in 
principle can be constructed, 
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(9.37) 


do not form standard configurations, because the numbers in the boxes do not increase 
from top to bottom of a column. We conclude that we also obtain the correct multiplicity 
by restriction to standard tableaux for the antisymmetric representation. 


EXERCISE 


9.3 Multiplets of a System of 
Three Spin-3 Particles 


Problem. Determine the multiplets of a system of three 
spin-4-particles. 


Solution. Three diagrams with three boxes are possible: 


Cro. HU eng cE , () 
a) b) c) 


In the case of SU(2), (1c) can be omitted, because no 
totally antisymmetrical state with three particles can be 


constructed if there are only two states (this is the Pauli 
principle). Diagram (la) allows four standard configura- 
tions, 


Gh). GOR), GRE). BE) .e 


i.e. the symmetrical states form a quartet describing a mul- 
tiplet of spin 3. Diagram (1b) generates only two standard 
tableaux, 


; 
and : (3) 


The states with mixed symmetry hence form a doublet, 
describing states of total spin $. 


We perceive that in general a column cannot have more than two boxes if only 
two different states are allowed [i.e., in the case of SU(2)]; otherwise antisymmetrization 
would automatically yield zero. A column with two boxes necessarily has the numbering 


H}. There is no other choice. Therefore we can omit all columns with two boxes if we 
determine the dimension of a SU(2) multiplet. Hence the Young diagrams 


O.H! . HE. « 


(9.38) 


all represent a doublet. From the group-theoretical point of view it is the same irreducible 
representation of the SU(2), for a one-, two-, three- or many-particle system, respectively. 

Consequently we obtain all irreducible representations of the SU(2) by constructing 
all possible Young diagrams with only one horizontal row; in each case the dimension is 
given by the number of possible distinct standard configurations with box indices 1 and 2. 
In a particular sense the singlet presents an exception, since if we omit the column with 


two boxes from the diagram 


we get a diagram with no box at all. To keep track of the 


“no-box” diagram we symbolize the singlet by (1). Thus we obtain successively: 


a singlet 
[ | doublet 
ia 


» 2] 
mplet fi] , G2]. (2]2) 


CLT] quartet [i [a} . ; » [2]2]2] and so on 
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The diagram with p boxes can contain the number 2 not at all, once, twice, ... up 
to p times, i.e. its dimension is (p+ 1). This corresponds to our earlier result: for every 
positive integer p there exists exactly one irreducible SU(2) representation. 


9.5 The Irreducible Representations of SU(n) 


We can treat the irreducible representation of the group SU(n) similarly by numbering 
the boxes of the Young diagrams by 1 to n. The generalization relies upon the following 
theorem, which we quote without proof?: 


Theorem. Every N-particle state that both belongs to an irreducible representation of the 
permutation group Sj and is built up from single particle states of a n-dimensional SU(n) 
multiplet transforms under an irreducible representation of the group SU(n). 
From this theorem we conclude that each Young diagram with at most n rows repre- 
sents an irreducible representation of the group SU(n). A diagram with more than n rows 
must necessarily include a column with at least (n + 1) boxes. Hence the state must be 
antisymmetrized with respect to these (n + 1) particles; but this cannot be done, since we 
have only n different single-particle basis states of the SU(n). To obtain the dimension 
of an irreducible representation related to a certain Young diagram, we count all possible 
standard configurations of this diagram built up by inserting the numbers 1 to n. Each box 
represents a particle and the number in the box marks one of the different states which the =9__________ 
particle can occupy. Therefore we state the following rule: First, write one of the numbers __” A proof of this theorem 
: : : ’ is found in B.G. Wyborne: Clas- 
1 to n into each box by noting that in each column the values of the numbers increase i) Groups for Physicists (Wi- 
downwards and do not decrease from left to nght within a row. ley, New York 1974), Chap. 22. 
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9.4 Multiplets of a Two-Particle System urations: 
in the Group SU(3) 

Problem. Construct the possible SU(3) multiplets of a two- 

particle system. as well as B} Hi. : (2) 

Solution. The possible Young diagrams are: Therefore we have a sextet and a triplet. In fact, we are 
dealing here with the antitriplet, because the two particle 

HE! aus , (2) wave functions represented by |-~ are antisymmetric. The 

For these diagrams we find the following standard config- triplet is represented by the Young-diagram ale 


Previously we represented the basic states of an SU(3) multiplet as points in the 
I3-Y-plane. The coordinates of a point were called the “weight” of the related state. Now 
we can identify the points with the corresponding Young tableaux. In the case of the 
fundamental representation we obtain the following diagram (Fig. pal): 

From this we derive Table 9.1: 


Fig. 9.1. Fundamental representation of SU(3) 


COW 


Fig. 9.2. The two particle states 


Since the weights behave as additive numbers, the weights of many-particle states 
are obtained by summing up the components. In this way we obtain the basis states of the 
sextet (from Exercise 9.4) built up by two particles (see Table 9.2): 

The antisymmetric states of the two-particle triplet have the same weights, because 
the numbers within the boxes are only required during the construction of the multiplet, 
but their special configuration does not influence the result (see Table 9.3). 

If we draw these points into Fig.9.2, the sextet and the anti-triplet representation, 
which are already known to us are produced. 


(sextet- and triplet-states) in Table 9.1. Table 9.2. Weight of the sym- Table 9.3. Weight of the anti- 
ov) Weight of the triplet states metric states of the sextet symmetric states of the two- 
SiarouWeisht (ata). ———<— ticle triplet 
State Weight (Wi, W2) State Weight particle triple 
State Weight 
i 1 1 
(3, ss) et) 
1 , 5 
(-4, xs) (0, 3) (0, +) 
(0-4 tala] (2, 3) =) 
2 d 
G ae Mi 
2/3 . 
(-2 za) (-4 xa) 
(0, - is) 
EXERCISE 


9.5 Miultiplets of the SU(3) Constructed 
from Three Particles 


Problem. Construct the SU(3) multiplets built up from 
three particles. 


Solution. We get the following Young diagrams, consist- 
ing of three boxes: 


coo. FP = A (1) 


Since the third diagram only has the one possible configu- 
ration it represents the singlet. The second one, which 
3 


permits eight configurations, represents the octet (see fol- 
lowing table): 
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(2) 


Finally the first diagram, illustrating the totally symmetri- 
cal representation, contains ten states: 


5 1 3 
G > 5%). BEB) (-3 


2 


: 53). 


Ove Q) : 


as well as 


(4) Is 
whose weights are already contained within the octet states 

(2). By drawing the states in the J3-Y coordinate frame we 

obtain the well-known diagrams (see Figure below). It is 

interesting that the central state of the octet automatically ee 

acquires the correct multiplicity 2. Octet and decuplet representation 


decuplet 


Returning to the general SU(n), we already know that every column may consist 
of, at most, n boxes. Just one single way exists for n particles in n states to form an 
antisymmetric wavefunction. Hence we can omit all columns of the Young diagram with 
exactly n boxes if we want to determine the dimension of an irreducible representation of 
the SU(n). For example, we consider the diagram 


(9.39) 


In the case of n = 4, the same irreducible representation is illustrated more simply by 
(9.40) 


Therefore (9.39) can be equated with (9.40): 


Despite the fact that the first diagram represents a 14-particle state and the second one a 6- 
particle state, both irreducible representations are equivalent and have the same dimension. 
(But note that, for instance, in the framework of the SU(5) these Young diagrams represent 
different multiplets!) 

Thus in the case of SU(n) we have to consider only diagrams with at most (n—1) rows. 
We have already shown [see (9.22)ff.] that such a diagram is unambiguously characterized 
by (n — 1) numbers: 


p=(Piy--+ Pn-1) - (9.42) 


The number p, denotes the number of columns with exactly k boxes. For example, in the 
framework of SU(4) the diagram 
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(9.43) 


is characterized by the vector 
p=(1,1,1) . Cs 


We will find later that, in the case of SU(3), the numbers p; and pz correspond to the 
numbers p and q used previously to characterize the multiplets of SU(3). 
Finally, we want to consider whether there may occur a change of the weights of 
the members within a multiplet when we omit all columns with n boxes. If we number 
the boxes of a Young tableau in the standard configuration, the numbers have to increase 


downwards within every column, i.e. 


A column with n boxes has to contain all numbers from 1 to n. Since the weights of the 
single particle states are additive, the n boxes contribute to the weight of the tableau a 
number equal to the sum of the weights of all single-particle states, 


(5 (@) % va(G)). (9.45) 


The weights of the single particle states are given by the diagonal elements of the diagonal 
commuting generators of the SU(n). The sum (9.45) of all n weights vanishes, because, 
in the case of SU(n), these matrices are traceless. Therefore we concluded that columns 
with n boxes do not contribute to the weight of a Young tableau and hence can be omitted 
[this is not necessarily valid for other groups like the U(n)}. 

Thus in general the multiplets of SU(n) are specified by the (n ~ 1) integers D1» - 
Pn—1. The simplest case, 


eey 


OS = oes Sa aC; (9.46) 


represents the singlet state of SU(n). We symbolize it by (2) in analogy to SU(2). The 
following basic Young diagrams are characterized by one number p; being equal to 1, 
whereas all other p,; vanish: 


pp =o), 5 k=l, 2. = (9.47) 


2 can take every value from 1 to (n — 1) and these diagrams consist of a single column 
with exactly ¢ boxes. These representations are called fundamental representations; in the 
case Of SU(n) we have (n — 1) diagrams of this kind so that the SU(2) has only one 
fundamental representation, namely the doublet 
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Lao. (9.48) 


In the case of SU(3) there exists the triplet and the antitriplet 


LJ=<,9 2 =(0,1) , (9.49) 


and for the SU(4) there are three fundamental representations: 


| J20L 08 H-«. 1, 0) F-0.0 i ee (9.50) 


Here the first one is the quartet and the last one is the antiquartet, whereas the second 
representation is a sextet. 


Now we introduce the concept of the conjugate Young diagram related to the SU(n). 
Consider a diagram which is characterized by the numbers 


(Oar oie, (9.51) 
If we invert the order of the numbers 
Brin oess (9.52) 


we call the diagram constructed in this way “conjugate” to the former one. (Note: The 
conjugate diagram related to the permutation group S,, which we introduced in the chapter 
before, was defined differently!) The 6-particle Young diagram related to the group SU(6), 


EP ; (9.53) 


is denoted by the numbers (1, 1, 1,0,0). The conjugate diagram (0,0, 1, 1,1) has the form 
(9.54) 


If the original diagram is identical to the conjugate diagram, which is always the case for 
the SU(2), we call this diagram self-conjugate. The octet representation of the SU(3) is 
an example of a self-conjugate diagram in a higher group: 


- ee (9.55) 


Another example is the second fundamental representation of SU(4), 


L =(0,1,0) . (9.56) 


In general, the dimension of the conjugate representation is identical to the dimension of 
the representation given by the original diagram. 
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9.6 Determination of the Dimension 


In general, it can be very laborious to determine the dimension of an SU(m) multiplet 
by numbering the standard configurations of the related Young diagram. Hence it is very 
useful to have a universal formula at our disposal to calculate the dimension given the 
numbers pj, ..-, Pn—1- We begin with the group SU(2), in which every multiplet (Young 
diagram, respectively) is characterized by a single number p. The diagram consists of one 
row with p boxes: 


BoC ag) - O50 
ee 


Pp 
The standard configurations contain the numbers 1 or 2 in these boxes. In the diagram all 
numbers 2 have to be on the rhs of all numbers 1. Thus each standard configuration is 
given by the number of times q the index 2 occurs; q can take all integer values from 0 
tO p, 1.¢. 
id ie bons = - (9.58) 
—_—_—_—_———— ————[S —_—_—————” 
q=0 ql g=p 
Each value of q is related to exactly one standard tableau. Therefore the total number of 
standard configurations, i.e. the dimension of the multiplet, is 


Pp 
Do(p)= S > 1l=pt+l1 . (9.59) 
q=8 
If we calculate dimensions in higher groups SU(n), we have to use combinatorial methods, 
ee 
IDPNGTS «cen ferret os (9.60) 


We can derive a recursion formula by similar considerations, relating the dimension of 
a diagram of SU(n + 1) to the dimension of the same diagram of SU(n). By passing 
from SU(n + 1) down to SU(n) we note that all columns with n boxes can be omitted, 
simplifying the Young diagram considerably. This corresponds to the omission of the last 
number pp, i.e. 

SU(n 

Bie con Bo) (9.61) 
The recursion formula mentioned above, for which a general proof will be given in Ex- 
ample 10.4, reads 


(P1, sey Dn—-1> Pn) 


Dnti(P1s ++-s Pa) = On + IPn + Pat +2)--(Pn + os pL +n) 
DAGON noc fa) (9.62) 
For the group SU(3) we obtain the formula 
D3(p1,P2) = H(p2 + D(p1 + po + 2)D2(p1) 
= 501+ )@2+D@itpet2) . (9.63) 


If we identify the numbers (p1, p2) with the numbers (p, q), this is exactly the expression 
we obtained in Chap. 8 by performing geometrical considerations. 
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For the SU(4) we obtain similarly 


D4(p1, p2» 3) = 3(p3 + 1)(p2 + ps + 2)(p1 + po + p3 + 3)D3(p}, po) 


= 77 (P1 + D2 + @s + D1 + po + 2)(p2 + 3 +2) 
oil se es even en Shae (9.64) 
Clearly the number of factors is increasing rapidly with the rank of the group. For large 
values of n it is therefore often useful to use methods which yield the appropriate di- 


mension in a simpler way; thus the dimension of an SU(m) multiplet is represented by a 
fraction®, 


a 
Or @ie 0) Pn-1) = a > (9.65) 


whose numerator and denominator are determined as follows. 

To determine the numerator a,,, each box is marked by a number; in the case of SU(n) 
we start with the number n in the upper left box of the tableau. Within the first row the 
numbers have to increase by 1 from left to the right. In the second row the boxes contain 
the number of the corresponding boxes above, less one. For example, let us consider the 
following Young diagram for SU(3), ie. n = 3. 


jt =(3..1). (9.66) 


We adopt the rule stated above by filling the boxes with the numbers 


STS) om 


and the numerator results from the product of these numbers: 
Can y= aa 5 OG x, (9.68) 


To obtain the denominator, again each box is numbered, but in a different way. For that 
purpose we draw a horizontal line from the centre of the box to the right and a descending 
vertical line. Then we count the number of boxes passed through by these lines, including 
the original box, and insert this number into the appropriate box. Multiplication of these 
numbers yields the value of 6. Taking the first box from the left, in the first row of our 
example, we have 


Slams (9.69) 


and, altogether, 


ae (9.70) 


From this numbering we can calculate 5, e.g. 
Hea. l= 503 x2 xx (9.71) 


Hence the dimension of the representation (3.2) of SU(3) is 


6 HJ. Coleman: Symmetry Groups made easy, Adv. Quantum Chemistry 4, 83 (1968). 
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a3(3,1) 3x4x5x6x2 
1) = 5 eee ee Sh: (9.72) 
SHEN = TEEN SO 
Formula (9.63) yields the same result: 
D3, 1)=4G+D)0+DG+14+2)= 5 X4X2x6=24 (9.73) 


The advantage of this new method becomes obvious when we consider a similar Young 
diagram as a multiplet of the group SU(9). We just have to recalculate the numerator, 


obtaining 


[9 [10] 112/13 
819 


(9.74) 


We now find for the dimension 


De(3; 2,.0,..5 Vie 


_9x 10x 11 x 12x13 x 8x9 
6X5xX3xX2xK1x2x1 


= 30888 (9.75) 


Using the standard formula (9.62), in this example, we would have to multiply a product 


of 8! = 40320 factors. 


EXERCISE 


9.6 Dimension Formula for the SUG) 


Problem. Derive the expression (9.63) for the dimension 
of SU(3) multiplets by using the result for the SU(2). 


Solution. In a standard configuration of the SU(3) involv- 
ing the numbers 1,2 and 3, the second row may only in- 
clude the numbers 2 and 3; also all the numbers 3 have to 
be on the rhs of the numbers 2 and only in those (single) 
boxes which do not have any box underneath. In the first 
row, boxes lying above a number 2 may only contain the 
value 1. In the first row the number 3 may only occur at 
the right end, in boxes with no box directly below them. 
Denoting by r the number of boxes in the first row which 
contain a 3, we must have 0<r <py. If q is the number 
of boxes in the second row containing a 3, the following 
relation holds: 0 <q < pg. Therefore we get a tableau of 
the form: 


Up to now only the value of the q + (py — r) boxes in 
the centre of the first row has not been determined. Apply- 
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ing the standard method we can arbitrarily fill these boxes 
with the numbers 1 and 2. But the number of configura- 
tions is just equal to the dimension of the Young diagram 
with g+(p; — r) boxes in SU(2): 


Doqtpi—r)=qtpi-rtl . (1) 


In the case of SU(3) we obtain the dimension of the com- 
plete diagram by summing over q and r in the allowed 
domains, giving 


P2 Pl 


D3(p1,p2) = 9, >, Do(q+ pi — 1) 
q=0 r=0 


P2 
=> lqtm+D@i+)- spurs ap) 


q=0 
1 P2 
= 501 +1) S@q+p1 +2) 


q=0 


1 
= 5 (hi + 1) fpa(p2 + 1) + 1 + 2)(p2 + DI 


1 
= 71+ D2 + DOr + po 2) (2) 


where we have used the relations 


m m 1 
— i—0 


9.7 The SU(n — 1) Subgroups of SU(n) 


The weight diagram of an SU(3) multiplet contains a number of SU(2) multiplets. Because 
of the symmetry of the diagrams there is no difference between submultiplets related to 
isospin or others related to U- or V-spin. The quark triplet includes an isospin singlet 
(the s-quark) and an isospin doublet (the u- and d-quarks), for instance. The octet of the 
baryons contains two isospin doublets (p, n and =~, =°), a triplet (D-, 5°, Pe andi 
singlet (A). 

Now we need to perform the decomposition into subgroups with the help of Young 
diagrams. To illustrate the procedure we take the octet of SU(3) represented by 


LH ln (9.76) 


The eight corresponding Young tableaux were previously considered in Exercise 9.5 and 


are 
[2|3] (9.77) 
eS) (0 ies “a 13] a iae "13 


In the case of SU(2), boxes containing the number 3 do not exist. Thus we divide the 
tableaux into groups according to the respective position of boxes containing a 3. First we 
find two tableaux that don’t contain the number Sete. 


= 
and : (9.78) 


In SU(2) the column },j can be omitted [because it represents a singlet under SU(2)], so 


we obtain a doublet, 


; (9.79) 
Now we look for a tableau with a single number 3 on the right. There is only one of this 
kind, 


: (9.80) 


Since the number 3 is meaningless in the case of SU(2), we can neglect this box and 
obtain an SU(2) singlet 


s 9.81 
HI-@ . (9.81) 


There are three tableaux with the number 3 at the bottom, 


Be) Re) Ae (9.82) 
EP 2 oe 


and, once again neglecting the boxes containing the number 3, we obtain an SU(2) triplet, 


Oh], G2). BE). (9.83) 


Finally we have two tableaux containing the number 3 twice, i.e. 


. (9.84) 
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By erasing the three boxes containing a “3” a doublet results, 


. ; (9.85) 


Thus altogether we have recovered one singlet, two doublets and a triplet. 
We would have obtained the same result in a simpler way by filling boxes with a “3” 
for allowed configurations only: 


SU(2 
Bean a 
. 13] 5 SU(2) 
= = 

© 

Eis 

=LT I 

CE 9.86 

=o (9.86) 
In the first step we remove all boxes containing the number 3 and in the second step we 
eliminate all columns with two boxes. 

We can easily generalize this method to the group SU(n). Consider all allowed posi- 
tions of the boxes in the diagram containing the number n and remove these boxes. The 


SU(n — 1) submultiplets are then given by the remaining boxes. For example, we consider 
the Young diagram 


(9.87) 


for which there are eight different ways of labelling the boxes with the number “n”, given 
by 


(9.88) 


The rule here is that “‘n’” can occur only at the bottom of a column, because the numbers 
in the squares have to increase from top to bottom, and cannot decrease from right to left. 


We thus obtain the decomposition of the SU(n) multiplet into submultiplets of the group 
SU(n — 1), Le. 


PEPE? 2B ow 


We may then further decompose these multiplets into multiplets of SU(m — 2), and so on. 
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9.8 Decomposition of the Tensor Product of Two Multiplets 


It is an important problem in group theory to decompose the states of a many-particle 
system belonging to a certain multiplet. We have already discussed the example for which 
there are two possible ways to couple two spin-% particles to states with good total angular 
momentum (to 7 = 0 and j = 1, respectively). Stating this in the language of group theory, 
the tensor product of two SU(2) doublets decomposes into a singlet and a triplet 


2@2=3@1 . (9.90) 
Expressing this result with the help of Young diagrams we have 


DeO-CoeH . (9.91) 


Obviously both new multiplets are obtained by adjoining the boxes of both original di- 
agrams in an appropriate way. We notice that the combination of the Young diagrams 
(9.91) has a much more general validity than relation (9.90). While (9.90) is only valid 
in the case of SU(2), equation (9.91) is valid for any group SU(n). For the example of 
SU(3) the diagram [] represents a fundamental triplet (quark). Now (9.91) states that two 


quarks can be coupled to a sextet [_]_] and to an antitriplet H, ic. 


3@3=603 . (9.92) 
In the framework of SU(4), (9.91) represents the relation 

os 10 One (9.93) 
and so on. 


We now proceed, without proof, to state the general rules on how to couple two 
multiplets of the SU(n).7 We start by drawing the Young diagrams representing the two 
multiplets and marking each box of the second diagram with the corresponding number 
of its row. We continue by adding all the boxes of the second diagram to the first one. 
The boxes may only be added to the right or the bottom of the first diagram observing 
the following rules: 


a) Each resulting diagram has to be an allowed configuration, i.e no row must be 
longer than the row above. 

b) In the framework of SU(m) no column must contain more than n boxes. 

) Within a row the numbers in the boxes originating from the second diagram must 
not decrease from left to right. 

d) The numbers must increase from top to bottom within one column. 

e) We draw a path through all boxes of the resulting Young diagram which crosses 
each row from right to left, beginning at the top. Along the path the number 7 must 
at no time have occurred more often than the number (2 — 1), i.e. 


forbidden scheme (9.94) 
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? D.B. Lichtenberg: 


Unitary symmetry and ele- 
mentary particles (Academic 
Press, New York, London 
1970), Chap. 7.4). 


Among other things, this rule states that a box of the 7-th row of the second Young 
diagram must not be attached to the first (2 — 1) rows of the first Young diagram. 


As an example we consider the tensor product of the two fundamental representations of 
the SUG) 7 2 3. 


2| 2 
[_ Je! | 3 


(9.95) 
ar 
The combinations 
‘pe — ele (9.96) 


n-l n-1 


are forbidden by rules (e) and (c), respectively. In the context of the group SU(3), the 
relation (9.95) means that 


3@3=801 . (9.97) 


EXERCISE 


9.7 Decomposition of a Tensor Product - ju @ flo @ — @ —- 
© 


Problem. Find the decomposition of the tensor product 
8 @ 8 for the SU(3). st]. 


> 


Solution 


where in the last step we have omitted redundant columns 
containing three boxes. Thus, denoting the multiplets by 
their dimension, we obtain 


8@8=27961 G8 S8 GlI0G1 . (1) 


Here it is worth noting that the octet occurs twice in the 
decomposition. Due to a general rule this may happen if the 
original diagrams do not both have the form of a rectangle. 


If we consider products of representations, an arrangement into classes is often useful. 
This is seen as follows. Combining two Young diagrams with 6; and bz boxes, respectively, 
initially yields a diagram with (b) + bj) boxes. However, since for an SU(n) we can omit 
columns with n boxes, the remaining diagrams can have 


bj tbo , bj t+bo—n , bj) +bg —2n , etc. (9.98) 


boxes. To unify all these possibilities it is useful to classify the number of boxes according 
to the residue with respect to n. Thus we say that an irreducible representation is of class 
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m (with 0<m <n — 1) if the number of boxes of the according Young diagram can be 
written in the form 


b=int+m 


, (9:99) 


with some integer 7. If we form the tensor product of two representations of the classes 
my and m2 according to what we have said above, it follows that every resulting Young 
diagram must be a member of the class 


m=m,+my, (mod n) 


(9.100) 


So the representations of the SU(n) fall into classes which, when tensor products are 
formed, behave like an additive group. This group of the residue classes (mod n) is 
labelled Z, and is called the “centre of the group”. Instead of the residue classes m, one 
can also use the unit roots exp(2imz/n) to describe the different classes of representations 
of SU(n), because 


e2imin/n e2iman/n _ e2imn/n 


(9.101) 


holds with m =m, + mp (mod n). This classification has the advantage that the multi- 


plicative character of the formation of tensor products becomes apparent. 


AC ae Se 


9.8 Representations of the SU(2) and Spin 


Within the representation of the SU(2) there are represen- 
tations with an even number of boxes and others with an 
odd number. Those having an even number of boxes cor- 
respond to the representations of integer spin or isospin, 
those with an odd number represent multiplets with half- 
integer (iso-) spin. 


EXAMPLE (iE SSS 3 ee 


9.9 Triality and Quark Confinement 


In the case of the SU(3) one distinguishes multiplets with 
iriauiy. 7 = 0 (for k= 0); = = | Gor & = 1) and’; = —1 
(for & = 2). For the quarks 7 = 1, for the antiquarks 
7 = —1. The trialities of several particles are additive 
(modulo 3), and the baryons, containing three quarks, have 
triality r = 0, and the mesons, consisting of one quark and 
one antiquark, have 7 = 0. It is conjectured that in nature 
only particles with + = 0 occur as free particles (quark 
confinement). 
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10. Mathematical Excursion. Group Characters 


10.1 Definition of Group Characters 


In this chapter a special group theoretical concept is introduced which has many appli- 
cations. It describes the main properties of representations and is therefore called “group 
character’. It solves the problem of how to describe the invariant properties of a group 
representation in a simple way. If we denote an element of a group G by Ga, a represen- 
tation D(C aa is not unambiguous, because every similarity transformation AG As 1 
A € D(G) yields an equivalent form. One possibility for the description of the ean 
properties would be to use the eigenvalues of the representation matrix, which do not 
change under a similarity transformation. This leads to the construction of the Casimir 
operators, the eigenvalues of which classify the representations. The construction of the 
Casimir operators and their eigenvalues is in general a very difficult nonlinear problem. 
Fortunately, in many cases it is sufficient to use a simpler invariant, namely the trace of 
the representation matrix 


d 
WiEn) = URED) (10.1) 
i=1 
where d is the dimension of the matrix representation. Equation (10.1) is in fact invariant 
under similarity transformations, because 
b'(Ga) = 22 Di(Ga) = Y> Aig Dj (Ga Aas 
z ijk 
= 2 Dj(A* Aas = SOD jj(Ga) = x(Ga) (10.2) 
jk j 
x(Ga) is called the “group character” of the representation. 

For the present we restrict ourselves to finite groups. These consist only of a finite 
number of elements and are therefore easier to handle. Later we generalize the results to 
continuous compact groups, i.e. compact Lie groups, like, for instance, U(NV) and SU()). 
First, however, we introduce some fundamental concepts which will be necessary later on. 


10.2 Schur’s Lemmas 


10.2.1 Schur’s First Lemma 


Let D(G,) be an irreducible representation of a group G defined in the vector space R 
(e.g. the three-dimensional physical space), and let A be a fixed operator in R. The first 
lemma of Schur states: 
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If A commutates with D(Ga) for all Ge 1.€. 
Mea et, (10.3) 


then A is proportional to the unity operator (unit matrix), or 

A= . (10.4) 
This has already been seen in Chap. 4, (4.6) and (4.9), but in a somewhat different form. 
What is new and, for the following discussion important, is that D(Gq) is not just a general 
operator of the group, but a representation matrix. If the group is just the space R, then 
this reduces to the former case. 


10.2.2 Schur’s Second Lemma 


Let D1(G,) and D2(Gq) be two nonequivalent irreducible representations of the group G 
in two spaces Rj and 72 with the dimensions d) and dg, respectively (the case Ry, = Re 
or d, = dz is not excluded); and let A be an operator which maps from Ry into 7p. 
Schur’s second lemma states: 


If 
D1(Gq)A = AD?*(Ga) (10.5) 
for all Ga of G. then A is the zero operator, A=0. 


Proof of Schur’s Second Lemma. Since Schur’s first lemma was explicitly treated in 
Chap. 4, it is sufficient to prove the second lemma. This can be achieved in the form of 
proof by contradiction: 

(i) First we consider the case dp < d,. Then A applied to Ry generates a subspace 
Ra of Ri, with the dimension dg < dz <d). This subspace is composed of all vectors 
Ar, with r € Ry. From the assumption (10.5), it follows at once that Raq is invariant 
with respect to an application of the representation of the group G: 


D'(G,)Ar=AD*(G,)r=Arg . (10.6) 


This belongs to Ra, too, because rg = D2(Ga)r belongs to R2. It was assumed, however, 
that Ds is an irreducible representation, ie. R, has no true invariant subspace. Otherwise 
D1(Gq) could be brought into block form. Since Req is an invariant subspace, there is a 
contradiction unless Rzq is either the null space (d4 = 0), ic. A = 6, or when R, is the 
full space Ry ie. (da = dy = dg). The last possibility is excluded, because D1(Gq) and 
D(G,) have been assumed to be different, i.e. non-equivalent, representations. If both 
have the same dimension, we could invert A, so that 


D\Gq)=AD*°G)A" , 
ve: D\(Ga) would be similar to D2(Ga); therefore the single possibility A =0 remains. 
dz > 1. Since A maps the full space Ry onto Ry, da < do follows necessarily because 
of dp > d). This means that there are vectors r in Ry which are mapped onto 0 (Ar = OV 
We denote this subspace of R» which has the dimension dy = dz — da, by Ry. Ry is also 
an invariant subspace, because, if rq = D?(G,)r, then 


Arg = AD*(G,)r = D144) Ar =0 , (10.7) 
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1.€. Tq belongs to Rp, too. If dy < dg, this is a contradiction of the irreducibility of D. 


Hence it follows that dy = dg, ie. da = 0, and again A = 0 must hold. Thus Schur’s 
second lemma is proven. 


10.3 Orthogonality Relations of Representations 
and Discrete Groups 


First we will show that for two arbitrary, irreducible representations D® and D®, the 
matrix 


A=)> D%(G;)X D9 (GF") (10.8) 
b 


has the properties which are demanded by Schur’s lemma. Here X is an arbitrary matrix 
of dimension dy Xx dg and the sum is over all elements Gi of the group. Remember that 
we are still dealing with finite groups and therefore the sum is finite. 

Now we show by explicit calculation that (10.5) holds: 


D(G_)A = eG) DO Gs :) 
“50 (GaG,)X D9 (Gy")D8(Gz1)D9(Ga) (10.9) 


Here we have used D%(Gg)D%(Gy) = D(GaG), as well as D9(Gz1)D9(G) = 
Do(k) = (EB being the neutral element of the group). The above expression can be 
written as 

SO xGEG,) xD? ((G.G,) 1) D"(G.) = > D°(G.)X D9(G, )D (G.) 

b ce 

= AD*(Gq) , (10.10) 

where G. = Ga Op This last step is justified, because the summation runs over all group 
elements Ge and G aOn just causes a permutation of elements; at the end the sum again 


includes all elements and we regain the operator A. The last equation implies, however, 
that 


D%(G.)A= AD" (Ga) , (10.11) 
and therefore A has the property (10.5) demanded by Schur’s lemma. In the matrix rep- 
resentation A as the form 


A le (10.12) 


In (10.8) we can choose X arbitrarily because we made no assumptions concerning X in 
the deriviation. If we choose tym = Skpbmq Le. if X is represented by a matrix which 
has only zeroes except for the gth row and the pth column, then from (10.8) follows 


g dg da 
oy DS >> Di,(Ga)XkmD tales z) 
a=1lm=1k=1 
= Ai = XP D5 .96i5 = ee (CD (Gra) ae (10.13) 
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Here g is the order of the group, i.e. the number of elements in G, and dg, dg are the 
dimensions of the irreducible representations D%, D8. Thus only is left to be determined. 
\ is of importance only for the cases 7 = j and a = f. If (10.13) is used and summation 
over all z is performed, one finds that 


de 
> > DE (Gq) D2 (Gz) = APD Yo 1 = dad, (10.14) 
eau oil 


On the other hand, 
¥ D5 (Ga)DGi(Gq") = Diy (E) 
holds, i.e. 
De (B) = GD? (AP Ud (10.15) 


The representation matrix of the neutral element, however, is De pe) = = dgp, and thus 
from (10.15) it follows that 
NPD = Egy (10.16) 
dey 


Hence the final form of the orthogonality relation for representations of finite groups is 
found to be 


De (Ga)D?,(Gz ') = 4p 6iiSpa (10.17) 


Later we will need this form for the derivation of the orthogonality relations for group 
characters. If the representation is unitary, which is the case to which we want to restrict 


ourselves from now on, then (10.17) can be simplified because of By (Gz ss = 10) (Ga) 
and therefore assumes the form 


2 D3(Ga)DE (Ga)* = 7, ba 5:60 (10.18) 


10.4 Equivalence Classes 


Before we introduce the notion of equivalence classes, we need the definition of the 
“conjugate” group elements: Gq is called conjugate to the element G’, if there exists an 
element G, € G with the property 


Gr Cc, Caan (10.19) 
If G, and G are conjugate to Ce then (10.19) holds for Gs, and Ces as well, i.e. 
Go=G,G)Ge ad ene C,ca 
This yields 


244 


a 


Gy 


A 


Ca ChGR C=C ACG. Co 
(Galen Ve @Qeae 


(10.20) 


This is exactly the property of an equivalence relation. All elements which are pair- 
wise conjugate form an equivalence class. The following examples serve to illustrate this 


concept. 


EXAMPLE 
10.1 The Group D3 


The symmetry group Dg of an equilateral triangle (see oe 
ure) is composed of 6 elements op Ri, Ro, Rs, Ry, Rs. E 

is the unity transformation, the application of which does 
not change the triangle. R, and Ro rotate the triangle by 
the angle 27/3 and 47/3 respectively, about the z-axis. The 
remaining operations Rs, Ry and Rs denote reflections at 
the axes. With the help of these definitions we can con- 
struct a multiplication table, shown below. 


The symmetry group D3 of 
an equilateral triangle 


Multiplication table of the symmetry group D3 of an equilateral 
triangle 


The notation is as follows: First one element of the upper 
row, e.g. the second one, /;, is applied to the triangle. 
This is followed by application of an element of the left 
column, e.g. the fifth one, R,. The result is given by the 
intersection of both elements, which, in this example, is in 
the fifth row and the second column. 

We now look at these operations in more detail, by 
numbering the corners of the triangle. 


Ad 
mis nL als 


This leads to the result RyRy = Rs. In a similar manner, 
one can calculate all multiplications. The result is shown 
in the table. 

Now what are the equivalence classes of this group? 
One finds that there exist exactly three classes: 


dak 
$2 = {Ry, Ro} 
$3 ={R3, Ra, Rs} . (2) 


E, the unity transformation, is always conjugate to itself, 
because R7 ER; = R71 R; = EL. After simple calculation 
it follows, for example, that 


fp = RyRi Ry and 

Apathy) Sree (3) 
which shows that Ry and Rj are conjugate to each other, 
as are 3, R, and Rs. To complete the assignment of att 
elements to classes, other combinations, e.g. R4 R, Re : 


must be constructed, and this is left as an exercise for the 
reader. 
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EXAMPLE i ee el 


10.2 The Rotation Group O(3) 
The O(3) consists of the elements 


R(d1, $2, $3) = exp (1X debe) , 


where the £, are the generators (angular momentum com- 
ponents) of the group SO(3). In order to be able to classify 
these elements, we must apply all possible similarity trans- 
formations on R(¢1, 2, $3), 1.€. 


RP’ R(d1¢2¢3) P| = R(o142¢3) (1) 


for arbitrary R’. The interpretation of (1) is simple: First, 
with the help of #’~', we rotate into a new system of 
axes, in which we perform a rotation with the Euler an- 
gles (4, $2; $3), before rotating back into the old system. 
Therefore R(¢4, 2, $3) denotes the same rotation defined 
in another coordinate system. From (1) we see which el- 
ements constitute a class. All rotations by the same angle 
belong to the same class. To elucidate this point we con- 
sider the rotation by the angle ¢ about the axis k (e.g. the 


z-axis): 
cos¢d —sing O 
Ry(d) = (sn @ cos¢ 0| : (2) 
0 0 1 


Equation (1) transforms this into a rotation around an axis 
k’, which can have an arbitrary direction in space. 


RR wR =RYO - (3) 


Ry) describes a rotation about the same angle ¢. All 
such rotations by this angle about some arbitrary axis in 
three-dimensional space belong to the same class. 

With this knowledge we can easily understand the 
result obtained for the group D3: ¢; = {£} describes a 
rotation by the angle 0, ¢2 = {R,, Ra} describes a rotation 
by the angle 27/3 (¢ = 47/3 is equivalent to ¢ = —27/3), 
and the elements in ¢3 = {R3, R4, Rs} each represent a 
rotation by 7. Thus the group Dg is a discrete subgroup of 
O(3), for which only distinct axés of rotation (each with 
fixed values of ¢) are allowed. Groups like D3 play an 
important role in crystallography. 


10.5 Orthogonality Relations of the Group Characters for 
Discrete Groups and Other Relations 


After these examples we return to the group characters which were defined in (10.1). First 
we prove the orthogonality relation for group characters by applying (10.18), setting p = 1 
and g = 7, and summing over all values of z and 7. 


G2 ¢ 


g A A 
DY DHGa) DF; (Ga)* = 95p 
3 


(10.21) 


Above we have used $°; 1 = dg; and a and @ denote the two irreducible representations. 
If we use the definition of the group characters, (10.1), the orthogonality relation for group 
characters follows from (10.21) as 


9g aw A 
& x)(Gax Ga)" = gbap 


oI 


(10.22) 


Since the characters are invariant under similarity transformations {cf. (10.2)], i.e. since 
all elements of one class have the same character, (10.22) simplifies to 


S cpxs x = g6ag 
p=1 


, (10.23) 


where cp denotes the number of elements in class P and n is the total number of equiva- 
lence classes. We obtain an interesting result for the case of two identical representations, 


246 


a= Bp: 
g n 
X Ix)(Ga)|? = 2, cplx2=9 . (10.24) 
ae p= 


We can also interpret the characters in (10.23) as follows: The character yx) can be 


understood as a vector with the components , lex in an n-dimensional space in which 
the irreducible characters form a set of orthogonal vectors. Thus it is obvious that there 
cannot exist more than n different irreducible representations! 


10.6 Orthogonality Relations of the Group Characters for the 
Example of the Group D3 


First we try to construct a matrix representation for the group D3 previously introduced in 
Example 10.1. For this purpose we consider the transformations of the triangle as rotations 
in three-dimensional space combined with reflections. We choose the axes e;, é,, and e,, 
as shown in the figure of Example 10.1, which, for instance, yields 


D(Ri)ex = tert fey , 


Dihiey = -/Se2— hey , 
D(R))ez =e, (10.25) 


for Ry (rotation by 27/3 around the z-axis). For the other group elements we obtain 


1 3 
=o 3 4 0 
Nr = D = 3 1 
DR» 1c i (Ry) -,/3 EL 0 
0 0 0 =_—= 
avi ° 2 yi 0 
D( Ro) = D(iRs)=| fs _1 (10.26) 
D(R2) 3 —4 0 (its) 3 -4 0 
0 0 1 0 @ =< 
Si i oe 100 
Bult = ( 1 0) Dé)= (0 1 0 
0 Oo -1 00 1 


It is easy to verify that these matrices satisfy the rules of multiplication given in the 
table previously. Further, (10.26) reveals that all matrices have block structure, allowing 
the decomposition into a (2 x 2) and a (1 X 1) submatrix; therefore, the representation 
given in (10.26) is reducible. However, the submatrices form an irreducible representation 
because they cannot be further decomposed. The (2 x 2) submatrices form the esee ble 
representation D(®) and the (1 x 1) submatrices form the representation Dl ), Finally 
there exists a trivial representation, namely the identical one, that is characterized by 
DO (R;) = 1 for all R;. The results are summarized in Table 10.1. 
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Table 10.1. The irreducible representations of the groupelement of D3 


Group 
element 


Represeén- 
tation 


That they satisfy the orthogonality relations for irreducible representations (10.18) is 


left to the reader as an exercise. 
After performing the trace of the matrices in Table 10.1, we obtain a character dia- 


gram, which is given in Table 10.2. 


Table 10.2. Character table of the group D3 


Class 


Represen- 
tation 


d:(E) $2(fi, Ro) d3(Rs, Ry, Bs) 


The characters also satisfy the orthogonality relations (10.23). We consider, say, the 
orthogonality between the representation D(2) and D() (number of classes n = 3) as an 


exercise: 
_ 2)_(3)s 
yep PO = 1 x 2x 142% 1 x (143 x (1) x 0=0 (10.27) 
p=1 
papel 2 2)* 
S> epx yx =1 x 1742 x 1243 x (-1)? =6=9 ; (10.28) 
p=) 


Equation (10.28) just yields the number of group elements! 


10.7 Reduction of a Representation 


We now consider a general reducible representation men The group characters can help 
us to decompose this representation. We know that the matrices of the matrix representation 
D(G,q) can be cast into block form. Then the character is the sum over the diagonal 
elements of each block. If D(Gq) belongs to the class p, then 
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a maxy , (10.29) 


where ma is the number of equivalent irreducible representations, i.e. the number of 
times D(Ga) appears in D(G,). With the help of the orthogonality relation (10.23) we 


can determine ma. Therefore we multiply with (pax? JS and sum over all classes p, 
_ 


= pe xe == pe Teeny xp (a) ——— ~ magbap SG) (10.30) 


As an ere we again consider D3 and the representation introduced above. We de- 
compose this representation (10.26) into the irreducible components (see Table 10.1) 


BD=mD® @ mdD® © md. (10.31) 


“ ® ” denotes the direct sum, i.e. the formation of an extended matrix by joining the single 
matrices. With the help of (10.31) we get 
m= %3+0-3)=0 , mz,=33+0+43)=1 , mg=3(6+0+0)=1 , 
(10)32) 


i.e. the representations D(?) and D() are both included in D, but D©) is not. This is the 
trivial result which has previously been given. 


10.8 Criterion for Irreducibility 


From the knowledge of the character we can conclude at once whether a given represen- 
tation is irreducible or not. We then know from (10.24) that 


Walxpl=¢ (10.33) 
Pp 


holds. Equation (10.33) is a sufficient condition for irreducibility, which may be proved 
by considering (10.23) and (10.29); 


Seplyel? = J> cpmamgy i =o dom (10.34) 
P a,8,p 


Thus (10.33) holds if 5°, mg = 1. Since all ma are positive numbers or zero, however, 
this condition can only be fulfilled if all numbers ma except one, e.g. m.,, are equal 


to zero, and m., = 1. We consider the representation D®)(R;) of the group D3 as an 
example and show that this is irreducible since 


Sveplxpl?=( x 442x143 0)=6=9 . (10.35) 
Pp 


10.9 Direct Product of Representations 


In the eas we determine a character of a direct product of two irreducible represen- 
tations. Let {D2 (Ga)} and {De (Ga)} be the representation matrices of the irreducible 
representations @ and @. Then the representation matrix of the direct product is given by 
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the expression 


(ax) A = ak p A : 10.36 
{DiFirany Go} = {DinlGa)Din(Ga)} aime 
The trace is the sum over all diagonal elements 
a axB) (Ay) = (a) (A BA 
(ox) = s Dees (Ga) = » D\?)(Ga) » Game (10.37) 


The character of the representation of the direct product is equal to the product of the 
characters of the original representations a and £, which implies that 


Ler) = yi) : 9), (10.38) 
The representation resulting from (10.36) is in general reducible, i.e. 


Dle*) (Gq) = @myD"Gaq) (10.39) 
Y 


is the direct sum of irreducible representations. With the help of (10.30) and (10.38) we 
can determine m, to be 


1 Ras 
ae Spx gets. (10.40) 
Pp 


Again we consider the group D3 as an example: We can determine the character of the 
direct product D3) @ D@) = HE) with the help of Table 10.2 and (10.38). For the 
three classes the character takes the values 


y8*3) = (4, 1, 0) = x8) .¥8) , (10.41) 
with which, inserting this into (10.9.5), we obtain 

my =4(1x1x442x1x14+3x1xO)=1 , 

mo=4(1x1x4+2x1x1+3x(-1)xO=1 , 

m3 =4(1x2x4+2x(-1)x14+3x0xO0)=1 . (10.42) 
Thus the representation D(°*3) can be decomposed into 


HEx3) = HE) g HP® =H 9 DA w HE . (10.43) 


10.10 Extension to Continuous, Compact Groups 


Up to now we have only considered discrete groups because they are easier to handle. Yet 
groups with a continuous range of parameters have achieved great importance in physics, 
for example the groups SU(2) or SU(3), which play an important role in the elementary 
particle physics (see Chaps.5 and 8). The difficulty resides in the fact that we now have 
an infinite number of group elements, because the group parameters are continuous. The 
sums appearing in the formulae derived above change into integrals, and the number of 
group elements is replaced by an appropriate normalization factor. First however, we need 
several new concepts, which shall be introduced in the following sections. 
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10.11 Mathematical Excursion: Group Integration 


First we consider the expression 


g 

ee (10.44) 

a=1 
for the case of a discrete finite-dimensional group. One important property of these groups 
was that in (10.44) G, can be replaced by Go = GyGa (with fixed but arbitrary G,) without 
changing the value. If the values of Gq cover the whole group, then the corresponding 
set G, also covers the whole group exactly once. Otherwise some Gq', would exist which 
yields the same element G;: 


Ga G, Ga Gren. (10.45) 
Multiplication by G,! from the left yields 
Co Ca= Gr =Ep 4 (10.46) 


i.e. the elements G, and G,: must be identical! 
In the case of a continuous group, (10.44) turns into an integral f{ (a) f(a)da, where 
a denotes the parameters of the group; the measure function |,(@)| is chosen in order to 
fulfil 
i fi@)ula)da = / foOpu@da , (10.47) 


aéG aéG 
where c is defined by 


Go =GaGe . (10.48) 


Here an arbitrary, but fixed, group element G(b) means that the group property for finite 
groups is conserved. 

The integration only makes sense if the range of integration is compact (i.e. finite 
and closed). For the case of non-compact groups, the integral could possibly be divergent. 


In (10.47), a is the abbreviation for a = (aj, ag, ..., a;), and da = dajd2...da,; r being 
the number of parameters of the group. Besides (10.47) there exists the trivial condition 
[ f@r@da = [ fOn@de © (10.49) 

aéG cé€G 


If we change the integration variable on the rhs of (10.49) from ¢ to a, we get 


6) 
| f@u@d = | fonozd , (10.50) 
aéG aéG 7 
Oc/Oa being the functional determinant (Jacobi determinant) 
(4 (4) (4 
oe ; - 3 ei (10.51) 
a . . * . 
oa a] 0 0 


If we compare (10.50) with the relation (10.44), which was required to hold, then the 
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condition for p is 
Oe =ji(a) , (10.52) 
da 


valid for all a. Assuming that such a measure pz exists, we can calculated p(c) by assigning 
a value for an arbitrary element a, e.g. a = 0 (this accords with the unity element of the 
Lie group). With this, 


O 
u(c) = (0) / Gi. ; (10.53) 


for which the constant factor 4(Q) is unimportant, so that it is sufficient to set ~(Q) = 1 
and to calculate (Oc/Oa)q—9. Later we will explicitly carry out this procedure for the case 
of unitary groups, e.g. SU(2) and SU(3). 

In the case of a finite, discrete group we have an expression of the general form 


| a 
= Gals (10.54) 
g a=1 
where g plays the role of the “volume” of the group and is therefore replaced by 
g>VG) = [ pada . (10.55) 
aéG 


For a continuous group, the expression 


1 
ae; i f@pla)da (10.56) 


as may be considered generalization of (10.54). In the case of the trivial representation 
f(a) = 1, then (10.56) has the value “one”. All formulae of this previous section can be 
transformed into compact groups by replacing the expression (10.54) by (10.56), though 
before we consider the practical calculation of the measure function (a), we must study 
the unitary groups in greater detail. 


10.12 Unitary Groups 


The unitary group U(N) has N? generators Cim (i,m = 1, ..., N), which satisfy the 
commutation rules 


[Cin Clo CC oe ae (10.57) 
For example, we can take Cm = bb as generators if Be bm are creation and annihi- 
lation operators with the commutation rules [bn, b+] = dim, for which 
[bf bm, BF bn] = BF [bm bE ]bn + 826+ (bm, Bn) + (Bt, OF Jbnbm + BF [bt , ba Jb 
a bf Smjbn = OF Sinbm 7 5jmbz bn = binbdt bm 5 


is required. Another possible representation is 


Poe 


(C= (Sia) (10.58) 


where (4jm) denotes the matrix which has a “1” at the intersection of the ith row and 
the mth column and “zeros” everyhwere else. This matrix also satisfies the commutation 
tules (10.57). An arbitrary group element of U(V) is given by 


exp ( = i 6u1Cu) : (10.59) 
kl 


where the “angles” 6, parametrize the group transformation. 

The transition to SU(N) can be made by constructing traceless matrices from the 
Co. . which, for 2 # m, is automatically fulfilled. For i = m one only has to subtract N~! 
from each diagonal element, made possible because the unit matrix commutes with each 
matrix and therefore does not disturb the commutation rules: 


Ci = Cull » Oy=Cy . t#i , (10.60) 
i.e. Cy; in (10.60) has the form 
il 
=i 
aan 
” N 
Ci = 1-+ NE (10.61) 
0 


a 
$$ $$$ $$$ 

from which it is easy to calculate that Tr(G;;) = 0. Equation (10.60) gives us a condition 

for the C;;’s, because 


563; = 0 (10.62) 


holds, i.e. just (VV — 1) out of N creation operators are linearly independent. All in all we 
obtain exactly N% — 1 generators for the SU(N). 


10.13 The Transition from U(V) to SU(/V) for the Example SU(3) 


Up to now we have used other matrices as generators of SU(3). These are connected with 
the matrices (10.58) by the following relations: 


0 1 0 , , 
(1 0 0) =0n+0r ’ 


0 0 O 
moe - 

No = (: 0 0| =1(Co1 —Ci2) 
0 ye 
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to OO | 
iy=(0 —1 0) =e ~Cn ; 
0 0 0 
(Op 
iu=(0 0 0) =Cn +0 
LPO SO 
10) SK 
is=(0 0 0) a6 ~ es : 
i 00 0 
0 0 0 ; 
ie=(0 0 1) = Cae * Cn ; 
Ole 
00 Oy | 
in=(0 0 -i) =e - G9 ; 
0 1 0 
ef use 0 (oes 10.63) 
ie~ (0 ; 0) = Hen +en 2033). (10. 


We will repeatedly make use of (10.63) in the following. 
The connection between the groups U(3) and SU(3) is as follows: An element of 
U(3) is given by 


3 3 3 
exp ( —i SJ aCe) =exp [ — i oa Oni pI —i 2S Ore Crer > (10.64) 
etl k#l=1 k=1 


which can be further transformed by using (10.60) to obtain 


3 3 : 3 

c = ‘ = 1 

exp aaa 3S OniC py = il SS One. exp (- wi ey a) 
k#l=1 tel eal 

(10.65) 


The term —+ (wes xx) Il in the exponent cancels the Cy; and the left hand part of 
(10.65) represents a group element which has just the form of an SU(3) element; the right 
hand part is simply a phase factor. Now the transition from U(3) to SU(3) takes place by 
requiring 

U(3) — SU(): > Opp = (10.66) 

ic=all 

in (10.65). In the general case of U(N), one proceeds in the same manner, with the 
difference that the index k runs from 1 to NV. If, however, we want to use the generators 
in (10.63), we must apply the following method. First we confine ourselves to the diagonal 
matrices Cir Cr, C33, Tetumning to the remaining matrices later. Then group element 
generated only by Cae Coo, and C433 has the expression 


611 C11 + O22C'29 + 633033 = bA3 + (w/v3) 3 Ag + 1/3(611 + O22 + 033)N — (10.67) 
in the exponent. We are interested in the relation between (¢, 7) and (611, 899, 633) for 
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the unit matrix N [N = (Ci +Co9 + C33) = Il). If we make use of (10.63), A3, Ag and N 
can be expressed by Cie C22 and C33 and vice versa. This yields the relation between 
the angles 


911-9.2=46 , 61, -O33=H+h¢ , 622 — 633 =~—3¢ . (10.68) 


In the case of SU(3) we have to satisfy the auxiliary condition 611 + O02 + 633 =0. 
Finally we consider the form of a finite transformation which consists of diagonal 
elements only. The infinitesimal transformation is given by 


1 — 10}, 0 wae 0 
7 0 1—i69. --: 0 
1—i We ere Cer - : ; : , (10.69) 
k : 5 ies A 
0 0 + 1-i6nyn 
from which the finite transformation follows as 
e711 0 ze 0 
: 0 ec i22 ... 0 
EXP (-1 Dance) = : : - 
k « « * , « 
0 0 ; -i9NN 
€y O 0 
0 0 
5 ae (10.70) 
O © cae yey 


[introducing e, = exp(—i,,)]. Later on we need the most general form of a unitary 
transformation; therefore we construct other generators as the C;;(z # 7) so that, in analogy 
to SU(3) [see (10.63)], 


Aga Cay +Cy . Apa —Cy) , i<i - (10.71) 
By this we obtain for an infinitesimal transformation: 


1-i >> 61Cy =1- 1D Fee Cie —i D> Org -i >> Ou Mk 


kl k S i k<l 
soe ffs 612 r i621 vee ] 
= 912 + 1651 jl = 1699 a0 N (10.72) 
with 
Bet +i6re = Pe » Fei —- ie = OR =» K<I and Oy, =O4K (10.73) 


10.14 Integration over Unitary Groups 


The unitary group U(.N) depends on N 2 parameters so that an arbitrary transformation 
written in terms of operators is given by 


N 
exp (- 3 au) : (10.74) 


kel —all 
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In order to determine p(@;,;) we have to calculate the product U (c) = U (a)U (6), where 
U(b) is chosen to be a diagonal matrix, i.e. in (10.74) there occur only operators of the 
Cartan sub-algebra which commute with each other (see Chap. 12). U(b) is of the form 
(10.72) implying that for U(c) we obtain 


(1—iay)e,  (@12 — iaai)e2 
U(c) = | (212 tiaaer  (l—iag2jeqg (10.75) 


This matrix can be diagonalized by the transformation 


U=V-!wv , with (10.76) 
1 a2 —iaq1 
€4/€2 — 1 
Wie || Miata 1 alee and (10.77) 
eg/é1 —1 
(1 — 1a41)€1 0 =< 
Wc) = 0 CP 1c) aan : (10.78) 


where we have neglected terms of second order (a;, <1). The explicit calculation of 
VU = WV is the best way to prove the validity of (10.76), and so the transformation 
is separated into three parts; W is now a diagonal matrix and depends on N parameters 
only! If we write (1 —iap,) ~ exp(—ia,,) and take into account that ¢, = exp(—i0,,,), we 
can immediately specify the transformation of N angles by 


pp ethe Sate (10.79) 
The transformation matrix V depends on the remaining N2 — N paraameters and con- 
tains the angles which describe the transformation into a system in which U is diagonal. 
We choose the transformation of the parameters [c.f. the element (12) of V with the 
corresponding one of U(c)]: 

Cip = a2 Re(eq/eg — 1)! +ag1 Im(eq/eg— 1)", 

C1 = a4 Im(eq/e — 1)7! — ag, Reley/eg —1)7! , ete. (10.80) 
Thus we achieve the following structure of the Jacobi determinant that has, with regard 
to the first N parameters, a diagonal form: 

OC pp /Oa;; = SpiSkj - (10.81) 
The remaining part is a product of 3N (N — 1) factors, i.e. 

8C42/9a12 OC 12/Aay z 
BCol8a12 3Ca/Bay,|~ 1 e21 + ote. (10.82) 
Finally for u(c) we obtain 
, N 
plc) = (Ace/Oa)5*) = T] lei—e; |? (10.83) 
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Note, that (c = 0) depends only on N of the parameters! 


a) U(2), SU(2)As an example let us have a look at the group U(2). The measure is given 
by (10.83); hence 


w(U(2)) = ler — €2|? = lexp(—i811) — exp(—i6o9)|” 
= lexp (— 4i(01 + 622)) |? x |exp ( — 4i(@11 — 629)) 


— lexp (51611 — 922)) |? =4 sin? (4(611 — 402)) (10.84) 
The restriction to SU(2) yields 01; + 022 = 0. With 61; — 699 = ¢ then 
w(SU(2)) =4 sin? 3g, (10.85) 
According to (10.56) this result must be divided by 


4a 
V= [ uSU@)dg=8r , 
0 


with the consequence that 
4n 


v- [ wefiead= =~ | (sin? 44) fad) (10.86) 
0 


b) U(3), SU(3)In this case we proceed similarly by looking first at U(3). According to 
(10.83), 


p(U(3)) = Jey — €2|"e1 — €3|7 [eo — €3|” (10.87) 
is valid. Each factor is treated in the same way as in the example U(2) — SU(2) and 


i(611 + 89) 1 |" (ie cay 
u(U(3)) = dfexp| “S022 n°( 11 . 22) 
x 4/exp [Hens tee| in? (Ss 5) 
x 4lexp [ion sts) 5 —2(S2= fs) 


= 64 sin? (25) sin2 (5) sin 2 (Oa | . (10.88) 


Finally for SU(3) we get, according to (10.66) and (10.68), 
y(SU(3)) = 64 sin? (44) sin? [4(44¢+)] sin? [$(—4¢+¥)] , (10.89) 


where ¢ is the parameter for isospin and ~ for hypercharge, respectively. According to 
(10.56) we have to divide by 


+7 +7 
v= [ [ 4(34)4(3¥) SUG) . (10.90) 


1 ay 


The limits above arise because in (10.88) the limits for the arguments of the sine are given 
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by 


OS Ci Goa) Pin "33 2 ee) 0 ee (10.91) 
i.e. over a total period. For $4 = 3(611 — 922) this yields the limits 
—r<gd<tn. (10.92) 


Finally the limits of ~ have to be determined. If we replace p + +6 = 61; — 933 by the 
corresponding maximal and minimal values for 6,, — 633 and +d, respectively, we obtain 


—r<ivsitn. (10.93) 
The result of the integration (10.90) is 
V SCARS BSliag (10.94) 


and thereby all integrations of interest are of the form 


= | mSUG)F,v4SUG) 


SU(3) 
8 aris Par 
ew) i i d (34) d (3%) sin? i¢ sin? [4 (46+) | 
x sin? [5 (—34+4)]/GY) . seme 


Here we assume that “f” only depends on ¢ and w. If f depended on other angles, too, 
we would have to integrate over them and multiply V by Vo = f[ d(9;;)(2 # 7). We do not 
get into trouble with the volume element p(SU(3)), because it does not depend on these 
angles! 


10.15 Group Characters of Unitary Groups 


If an element of a group is given, e.g. 


Gq = exp ( -i 440s ; (10.96) 
aj 
then the character is defined by 
Me) = Ten (10.97) 


However, we know that the trace formation is invariant under similarity transformations, 
ie. AGo A! has the same trace and the same character, and every unitary matrix can 
be transformed into diagonal form. But since all representation matrices in diagonal form 
can be constructed solely by the generators of the Cartan sub-algebra 


N 
exp (- Sy uC] ; (10.98) 
k=l 


it is sufficient to consider only group elements of this form. If we denote the eigenvalues 
(weights) of C,, (k =1,..., N) by (rj, ..., rn), then (10.97) finally assumes the form 
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N 
x6) S ae exp (- ye aur) : (10.99) 
Ul 9 cong LIP k=1 

in which we sum over all possible weights. The term “(a)” denotes the representation and 
(611, .--. Onn) the class. 

There exists a general form of the group characters of the unitary group, which we 
will prove , having first presented the result and some examples. If ¢; = exp(—i@;;), then 
the group character is given by the following ratios of two determinants: 


eo Neale ERIN Nes? i, ehNN g/—™ me we y7 
hint+N-1 hont+N-2 h N-1 N-2 
Gye é9/™ a 2 oy 
LOTS : 
sim Nae ee Nie gee 2 1-1(10:100) 
Here the values (h1 yy, ..., hy) characterize the representation of the group U(N), being 
the maximal weights (rj = hy, ro = hon, .-., rN = hyy). In the case of SU(N) we set 
> 4 Pek = 0, so that the representation of the SU(N) is then characterized by the numbers 
(hin —hon , hon—hgn 3.-4 h(w-1ywn—hnn,9) . (10.101) 


a) U(1). This is trivial, because U(1) consists only of a single element 


x(%) = exp(—ih11611) (10.102) 


b) U(2). This representation is characterized by hj, hg2, and the group character is 


-1 hiotl hoo hog ~hyotl 
x hig+l ghz €2 1 E1 — €2 


With ¢€; = exp(—i6;;) we obtain 
(a) _ ©xPl = i(hi2 + 1)611 + ho2622)] — exp[ — i(ho2411 + (iz + 1)822)] 
‘ exp(—i011) — exp(—i022) 
( (611 + P22)(hig +1 + 2 ) 
= exp (i———— + 
2 
exp { —if [(hi2 + 10611 + $h22622 — 5 O11h22 — $O22(hi2 + 1)}} 
: exp(—i041) — exp(—id29) 
exp { —i [5h2211 + 5(h12 + 1022 — FO11(h12 + 1) — $O22h29] } 
7 exp(—i911) — exp(—i822) 
( (641 + 92)(h12 + hog + ) 
=exp( — i+ 
2 
se (aa { ~i[5(hi2 +1 — ho2)] (O11 — 922)} 
exp(—i61) — exp(—i@22) 
exp {i [5(h12 + 1 — hz2)] 11 — 622)} ) 
exp(—i611) — exp(—i09) 
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( (011 + O22)hi2 + naz) 
SO) | 


x bee us = ice on) \ i) (sia S11 — 22 — . (10.104) 


In the last step we made use of 
exp(—1611) — exp(—i622) 
= exp ( — $i(611 + 422) lexp ( — 41(611 — 422)) — exp (3i(011 — 422)) | 
(10.105) 
When we make the transition to SU(2), the representation is characterized by 
(hig — hag, 0) =(2j, 9) , (10.106) 


according to (10.102). Furthermore, we set 91; + 422 = 0 [according to (10.66)] and thus 
obtain 


x(SU(2)) = sin((27 + 1)¢/2)/sin ¢/2 (10.107) 
for the character of SU(2), with ¢ = 611 — 629. 


c) U(3). The representation is characterized by three numbers (h11, ho, h33), with group 
character 


hig4+2 ho3+1 h = 
gre ere ene e2 ae 1 
VON = ERO BP EEE) ek ey I . (10.108) 
hyg+2 ha3+1 h33 2 ] 
E3 E3 E3 E33 


The denominator can be simplified further, i.e. 


(en = eee = eg) — 12) 
= —exp [ — 4i(611 + 922)] exp [ — $i(611 + 633)] exp [ — 5i(022 + 633)] 

x 8 sin [5(611 — 22)] sin [5(611 — 933)] sin [4(622 — 33)} , (10.109) 
but the numerator cannot be transformed to a simpler form. Nevertheless we shall derive 
an expression which we will later need for the general proof of (10.100): 
ena +1 eh 
his has 


L1O)y= SS 


hig=hes  hog=haa 


hio+1 hj 
Ey"? ey yy gftis thas ths3—hi2—ho. 
3 


(10.110) 


We still have to prove that this expression is equivalent to (10.108)! 
i 
To that end we multiply the first column in (10.110) by e, M2—1 and the second one 
i 
by 64? which yields for each term 


chathes+h33+1 3 
3 


ere (2) (10.111) 
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Using this result, with the help of the addition theorem of determinants, equation (10.110) 
becomes 


chsthes +h33+1 
3 


(10.112) 


We multiply the first row by (€3/e3 — 1), the second by (€/e3 — 1) and do the same in 
the denominator. For the denominator we now have 


2 (2 c 1) (2 - 1) = €3(€1 — €2)(€1 — €3)(€2 — €3) 
ef €y 1 
Sn ce Ge US (10.113) 
ee €3 11 


i.e. the denominator is already in the correct form. The numerator is given by 


|(ey""" i. (a)"" |(ey"" 7 (2)"| a 
(ay _ (a) (a) 7 (2) (2) - (10.114) 


0 0 1 


where in the last step we added the column 
(s)" 
e3 
(a 
es 


1 


and inserted zeros into the third row. The value of the determinant does not change by 
this operation! Now we add the second and the third columns to the first one and add the 
third column to the second one. This yields 


a hi3st+2 a, Ve a h33 
€3 €3 €3 
5) hig+2 aS ho3+1 2s 
€3 €3 e3 


1 1 1 
ee eee chss 
—(hi3+2) —(ho3+1) _—h hist2 hos+1 h33 
Beg i pemceiaten 32 | ehist? Cf ghso] (10.115) 


hig+2 hos+1 h33 
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Here we have removed the factors 


—(h 2 —(h 1 
e;( 13 +2) e; | 23 +1) 


and eae) 


from the first, second and third columns, respectively. Finally, by application of (10.113) 
and (10.112) we obtain the result (10.110), the interpretation of which is easy. If we only 
consider the subgroup U(2), all angles 433, 6:3, 6:3 (i,j = 1,..., N — 1) must be fixed 
with zero value. Thus, only (NV — 1)? = 2? = 4 angles remain in the case of N = 3. 
The character of the representation can be written as the sum of the characters of the 
representation of the subgroup, which are included in the representation of the full group. 
With regard to U(3) this means that we set 633 = 0, and (10.110) follows as the sum of 
the characters of the representations of the subgroup U(2) [see section on U(3)): 


his hos a 
LUG) n= OY ON eae) (10.116) 


hio=hes hhy=has 


Equation (10.116) states that a representation (h13, h23, h33) of the group U(3) contains 
only those representations (h12, h22) of U(2) which comply with the inequality 


hig > hy2>ho3 > hog >h33 CC. (10.117) 


Here every representation of U(2) is contained exactly once! 

Finally, to get the character of SU(3) we can use (10.110) as well as the results of 
the former example 

y (haa; has, has) Pe yo) 


hi3 has 
= 3 D2 exp [5 (11 + 422) (Aha + hd2) | 


Aig=hes hog=hss 


x exp | — $633 (hi3 + hog + h33 — hho — hog) | 


hig t1l—h = —1 
x sin Sew e,, me) (sin ae ; (10.118) 


Consider the first two factors here, which can be rewritten in the form 


exp [— 3 (011 + 022 + 433)(h13 + hog + h33)| 
x exp [ — 4(011 + 422 — 2033)(hiy + hbg)| 


i 
X exp 3@u + 622 — 2433)(hi3 + hog + 2) 
1 
= exp = 3 (711 + O99 + 633)(hi3 + hog + 7) 
i 
X exp 25 [(011 — 433) + (822 — 433)] (hig + Hen) 
i 
x exp E (11 — 453) + (@o2 — 433)] (hig + hog + haa) (10.119) 


Thus, for (10.110) or (10.118) we have 
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(hi3h23h33) 
XU(3) 
i 
= exp | = 311 + 629 + 633)(h13 + ho3 + haa) 


i 
x exp E (911 — 433) + (822 — 433)] (hig + hog + haa) 


hig hog 4 


x Yo SX exp | - 5 [P11 — 033) + (822 — 633)] (ha + Hn) 


hyg=ho3 hhg=h33 


Micoctsfleeared 611 — 622 \"1 
x sin | (ea) Cr ba) ( sin aS) (10.120) 


In the case of SU(3) we have 61; + 2 + 633 =0, which with (10.68) leads to 


(his —h23,h23—h33,0) 
SU(3) 


21 hi3 hg 
~ a8p Fens + hos + =) DD exp [= ih} + hb9)] 


hyg=ho3 hoo=has 


Reg +1 — ht =i 
x sin (ses) °| (sin t) ; (10.121) 


Here the representation of SU(3) is given by 
(p, q, 0) = (hi3 — hag, hoz — hg3, 0). (10.122) 


A special case is the scalar representation. Here we have h13 = ho3 = h33 = 0 and 
therefore hj2 = h2 = 0, too; the character function is identically equal to 1, which is also 
obvious from (10.108). 

In the last example, we outlined how in general to calculate the character of a unitary 
representation. The general proof is done by induction from a basis given by U(1), which 
is trivial. Now we assume that the assumption is valid for U(V) and verify it for U(N +1). 
The procedure is identical to the one in the last performed example, except that now more 
than two sums and more indices have to be considered. 

Finally, some formulae which are useful for further reference in connection with 
unitary groups are presented once again. 

From (10.22), (10.23) and (10.56), respectively, we obtain 


v7} if x) B* WU) dO = bag (10.123) 
UN) 


where dé@ is an abbreviation of d@1;d092...d@n yn, and V is given by 


v= f munya . (10.124) 
U(N) 
Since the characters only depend on 611, ..., @yn, integration over these angles is suffi- 


cient. yo) is given by (10.100) and u(U(NV)) by (10.83). Furthermore, as in (10.29) we 
can express the character x of a reducible representation in the form 
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y= So max” , 


(10.125) 


where y(@) are characters of irreducible representations only. 
For a product representation we have [see (10.38)] 


le XB) = yo). (A) 


(10.126) 


By using these formulae we are able to calculate the irreducible representations which 
are contained in an arbitrary representation. If we restrict our considerations to a single 
subalgebra, we can further calculate the representations into which the original represen- 
tation can be decomposed. An example of this is given by the reduction U(3) > U(2) in 


(10.116). 


ON SS ——E———E_———————_————E_— EEE 


10.3. Application of Group Characters: Partition 
Function for the Colour Singlet Quark-Gluon 
Plasma with Exact SU(3) Symmetry 


In the past few years the so-called quark-gluon plasma! has 
been studied intensely by theoretical physicists. The name 
“quark-gluon plasma” describes a new state of nuclear mat- 
ter in which quarks and gluons move freely. Supposedly 
this state existed during the first 20 microseconds after the 
“big-bang” of our universe. Today one hopes to create this 
plasma in heavy-ion reactions at very high energies. In or- 
der to be able to recognize a quark-gluon plasma when it is 
formed, one must study its properties theoretically and ob- 
tain predictions for characteristic signatures, e.g. increased 
abundance of strange particles. Since the excitations of the 
plasma can have high energy and the surrounding nuclear 
matter can act as a “heat bath”, then we are dealing with 
a thermodynamical problem. However, due to colour con- 
finement, the total colour of the plasma state must always 
be neutral, which means that only states with an exact 
SU(3) singlet symmetry are realized. 

In the following we shall state some definitions of 
thermodynamics and then show that, using the group char- 
acters, one can be restricted to states which belong to a 
certain representation of an SU(3) group. As an example 
we discuss the conservation of isospin, since in nuclear 
reactions, in which the electromagnetic interaction can be 
neglected, isospin is conserved, so that only states of a 
given isospin can be reached. As a last example we return 
to the quark-gluon plasma. 


(1) Some Thermodynamical Expressions. The partition 
function is of central importance in the thermodynamical 
description of statistical systems. It is defined as 
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Z=Trlexp(—8H)] , (1) 


with @ = 1/kT, where k is Boltzmann’s constant, T is the 
temperature and #7 is the Hamiltonian. The trace operation 
means a sum over all diagonal matrix elements in Hilbert 
space. If a noninteracting system of particles has discrete 
states with energies ¢;, then the expectation value of H is 
given by 


0° 
SS NE; Os (2) 
i=1 


where n; are the occupation numbers, specifying how many 
particles are in a given state ¢;. If there is a continuous en- 
ergy spectrum, the sum in (2) is replaced by an integral. 
Once the partition function is known, physical quantities 
such as pressure P and intrinsic energy U can be easily 
calculated by use of the formulae: 


P=ToOlogZ/ov , (3a) 


U=—dlogZ/op . (3b) 


The partition function is given by different expressions 
for boson and fermion systems, and to show this we first 
abbreviate the exponentials in the partition function: 


4; =exp(—Ge;) & (4) 
Thus (1) takes the form 
foe) 
Z= So exp |) ele eae (5) 
(nj) r} (n;) ll 
where (n;) denotes all possible sets of occupation numbers. 


' See e.g.: B. Miller: The Physics of the Quark-Gluon Plasma, 
Lecture Notes in Physics 225 (Springer, Berlin, Heidelberg 1985). 


For bosons (e.g. gluons) this yields 


[oe) fo) 
= ( Se 2 ( , ze" res 
n,=0 ny=0 


x ( +S ze) ae (6) 
n;=0 


Each state can be occupied by an arbitrary number of 
bosons. Since every sum in (6) is a geometrical series, 
one gets 


| o 
B = -_-_-—oor— ny 
jo, 1- 42) j=, | — exp(—fe;) 


Considering fermions (e.g. quarks, nucleons), every state 
can be occupied by either one or no particle, i.e. 

De 2, =1+2Z;=1+exp(—fe;) . (8) 
nj 

The first term corresponds to the case that no particle is 


in the state 7, whereas the second term corresponds to one 
particle in that state. Hence the fermion partition function 


is given by 
Zp = [[ [1 +exp(—-Zes)] . (9) 
i=1 


For the calculation the products are raised into the 
exponential: 


ZB = exp (1 Il =z) 
= exp - ¥ In (i — ota) | : (10a) 
i=1 
Zp =exp Im [a + z0| 


= exp |. Sik (1+07F#) (10b) 


j=l 


For Be; >>1 the logarithm can be expanded, an approx- 
imation that is justified in many cases, and the partition 
functions in (10a) and (10b) obey the respective statistics. 
But what happens if we are concerned with an exact global 
symmetry? Zp and Zp do not take into account an exactly 
conserved symmetry, i.e. they also include states which are 
not allowed. In the case of the quark-gluon plasma one has 


a product of Zp and Zp which takes into account coloured 
States, too. 

In the following we shall first consider a general, ex- 
act SU(n) symmetry. We shall show how to project out 
states which belong to a certain representation of SU(n). 
First we add a sum over the weight operators (oh to the 
exponential. Thus 


=": lexp( ~ ff -i 0 6xuCrn ’ (11) 
k 


where the tilde over Z denotes that Z differs from the old 
partition function Z. The trace is defined as the sum of the 
diagonal matrix elements over all possible states: 


Z= > (rm) 
(p) (m) 


x exp( — BH -i D61C \(p)(m)) (12) 
k 


Here (m) is an abbreviation for all quantum numbers la- 
belling the states in the irreducible representation (p). In 
the case of SU(3) we have (m) = (y, T;). Inserting a com- 
plete set of states yields: 


Z= > YS (p)™) | exp(-BA)| (pm) 
(p) (m) 
(p’) (m‘) 


x ((p')(m')| exp( -~i>> nuda) \(p)(m)) 
RES, (13) 


We now note that the matrix elements of Ff are indepen- 
dent of, and diagonal in, (m), because H exactly conserves 
the colour symmetry. Realizing that C;,;, changes neither 
the representation (p) nor the quantum numbers (m), we 
get 


Z= Tle #1) x ((pm)| 
(p) 


x ex( re (em). (14) 
k 


The latter sum is equal to the definition of a character of 
the representation (p): 


xo) X (over 
x co ~i aCe I(p(m)) (15) 
k 
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The first factor in (14) can be rewritten as 
a 1 i 
(IEP) = FTL (@remle"P" pve) 
(™m) 


1 
~ dim(p) Z(p) 
Since the matrix element in the sum is independent of 
(m), we obtain dim(p) times the same value [dim(p) is the 
dimension of the representation (p)]. The sum in (16) is 
thus equal to 


Z(p) =Trpylexp(-—BA)] , (17) 


i.e. the trace, which is performed only on the states in the 
(p) representation. Equation (17) is the partition function 
which we finally want to obtain. Summarizing we get for 
Le 
= Ss = 
i 


Z is calculated in the same way as in (10a) and (10b), 
with the addition of the weight operators C;. ,- To obtain 
Z(p) we apply the orthogonality relation (10.123) for group 
‘ haracters: 


Zq) = dime) | duCGen)x Oxn)Z(B, H, ex) 
with 
1 
duOn,) = pMSU(n))d(SU)(n) (19) 


(16) 


5x? Bak) : (18) 


Equation (19) is the relation used for the computation of 


Z(p). 


Example (a): Conservation of isospin in nuclear reac- 
tions. Earlier in the chapter, the character of SU(2) was 
defined in (10.107) as 


sin (5(p + 1)¢) 
ene ere (20) 


with p = 27, ¢ = $11 —$22 and ¢11+¢2 = 0. The measure 
was shown in (10.86) to be given by 


du(d) = = sin? (3) dé , with O0<¢<4n. = (21) 


Thus we get an expression for the partition function which 
takes into account only states with certain isospin I [dim(p) 
Sissi 
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Oren: 
aE 


Zen = / dg» sin?19. (8, H, ¢) . (22) 
0 


Due to (11), Z has the following form: 
S 2 il oe a 
Z($) = Te{exp| — BH -56(Cr—Co2)|b . 23) 


In moving from U(n) to SU(n), we have used [see (10.66) 
the case U(3) — SUG)] 


> n=O. (24) 


Equation (23) defines a very strongly oscillating function, 
with values between 0 and some powers of ten. Analytical 
solutions for (22) are not available; however methods of 
approximation or numerical approaches exist. 


Example (b): Conservation of the SU(3) colour charge. If 
a quark-gluon plasma is formed in heavy-ion reactions, 
the total colour must remain zero at all times. The char- 
acter of an SU(3) representation has the form given by 
(10.118), and we consider a scalar (colourless) representa- 
tion [singlet(p) = (p1, p2) = (0,0)]. The singlet character 
is x0) = 1, The measure is given by (10.95): 


du(d,) = say sin? sin | ($+¥)| 


<[E($+5)}a2)a) as 


with 
$= 611-092, —m<g¢<a0 
b = 5 (011 + O22 — 2653) , -n<icn and (26) 


041 + O09 + 633 =0 


Thus we get for the partition function, which allows only 
colourless states, the integral 


8 x ¢ 
Zom= 3,2 J J fa(s)a($) 
x sin? £ sin? = AG +4) 


x ste ae Z i 


Again Z is a strongly oscillating function with values be- 
tween zero and a large power of ten; thus, numerical in- 
tegration is necessary. A useful way to plot the result is 
to take the ratio of the energy E(o,0) calculated by 2,9 9) 


and the energy E() obtained without any symmetry re- 
striction. The quantity Deg = Eo, 9)/E©) describes the 
deviation from the Stefan-Boltzmann ideal-gas behaviour 
and can be understood as an effective number of degrees of 
freedom. The result is shown in the figure below, where 
Dep is shown as a function of the dimensionless quan- 
tity TV!/2/(he). We see that there is a transition region 
where the effective number of degrees of freedom de- 0.5 1.0 1.5 2.0 2.5 3.0 
creases rapidly. This behaviour is reminiscent of a phase 

transition, but an inspection of the specific heat shows that Effective reduction in the number of degrees of freedom in SU(3) 

pa ee ey gauge theory 
there is no discontinuity involved. 


UML, =e EE ee) 


10.4 Proof of the Recursion Formula for the Dimensions 
of the SU(n) Representations 


Earlier in this chapter the general formula (10.100) for a character of a representation 
[hi, ho, ..., hn] in the group U(n) was given. The numbers [h1, ho, ..., hn] denote the 
number of boxes in a Young diagram, i.e. h; boxes in the first row, hg boxes in the 
second row and so on. A Young diagram in SU(n) is obtained by cancelling the last row 


(hn = 0). The numbers pj, po, ..-, Pn—1, Which characterize the representation in SU(n) 
are related to the numbers h; (2 = 1,2, ..., n) by 

pi=hi—higi . (1) 
For p,—, this leads to 

Pasi = es a oe = hin Sa if hp =0 . ) 
To calculate the dimension of the representation (pj, pa, ..., Pn—1) in SU(n), it is advan- 
tageous to calculate the dimension of the representation [hj, hg, ..., hn—1, 0] in Um). 


For further calculations one needs the inversion of (1), which reads: 


Rel = Pal 
hn-2 =Pn-1+Pn-2 > 
Dae =Pn-1+Pn-2+Pn-3 > 


ha = Pn-1 + Pn—-2+Pn-3+---+p2 » 
hy =Pn-1+Pn-2+Pn-3+.-.+p2+Pi - (3) 
The dimension of a representation is given by the value of the character of the identity 


(all angles 6,; = 0). In this case we have a diagonal matrix with value one everywhere, 
and the character of this transformation is the sum over all “1” ’s, i.e. the dimension. 
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This becomes obvious through (10.99), where the exponent becomes equal to zero, and 
the summation is performed over all states. Before we show the general approach, we 
illustrate it by several examples. 


(a) SU(2). According to (10.100) the character is given by 
etl 4 
Ce eee 


Xu(2) = (4) 


El il 
62 | 


€1, €2 are exponentials [e, = exp(—i0;,,)], but they can be considered as variables. For 
the case (0,; = 0) we have 


— 1. 5 
ok $4470 ©) 


Since both numerator and denominator approach zero, we have to apply the rule of 
l’Hospital; ie. we have to differentiate both numerator and denominator with respect 


to one of the variables. If the ratio of the latter quantities exists, then the limit of [419], 
also exists and both values are equal. We choose 0/0¢1: 


hy +1 h 
E 1 (hy +e; 0 
a/de| , ce CREM 6 
ge 1 an 9 i 1 
iain ny. | 
0/d€1 
E92 a il | ak 
Since in the case of SU(2) h = py, this result agrees with (9.59). 
(b) SU(3). According to (10.100) the character is given by 
ee om 1 oe 
hy h20 
ahah =| € er 1] - os eq | : (7) 


2 
ef +2 ae 1 €, €3 1 
We shall now differentiate three times, once with respect to e2 and twice with respect 
to €1. (The converse would not suffice because numerator and denominator would yield 
zero.) The result is 


hy +2 uae 1 ae B 1 
CEI ne meee Pa |, _ 
6, mec? eet |e aan leh ek 1 


Oc? Deo | ? Oct OE 
d ee aga il 4 e2 €3. 1 
h hy—1 
(hy eae (ho + l)hge;? i) aye! 
=| (h1 +2)e +1 (ho + leh? Olle, 1 (8a) 
chit? eat! al lee es 


In the limit 9,, — 0, we obtain 
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il (hy + 2)(hy + 1) (he ate 1)hg 0 
ae (hy +2) (ho+1)  0[ = $(h1 +2)(ho t+ 1)(hy —hot+l) , = (8b) 
1 1 1 


and then, using (3), which relates hi, hg and pi, po, we get the dimension formula for 
SU(3): 


5(hy ~ ho + 1)(ho + 1)(hy +2) = $(p1 + D2 + (pi + pe +2) (8c) 


These two examples indicate the general procedure. 

It is interesting to express the character of U(3) through that of U(2), since this yields 
another hint how to obtain the recursion formula (9.6.2). For that purpose we consider 
numerator and denominator in (8a) and (8b) separately. 


Numerator: 
(hy +2)(hi+ Wet? (hat Whgef?? 0 
(hy +2)eR1 41 (ho+leh? 0 
ge eer | 
(hy +2)(hy + Ver (he + Whgef?7} 
inst De (hy + leg? 
(hy +l)eM hye} 
=(hy+2(ho+D] ay ‘es 0) 
ey ey 
Now we invert the rule of 1’Hospital and write instead of (9): 
(hy +2)(he + 1) g oe a (10a) 
1 2 a 
Oe] ee ap a 
Denominator: Proceeding analogously we end up with 
2 0.0 
20 ey 0 a epee 
= = = 2— ‘ 10b 
25, 2€2 | 2 E2 | Oe, | €2 | end, 
2 
&3 €3 1 
If we put (10a) and (10b) together, we obtain 
hy +l ho =A 
oO } 81 &4 0 |e, 1 ) 
L —— — ; 10c 
5 (he ae 1)(hi oF 2) & eit eh (= £2 1 ( ) 


Now, if we drop the derivatives, we get the character of the representation [hhjhg] of 
U(2) and (p;) = (hy — hz) of SU(2), respectively. Since (10c) exists as a limit for 6,4 — 0, 
the limit of (10c) exists without derivatives, as well. This means that 


dim [hy h20] yg) = gr(ha + (hi +2) dim[Arhaly(a) > (11a) 
or, due to (3), 
dim(p1 p2)su(3) = H2 + D(r1 + P2 +2) dim@sui2) (11b) 


This is just the recursion formula (9.62) for the case (n + i 
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It should now be clear how to proceed in general. For the case of the group U(n), the 
character is given by (10.100). We shall consider this for the denominator and numerator 
separately. 


Denominator: 


Cin? ae 

i= Il n—2 9 

=I =z 
ey ey Sa GaGa) soi 0 : 0 

ey es? eg 1] |(@—1)m—2)--- 262 (m—2(n—3)---1 0 0 
Ae eae (= enri eae 
enol en-2 En il ena} ete2 En 1) 

(12) 


Again we drop the nth row and column, respectively, and separate the factor (n — 1)(n — 
2)...l=(n—-—Dpb: 


(n—2)---1 0 0 
(n—2)---2e€2 (n—3):---1 0 
ey ae 0 
cae elas El 1 
i Aig) EE I 2! is 
Genm” OcmemO=, = 70a: : 
ere ee cnt wl 


Thus we have obtained the denominator of the character of the representation of U(n— 1). 


Numerator: 


Application of (0 Oc aa) ...(0/OEn—1) yields 


(hitn—1)---(hyt+ Det (hg tn —2) +> hye?! -0 

(hy +n —1)--- (hy +2)e917? (hg tn —2) +++ (hp + Del ---0 
(14) 

(ier alias (hg +n —2)eh2tn-3 -0 

giitn—1 Soe ee. Wl 


Omitting the last row and column, and extracting the factor 
(hy tn —l(hotn—2)...(hn_1 +1) , 


we get from (14) that the numerator becomes 
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Pee a 2) hy tn = 2) +n — 1) 


(hy +n —2)--- (hy + eM (= Dene ne (Ea (eee 3) ce de 
x 
ert ee - 2S 
Or 
(heist Win 2 +2)... (ho tn —2)(hy +n = 1) 
gn-2 gn-3 oe ar game al ae ane 


xXx Ce se : : » Ge) 
n—2 n—-3 Oey _ : . . 
dey © ep FR hy Gate t= hae 
En-1 el ee 
Putting together (13) and (15) and omitting the derivatives, we obtain the recursion formula 


in which the character of U(n — 1) appears. In the case of 6}; +0 we have 
dim[h1 666 hn—19] u(n) 
= (hn-1 + I)(hn—2 +2)...(hy +n — 1)dim[h,... Pn—1)u(n—1) (16a) 
or with (13): 
dim(p1, sees Pn-1)$U(n) 


1 
= @om ae Oey) pean) 
X (pnt... tpi +n —1)dim(p,.. -Pn—2)SU(n-1) : (16b) 


This is just the recursion formula (9.62) if we replace (n) by (n + 1) and dim(...) by 
IN Cre)! 


DN Pas ceey Pn) 
1 
= 7 (Pn TDs, tee ee Pr pe ttt wceet Pot) (Daas se ni) ae CL?) 


Solution of the recursion formula. The dimension formula for the lowest groups reads: 
1 

SU(2) : 71 gs Ui 
1 

SUG): s7@1+D@2+D@i+p2+2) . 


] - 
SUG): 574) (1 + Dea + Ds + G1 + 2 + 2lp2 +73 +21 + P2+p3+3) . (18) 
This systematically leads us to the assumption that the general solution is given by 
n k 
UL 


1k=0 \m=k—I+1 


n 
I #! 
k=i 


a 


I 
Nn+i(p1---Pn) = 


(19) 
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The proof is done by induction. In the cases of n = 1, 2, 3 we already have the basis for 
the proof. We now suppose the formula to be valid for some SU(n). With the help of the 
recursion formula (17) we obtain: 


1 
Nn+1@1---Pn) = ay tae yee Pa asl pepee fii] Pte) 


n—-In-1 k 
Ti ( > m+) 
X l=1 k=l \m=k—-l+1 


n—1 


(20) 


The denominator can at once be written as [|j;,_, &!, and the factors can be put into the 
terms in the product in the numerator, i.e. 


(mn+1) for k=n l=1 , (pntpn—-1+2) for k=n 1=2 , (21) 


and so on. The last factor (pn + pPn_1 + ... + pi +n) is put into the term k =n, l= n. 
Thus we get the ansatz (19). 


272 


11. Charm and SU(4) 


Up to now we have discussed quark models with three constituent quark flavours (quark 
triplet). In November 1974 a new vector meson was discovered by two groups in Brook- 
haven and Stanford (USA),' which was denoted by J or W, respectively, and is now 
generally called the J/¥ meson. The discovery of other particles followed. Later these 
findings were experimentally confirmed at the Deutsches Elektronen-Synchroton (DESY) 
in the colliding storage ring DORIS at Hamburg and more particles have been discovered. 
Figure 11.1 gives an impression of the complicated construction of the accelerator in 
Hamburg, where such experiments have been performed. 


<== electrons 
<= positrons 


W interaction point 
linear 


Fig. 11.1. Plan of the accelerator 
construction at DESY, Hamburg 


linear 
accelerator 2 
600 MeV 


The experiment involved electron (e7 )-positron (et) collisions, in which muons 
(ete — tp) as well as hadrons (ete — hadrons) are produced. The J/¥ meson 
has an unusually high mass of M = 3097 MeV and an extremely small resonance width 
of I = 0.063 MeV (see Table 11.1). In 1976? S.C.C. Ting and B. Richter were awarded 
the Nobel prize in physics for the discovery of the J/W. 


1 J.J. Aubert et al. (15 authors): Phys. Rev. Lett. 33, 1404 (1974); 
J.-E. Augustin et al. (35 authors): Phys. Rev. Lett. 33, 1406 (1974). 
2 Samuel C.C. Ting: Rev. Mod. Phys. 49, 235 (1977); 
Burton Richter: Rev. Mod. Phys. 49, 251 (1977). 
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Fig. 11.2. The ratio of the cross- 
sections in the reaction e*e- > 
hadrons to that in the reaction 
ete— pty 


Table 11.1. The properties of the newly discovered vector mesons 


Particle Spin Isospin Mass Width Decays [%] 
parity [MeV] [MeV] 

(3100),J flare 0 3096.9+0.1 0.063+0.009 ete- 7.5 
pt pe 7.5 
hadrons 85 

(3700), 17 0 3686.0+0.1 0.215+0.040 ete- 0.9 
Aone n= 0.9 
hadrons 98.1 

(4030), 17 ? 4030 +5 si 100 ahe-wolood4 


hadrons rest 


(4415) pb!" 1- 2 4415 +6 43420 ete 0.0010 
hadrons rest 


The ratio of the cross-sections of the two reactions is calculated by 


_ o(ete” +hadrons) 
a(ete— = ere) 

If R is plotted against the centre-of-mass energy E of the ete system, then the J/W and 
~' will clearly occur as extremely narrow resonances at 3.1 GeV and 3.7 GeV, respectively 
(Fig. 11.2). 

In addition, around EF ~ 4.1 GeV and E ~ 4.4 GeV several resonances can be observed 
which, however, have a significantly larger width than W at 3.1GeV; we therefore first 
take a closer look at this state. 

Since this vector meson is strongly interacting, which is well confirmed, its lifetime 
T should be of the order of magnitude of the decay times of other high-lying hadronic 
resonances; thus r~5 x 10~24s, which is equivalent to a width of I~ 100 MeV. How- 
ever the measured value is I’exp ~ 0.063 MeV. This is a hint for a new quantum number 


~ Doo 
S 
€ 
a 
<< 
— 


; { 
ae i 
2 tit HT} 
t 
i fH 


E[MeV] 
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which is conserved, strongly suppressing the decay of Y induced by strong interactions. 
The simplest method of adopting this new quantum number into the framework of the 
quark model is to introduce a fourth quark c (for “charm”’) which differs from u,d and 
s by the charm quantum number C; u,d and s have C = 0, while the fourth quark has 
C = 1. Charm is an additive (charge-like) quantum number like sande are stiic ty) 
diagram is extended to a third axis. There also exists the antiquark ¢ with C = —1. Thus, 
instead of the fundamental triplet (3) we have a quartet (4) as the smallest representation 
of the symmetry group. This leads to the group SU(4). 


11.1 Particles with Charm and the SU(4) 


From now on we assume the existence of a fourth quark c, which has an additional 
quantum number denoted by “charm C”, i.e. the c quark has C = 1. The other quantum 
numbers of the c quark are T = 73 = 0 and Y = 0. Therefore c is a singlet with 
respect to the usual flavour SU(3), and we now have the quartet q=u,d, s,c instead of the 
triplet of SU(3) as the fundamental representation of the symmetry group. Furthermore, 
in addition to the additive quantum numbers T3 and Y of the SU(3) (group of rank 2) we 
have to consider the charm quantum number C;, i.e. the states of a multiplet of the new 
symmetry group are given by |T3YC’). Since we have three additive quantum numbers 
now, the symmetry group has to be of rank 3 and must also have the quartet (antiquartet) 
as fundamental representation. The group which naturally fulfills these requirements is 
the SU(4). Therefore we will base our examination of particles with charm on the group 
theoretical consideration of SU(4). 


11.2 The Group Properties of SU(4) 


Since the SU(3) multiplets have to be included in the SU(4) model, we want to preserve 
as much as possible of the structure of SU(3) in SU(4) [analogous to the imbedding of 
isospin SU(2) in SU(3)]. Again we use the matrix representation of the Lie algebra and 
its generators, i.e. its generators are 4 x 4 matrices. Analogously to the SU(3) matrices 
Me which were derived with the help of the 7; (Pauli matrices) of SU(2), we will derive 
the SU(4) matrices from the A; of SU(3). 

Since the number of generators of the group SU(n) is in general given by n? — 1, we 
get fifteen 4 x 4 matrices for the SU(4). The first eight are created by the eight generators 
of SU(3). (We also denote the generators of the SU(4) by \; to stress the formal similarity.) 


a 1 O50 =e eT ae 
ee tomo ae | Oo 0) | Ome 00 
Dh Oe: 2 Salem MEHR She QQ | ° 
0 0 0 0 0 00 0 0 0 0 0 
001 0 0 0 -i 0 000 0 
. i 6 0 OO) 4. ae 
Mey @ @ @)2 S24 @ © O)R eC wen momen me 
0 0 0 0 00 0 0 000 0 
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0 0 0 0 to  @ © 
‘ 0 0) =i 0 \) 0 SUR to eo “aa 
Pier om Os el © ooo a 
00 0 0 0 0 0 0 


The following six \, are constructed by displacing the non-vanishing elements 1, — 1 and 
—t, 1 respectively (such as \4 to A7 from A, and AQ): 


| 
a 


-OoOoc oO 


oo co 


iy) 


Seo osc ooo Ss 
| 
wy, 


Sg GQooqoe oqonrecgqs 
Poco ocooococoooc$ea 
GOroocncnerocococeor 

~ 

oo 

i) 

| 
cqooooococc or coco 
Seago qgrtooe oe oe ©& 
~Oo eae qe qgoqgqgo © 

| 

= 


=) 


As is chosen in such a way that all A; are linearly independent. Usually one chooses M & 
analogously to Xg, i.e. 


1 0 O 0 
z 1 0 1 0 0 
ab Sr 001 0 (11.3) 
0 0 0 -3 
The matrices \y of the SU(4) fulfill similar commutation and trace relations as the SU(3) 
matrices: 
[As Ag] = 2ifigedk, [as Ag], = Sig + 2dijnde (11.4a) 
THOWISO 5 WOW =O (11.4b) 


The first and the third equations are evident, while the second and fourth equations are 
proven in the following exercise for general SU(n). The structure constants f;;, and d;;, 
of SU(4) are given by the relations already shown (see Exercises 7.3 and 7.4 and also the 
following exercises 11.1—11.3) 


fijk = aM, AglAn), ijn =F TDs As], AW - (UES) 
EER EELS EE —— eee SS SSS 
11.1 Anticommutators of the Generators of SU(N) with 
Problem. Show that the matrix representation of an SU(N) FT ae otc Bene Fey ae (2) 


with (N2 — 1) traceless \;-matrices satisfies 
Solution. Together with the unit matrix Ip, jy, the A; 


cee 4 ® : 
Cees Wot nxn t+2dj5prA% (1) form a basis of the N x N matrices. This allows the rep- 
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resentation as 

Di Asgla = Unxnaijt+ Bizp de (3) 
with coefficients a;; and {;;, which have to be deter- 
mined. The trace of (3) follows as 


Tr{[\j, Mile) = 2Tr{A;\;} =Naj;+0 , 


ai; = 


bij (4) 


where Tr{\;} = 0 and Tr{A;Aj} = 26;; have been used. 
The last relation will be proven later (see also exercise 
11.2), but now we multiply by M and calculate the trace 
again. 


TH{AEAss gly) = THA} + Bije THA) 

4dij1 = 28ij;n61e =2Bijt 

By 24;51 (5) 
Therefore 

[ve Ml <6 + 2dj jpn 

holds; q.e.d. 


We still have to establish the equation Tr{A;A;} = 
26;;, which is simply a normalization condition. This is 
done by assuming that 


ir Ae =2 (normalization) (6) 


and showing that Tr{AzA;} = for 2 # 7. 

The product \,\, j> 2 #3, has diagonal elements only 
in two cases, namely: 

1) d; and dj are non-diagonal matrices and belong to 
the same SU(2) eepaleeber with the translation operators 


=40;i\;) . (7) 
Then 
AR = 4 (37 - 33 +444, +iXjhy) (8) 
and furthermore 
Tela =e SO (9) 
Tr{A? — \? + 2iA;A;} = 0, (10) 


or, combined with (1), 


WO eta a (11) 


2) di and dj are diagonal matrices, therefore 


Lg 2 (CRRp eo Se 

Now the \-matrices are constructed in such a way that 
MAm = Ay Se tOn wl ioe. (12) 
which leads, with (12) (¢ # 7), to 

TAA} =TrAmingy}=0 i457 - (13) 
From (6), (11) and (13) we obtain 

Tr{AjAj} =26;; , qed. (14) 


Compare this result with the following Exercise 11.2! 


EXERCISE i 2.22 A See 
11.2 Trace of a Generator Product is the SU(N) 
Problem. Show that for the 4; matrix representation of 
any group SU(N), 

Tr{A;A;} = 26;; 

is valid. 

Solution. To solve this problem, one has to devise a gen- 
eral scheme to construct the A; of an arbitrary SU(N). 


1) To every 7, 7 = 1, 2,..., N,2 <j, we define the 
two N x N matrices 


OG, Ny = Sjnbiv + SjrSip » 
OG, Muy = iSindjy — 6ivS;u) (1) 


which form N(N — 1)/2+ N(N —1)/2 = NWN — 1) linearly 
independent matrices. 
2) We construct a further N — 1 matrices according 


to 
—| 
i 
5 1 0 
Oe = aa =(2= 1) ; 
0 0 
n= 2 oan oe (2) 


This gives N —1 additional linear independent matrices in 
such a way that we get a total number N(N -—1)+N—-1= 
N2 — 1 matrices. The \ matrices defined this way from a 
basis of the vector space of the traceless N x N matrices 
and thus a representation of the SU(N) generators. 
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Now we can prove the required relation by simple 
calculation. 


MOG Sso Vera ge. We =1 (3) 


which is achieved by an appropriate choice of normal- 
ization. For Tr{A,2_4Amm,2—7}, with n<m, equation (2) 
yields 


Me eee a ee for n<m , (4) 
hence 
e n > 2 
Wer rea ee =2 a0 Te TriAn2_-1} = 0 é (5) 
Furthermore 
Tr{h\,,2_AOG, f)} = Spo!” by AOG, Dh, 
= yal [555 Suv + Sjv5inS uv] =O, (6) 


since 2 < j, and in the same way we get 
Tr{A,2 AVG p}=O . (7) 
Now we calculate 
TAYE, NAY, D} for G)#ED , 
Lees eoeor 7 fl -: 
THAME, AME, D} 
= DSi uSiv + Sj Sip) Sky Stu + Sku Sv) 


Hy 
= 6515:k + O 5h Sit + O5R Sit + 5 515¢6 
= 26546; =0 , (8) 


since 1<j and k</ (assuming 7 = | and j = k yields 
«<j = I<k, and hence a contradiction to k < J). Anal- 
ogously one finds that 


THAQDG, JAP DP =O. (9) 
The final quantity required is 
THAVG, Ak, D} 


= Ne Slo ar b jy in| [Sip bkv = Skyy] 
LV 


= ~i[5 55:4 + 554531 — 5455: — 6j15;4] =O (10) 
Thus we have shown that 
WG y) 2s (11) 
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SERS: SSS 


11.3 Eigenvalue of the Casimir Operator C; 
of a Fundamental Representation of the SU(N) 


Problem. Show that the eigenvalue of the Casimir opera- 
tor of a fundamental representation of SU(V) has the value 
ye 1)/2he 

Solution. First of all we show that 5°; dj;, = for all k. 
C; is a Casimir operator, and hence we have [F,, Galle = 
0. By using the matrix representation of the \; this gives 


N?-1 


1 N?=1 7, > ; 
= be (Fit aw + din \) | 


N?-1 


i 2 
=o ie Sy ‘a : (1) 
k 5 
where we have used the result of Exercise 11.1, 
Fe ak 4 a 
[Ais Aj] = ap Sis xn + 2dijerr - (2) 


Now the following are valid: 

1) For given o and | there exists only one k in such a way 
that fy4; # 0. 

2) The A,’s are linearly independent. 


It then follows that the expression in (1) is zero only if 
N?-1 

wy d; =0 for all? . (3) 
4=1 
The Ni are just the matrix representation of the F, of the 
fundamental representation. Therefore the value of C} is 
directly calculable in the case of the fundamental repre- 
sentation: 


: ee al 2 j 
Ca = Sey ren aye Gee 


1 z 


nxn . (4) 


11.3 Tables of the Structure Constants f;;;, 
and the Coefficients d;;;, for SU(4) 


The non-zero structure constants of the SU(4) are given in Tables 11.2 and 11.3: 


Table 11.2. The non-vanishing structure constants VBA Table 11.3. The non-vanishing coefficients d;;; 
t y) k aap t 3 k Gist 
me 2 3-4 4 ieee l/vs 5 5 8 —-1/(2V3) 
; : a ae : ew /4/6 5 5 15 1/vV6 
1 9 12 1/2 | 6 ee oie ae Mi Te 
1 ui -1/2 : le 1/2 5 10> 13 oa 
; are 1 6 6 8 -1/(2V73) 
5 7 Ae : ih TO 1 VE 6 6 15 1/v6 
B rl Te aye 
a 2 7 2 2 8 v3 6a if 1/2 
eee) 12 2a 9 10 1/(2/5) 2 2 15 1/v6 7 7 8 —1/(2V3) 
a Ye 8 11 12 1/(2V3) 2 1/2 (¢ el = AV AG 
3 6 7 1/2 8 13 14 —1/(/3) A 8 @ ie 7 11 14 -1/2 
ao 9 10 Wie 9 10 15 \/2/3 2 9 12 -1/2 G Gee ale 2 
pee) 2 ede 5. /2/3 2 10 11 1/2 8 8 8 —-1/V3 
om oy 3/2) gma tdis 9/2/35 3.3 8 Iv3 8 8 15 1/Vv6 
4 9 14 1/2 3 3 15 1/V6 8 9 9  1/(2V3) 
juan 1/2 8 10 10 1/(2V3) 
aa. «1/2 8 11 11 1/(2V3) 
6 6en6 —1/2 Sy 1 TWieRNe) 
So eee 1/2 8 13 13 —-1/V¥3 
Soe 1/2 8 14 14 -1/V3 
a 10m 10m 1/2 9 9 15 -1/V6 
3 11 11 -1/2 10 10 15 -1//6 
3 12 12 -1/2 11 11 15 -1//6 
4 8 —1/(2/3)| 12 12 15 -1/V6 
A 0 i Gye le Gs 
oO 1 Wh 14 1) </6 
210514 1/2 15) Toes Ss 


We recognize the f;;, to be completely antisymmetric, while the d;;, are again 
symmetric with respect to all of their indices. 
The usual generators of the SU(4) are 


es Gai se I) (11.6) 


which correspond to the F; of SU(3). Furthermore we may introduce the isospin operators 
Ty. = Fy tif, T3 = F'3; The V-spin operators Va = Fy +iFs; and the U- ~spin operators 
U4. = Fg tify, analogously to the SU(3), while the hypercharge is given by Y =2/V3Fx. 
We could now construct further quasi-spin operators with the help of the remaining op- 
erators (for example a W-spin, etc.); however, this does not seem to be sensible. While 
the isospin was very useful for the classification of states within an SU(3) multiplet (mass 
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Fig. 11.3. The lowest non-trivial rep- 
resentations of SU(2) 


differences AM <10MeV), already for the U-spin this holds only in a very restricted 
sense; the U-spin multiplets show mass splittings of some 100 MeV (10% of the mass). 

Trying to use W-spin for classification of SU(4) multiplets would be completely 
inappropriate; the mass differences (e.g. a value of 2GeV between o° and , approximately 
100% of the mass) are much higher, i.e. the SU(4) symmetry is broken much more severely 
than the SU(3) symmetry. Therefore the classification according to SU(2) subgroups is 
not practical. However, in the following we will see that the classification of the SU(4) 
multiplet according to SU(3) sub-multiplets of the quark triplets uds (i.e. a SU(3) group 
that acts on a triplet of three of the four quark states) still makes sense. 


Ta, 


11.4 Multiplet Structure of SU(4) 


We have already realized that [4] and [4] are the fundamental representations of the 
SU(4); their quantum numbers are listed in Table 11.4. Analogously to SU(3) we have to 
form direct products of these fundamental representations in order to classify hadrons, i.e. 
[4] @ [4] for mesons (qq), [4] ® [4] @ [4] for baryons (qqq). 

Since there are three additive quantum numbers (73, Y, C) for each multiplet (for 
the quartet see Table 11.4), we get a three-dimensional T3 — Y — C-representation of [4] 
and [4], illustrated in Fig. 11.5. This compares to the one-dimensional representation of 
SU(2) shown in Fig. 11.3 and the two-dimensions of SU(3) (Fig. 11.4). 


quarks antiquarks quarks antiquarks 
Fig. 11.4. The lowest non-trivial representations of SU(3) Fig. 11.5. The lowest non-trivial representations of SU(4) 
aed 11.4, See nou of the quark quartet; Remark: In elementary particle physics the strangeness 
elie Ue eo tyornumber S is often used instead of the hypercharge Y, where Y = 


B+S (see Fig. 11.6). The baryon number is B = +1 
for all baryons and B = —1 for all antibaryons, and for 
mesons Y = S. The Gell-Mann-Nishijima relation then 
reads Q = 73 + 1/2(B +S). It will be necessary to general- 
ize this relation to Q = T3+3(¥ +C) = 73+4(B+S+C), 
as we shall show later in Eq. (11.19). With that generaliza- 
tion the charge of the c-quark is calculated to be Q, = 2 
(see Table 11.4). 


i 
5 
i 
5) 
2 
5) 
i 
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Table 11.5. Table of the complete decomposition of the products [X] @ [Y] 
ees 3 ‘ ‘ " i" 2 “ ‘| 
y 
FeSO 15 | 4+ 20! |20 20 |) 44.36 | 4+ 20’ 35 +45 ee 200 6+10 20’ + 60 4 
+36 +45 +64 
14+15 [15445 |15+45/6+10 36 + 84! 4 +20 4+ 20 6 + 50 
+20” +10 + 64 +36 + 60 +36 + 60 +64 
20°35) 14-15 | 6 + 10 56 + 60 a ee 4+ 20! 10 + 64 10 
+45 +84 +64+70 |+84' +60+ 84’ |+36+ 140” +126 
4+4+204+20| 4420 15 + 20” 


+20'+36 |+204+20 
+60 +140” {+36 + 60 4+ 140”| +175 


Fig. 11.6. Quarks and antiquarks in the representations 
: : of SU(3) as functions of the isospin component 73 and 
quarks antiquarks quarks antiquarks the hypercharge Y or strangeness S 


While the graphical reduction of the Kronecker products is relatively simple in the 
case of SU(2) and SU(3), it is not so easily done in the case of SU(4) (especially for higher 
representations) because of the higher dimensionality. Thezefore it is more appropriate to 
rely on group theoretical methods, e.g. the method of Young diagrams. We present the 
results (also for the representations [6], [10], [10] etc.) in Table 11.5, some of which are 
derived in the solutions of Exercises 11.4—11.7. 7 

As an example we select the Kronecker products [4] @ [4]. According to the rules 
for Young diagrams (see Chap.9) the two fundamental representations are characterized 


by the diagrams 
Bal . Flea (11.7) 


The product yields 


281 


Fig. 11.7. SU(3)-multiplets of pseu- 
doscalar mesons (0—) and vector 

mesons (1—). The quark content of 

the analogous states is identical in 

the left and right multiplet, merely 

the coupling of the spin part of the 

wave function is different 


Fig. 11.8. SU(4)-multiplet of pseu- 
doscalar mesons (0—) and vector 
mesons (1—). The quark content of 
the analogous states is the same in 
the left and in the right multiplets; 
merely the spin part of the wave 
function is coupled in a different 
way (to 0~ and 17~ respectively) 


wom-cooEE Ee - ee ; (11.8) 


and the dimension of this second irreducible representation is computed by adopting the 
tules given in Chap. 9: 


4x5x3x2 
cin ( ) +5 a2 = a5 (11.9) 
x1LxXL2Xx 
For the meson combination [4] @ [4] we thus get 
[4] @ [4] = [1] @ [15]. (11.10) 


i.e. an SU(4) singlet and a [15]-plet. We may decompose the [15]-plet into SU(3) multiplets: 


ns] “9 te ple BoB) 


This follows from the SU(3) decomposition of [4] = [3] + [1]. Here the upper indices 
denote the charm quantum number, e.g. [1]! means an SU(3)-singlet with C= 1 or (3]° 
indicates an SU(3)-triplet with C = 0. Therefore according to (8.62) we have 


(31° + 01)"| @ [I +0073] 
= (3) @ BI’ o BY @ (1)? @ BY @ [1] ef}! eft)" 


= [8]° @ [1]° @ [3]~? @ [3]!  [1]° (11.11) 
ei ales! 
1. Y (cq) 0 nD" (cd) Y 
K* (us) 
(da) afk gE nt (ud) (du) p- p+ (ud) 
n°) (tual (soNe\4 / a tua) sae Is 
Hal ie 
n_ (ss) eS p° (ss) Z 
nt (cz) (de) en (ut) Sf (cz) (de) hes (ut) 


Fig. 11.8 


This is illustrated in Figs. 11.7 and 11.8, which show the SU(3) multiplets (within every 
plane lying parallel to the Y ~ T3 plane) and the two polyhedra of the SU(4). Altogether 
we get the well-known meson nonet [1]° + [8]° (both lie exactly in the Y — 7} plane 
of the polyhedron), but additionally a triplet [3]~* and an antitriplet [3]!. This SU(3) 
classification distinguishes between SU(3) multiplets with different charm: The triplet has 
C' = —1, the nonet C = 0 and the antitriplet C = +1 (see the SU(4) polyhedron in Fig. 11.8). 
The SU(3) decomposition of the [4] @ [4] product leads to an association of charm with the 
SU(3) triplet. Then the triplet results from coupling [3]°@ [1]~1, where [1]? is the singlet 
from the decomposition of [4] with C = —1. [3] results from [3]° @ [1], where now the 
singlet [1]+ stems from the decomposition of [4] with charm C' = +1. Thus we construct 


282 


spatial polygons from the basic tetrahedrons [4] and [4], in analogy to the procedure of 
the construction of different SU(3) representations by using the basic triplets. 


Clearly we obtain the following (C = 1) states (containing one c quark), which we 
call the (C = 1) SU(3) multiplet: 


pseudoscalar mesons vector mesons 


|D°) =|ca) , |D*°) = |ct) 
IFT) =|c3)_, |F**) = cs), 
(Die — led) ae Sle (11.12) 


The (C' = 0) multiplet is the former SU(3) meson nonet (it contains no c quarks). Addi- 
tionally, in Fig. 11.8 the SU(4) singlet cc is shown. 
The (C = —1) multiplet contains a c antiquark ¢ within each wave function: 


pseudoscalar mesons vector mesons 


|D°) = |v), [D*°) = uc), 
|F~) = |se) |F*~) = |st), 
[Day \devr ido GOLES) 


Apart from these mesons with open charm there also exist mesons with hidden charm 
(see Table 11.6), ie. the charm quantum numbers of the two constituents adding to total 
C =0: These are the ct combinations with T; = Y = 0 and C =O, ice. the origin of the 
T3 — Y — C-diagram (or T3 — S — C) is four times degenerate. In the case of pseudoscalar 
mesons with 73 = Y =0, i.e. 


Table 11.6. Quantum numbers of the pseudoscalar mesons and the vector mesons 
Eee 
mesons content 
eee 
orn oe 
i : Re “ie 


Pseudosc. 
mesons 


ee 
Coa Ce CEI 
= 

0 


PPP 
—— 1 Dl = 

a 

SP Perr 

Ss 1 iL 


et 
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|°) = 1/2 (ua) + |dd)) , |) ~ 1/2 (jut) — |dd)) , |n’)~sd , (11.14) 
we may now add 
Ine) = |ce) 


Obviously the strangeness S gives the number of strange quarks of the particle, and 
we note that the strangeness is S = +1 if an $ (anti-strange quark) and S = —1 if an s 
(strange quark) is contained within the configuration. 

In the case of vector mesons the states in the centre of the multiplet with the quantum 
numbers 73 = 0, Y =0, C =0 read as 


|o°) = 1/V2(\ut) + |dd)) , [w®) = 1/V2 (lu) ~ |dd)), [¢) = |s8) , (11.15) 
and now also as 
|Y) = |cc) 


We identify |) with |cc) since this state has exactly the quantum number which 
(3, 1GeV) shows in experiment. This concept will be explained in more detail in the 
following section. In analogy to the bound state ete~, which is called positronium, we 
call c€ charmonium. Later on we will see that each of the recently discovered vector 
mesons may be understood in the framework of the charmonium model. 

The relative stability of the c¢ may be explained by the so-called Okubo-Zweig-lizuka- 
Rule (OZI-rule). This rule, which was deduced from empirical considerations, states: The 
quarks contained in the incoming particles are distributed over the particles in the final 
state of the reaction. Otherwise the corresponding reaction is strongly suppressed. We want 
to make the OZI rule clearer by using the example of the ¢ meson (|¢) = |ss)). Therefore 
it is useful to represent each quark line by an arrow (———) and each antiquark line by an 
arrow into the opposite direction (+), i.e. a meson has the graphical representation 


4 U 
nf z 
d 


and a baryon has the graphical representation 


The creation and annihilation of a qq pair is denoted by 
q q 


? 


2 | 
respectively. This completes the list of elements for the construction of our quark flow 
diagrams. It is now easy to see that the decay $-+K*K7 is Zweig-allowed. 


+ 
ee 
of a 
SS Ik e 
The quark components of the initial ¢(sS) are divided to the two particles (K+K7—) in the 
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final state. Also the decay ¢ — K°K® is possible since 
+ <1 
ee Se 
ye 


On the contrary the decay $6 +27 7° is Zweig forbidden: 


u 
: d 
J | ==. 
S Cae 
u_}n 
Here we have no possibility of dividing the s and § between any final state particles since 


pions contian no s quarks. In fact experiment shows the following distribution of the decay 
channels: 


d—+KtK~ 47% 

b—>K°K® 35% 

drntnr n° 16% 
This is most remarkable since the energy release in the last reaction (605 MeV) is much 
higher than that in the first two decays (35 and 25 MeV, respectively). Consequently 
the Okubo-Zweig-lizuka rule is remarkably well fulfilled. Field theoretical considerations 


indicate that the validity of the OZI rule should be even better for heavy mesons (see 
Sects). 


11.5 Advanced Considerations 


w| 


11.5.1 Decay of Mesons with Hidden Charm 


Nowadays the OZI rule is relatively well understood on the basis of quantum chromo- 
dynamics (QCD). Then the Zweig-forbidden decay of a spin-1 meson (4, ~ etc.) takes 
place by pair annihilation of the quark-antiquark pair into three virtual gluons, which each 
create a quark-antiquark pair. This is illustrated in Fig. 11.9. 

Every virtual gluon contributes a factor a, (the coupling constant of QCD) to the 
Feynman diagram, which is consequently proportional to a3. For energies in the region 
of 1GeV (approximately the mass of ¢) a, ~0.5, ie. the Zweig-forbidden diagram is 
suppressed by a factor of 0.1. For energies in the region of 3.5 GeV, as ~0.2 as result 
of the “asymptotic freedom” of QCD gauge theory. Thus the suppression factor for the 
Zweig-forbidden decay is now ~0.01. With further increasing energy, a, continues to 
decrease. This energy dependence of the coupling constant is called “running” of the 
coupling constant. 


3 See also W. Greiner, A. Schafer: Quantum Chromodynamics (Harri Deutsch, Thun, Frankfurt am 
Main 1989); F.E. Close: An Introduction to Quarks and Partons (Academic Press, New York 1979). 
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Fig. 11.9. The Zweig-forbidden de- 
cay of the ¢ meson 


In Fig. 11.10 we show the Zweig diagrams for the decay of the ~ meson. 

The decays ¥ +D°D°, D+D-, FtF- are allowed according to the OZI rule, but 
Y + xtx-2 is forbidden. However the calculations which we will perform later in the 
framework of a potential model show that the mass of the W is less than two times the mass 
of the D- or F-mesons, and so these decays are energetically not possible. They should 
occur though for highly excited c¢ states, and indeed they have actually been observed. 

Thus only the Zweig-forbidden hadronic decays of the W particle, such as Vat 2-79, 
remain. As a consequence the decay of W is strongly suppressed. This explains the small 
width of the Y. Furthermore, we have seen that the widths of the other vector mesons (at 
higher energies) are often larger: In the case of %(4030), [ ~50 MeV; and for (4415), 
I’ ~40MeV. These larger widths express the fact that decay into two D- or F-mesons, 
given in Fig. 11.10 above, is possible. Thus the masses of the Y-mesons at higher energies 
[e.g. (4030) and (4415)] have to be at least as big as the sum of the masses of the 
particles occuring in the decay, i.e. at least twice the mass of the single D- and F-mesons 
respectively. From this observation we get an estimate for these masses of 


4M(')< MO or F)<4M(H(4030)) , (11.16) 
ie. 1800 MeV < M(D,F) < 2000 MeV. 


Fig. 11.10. The decays of the » 


meson 
; ee ee ; \io 11.5.2 Decay of Mesons with Open Charm 
wr 
oe The D-mesons decay into +K~ or s~K* mainly by the weak interaction (see Fig. 11.11). 

u \ 0 The latter decay is mediated by the exchange of W- and Z-bosons. There exist two W 
a e ole + * — 

Fig. 11.11. Diagr Ree bosons: a posiavely charged one (W ) and a negatively charged one (W7 )*. In Stanford 

tation of the decay of the D° me- and Hamburg® the yield of such reaction products was measured as a function of their 

son into K’ and x°. The c quark total energy and the experimental data are shown in Fig. 11.12. 

has charge Qc = +2/3 and decays One finds a distinct maximum at M = (1865 +1) MeV which has all the properties 


into an s quark with charge Q; = 

—1/3 by emission of a W*. The that are expected for the D°- and D’-mesons. By this method the existence of a particle 
ie ao ae 2 A eae and —_ with open charm was established for the first time. Later D+- and D~-mesons with a 
Fic os ee We ombare mass of 1869MeV were also detected. This is a brilliant success of the quark model. 
However, before we consider the mesons in more detail, we will first look at the baryon 


combinations of SU(4). 


60 


7D Kn-decays 


40 


Number of events 


20 <q Fig. 11.12. The decay of D mesons into Kx 


assumed curve 


without B°-peak * These phenomena are discussed in Vol.5 of this series, Gauge Theory of 


Electro-Weak Interactions (Springer, Berlin, Heidelberg) to be published. 

£ See G. Goldhaber et al. (41 authors): Phys. Rev. Lett. 37, 255 (1976); 
I. Peruzzi et al. (40 authors): Phys. Rev. Lett. 37, 569 (1976); I.E. Wiss et al. 
(40 authors): Phys. Rev. Lett. 37, 1531 (1976). 


1,6 1,8 2.0 ise 
Total energy [GeV] 
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11.5.3 Baryon Multiplets 


Baryons are built as qqq combinations, i.e. out of the SU(4) representation. 


[4] ® [4] © [4] = ([6] @ [10]) @ [4] = [4] @ [20] @ [20] @ [20’] . (11.17) 
(See Table 11.5 and Exercises 11.4 and 11.5.) The SU(3) reduction of the SU(4) multiplets 
yields 

[20] = [3] 6 3) [6] @ [8] . [20')=[l]oBle(6)efio] , (11.18) 


where [20] and [20] differ by the composition of SU(3)-multiplets. Both contain 20 
states, but different SU(3)-multiplets, which are responsible for the SU(3) classification 
(see Figs. 11.13 and 11.14). Clearly the [20] representation of SU(4) is suitable for the 
classification of the baryons because it contains an SU(3) octet, while [20'] represents the 
baryon resonances because it contains a decuplet [10] (all states have C’ = 0). The baryon 
sextet and the baryon antitriplet both have C' = 1. The states of the antitriplet have the same 
quark content as some states of the sextet, ie. three points of the sextet are occupied twice 
(indicated by rings around the points). Furthermore there also occurs a [3] (triplet) with 


Table 11.7. Quantum numbers of the baryons 


Quark 
content 


(ssd= Steel 


ell Sd Cod 


jem 
| 


ee T; 
(su), sud) 


rx 0 
Gonna 


) 
(ssd) (sdu) (ssu) (sss) (SSU 


Fig. 11.14. The SU(4) baryon multiplets 
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C =2. The reason why the baryon states with C = 1 correspond to two different SU(3) 
representations, but those of the baryon resonances correspond only to a single SU(3) 
representation, lies in the fact that they contain two light quarks u, d, and s. We know that 
the product of two SU(3) triplets decomposes into a sextet and an antitriplet. The sextet 
is symmetric, whereas the antitriplet is antisymmetric. Therefore, both representations can 
be contained within the baryon multiplet which has mixed symmetry, but only the sextet 
can be contained in the multiplet of baryon resonances which corresponds to a totally 
symmetric representation. 

Since the baryons contain no antiquarks, only particles with C>0 are possible. 
Therefore the SU(3) octet and the SU(3) decuplet always form the basis of the three- 
dimensional SU(4) diagram. The next higher SU(3) multiplet with C = 1 contains states 
with one c quark, etc. In the case of the representation [20] there exists no singlet with 
C = 3, ie. the figure is flat at the top (see Fig. 11.4). 

By contrast the [20’] representation contains a singlet with C # 0, namely the ccc 
state with the quantum numbers 73 = 0, Y = B+ S = 1 (since S = 0) and C =3. Its 
charge is given by the generalized Gell-Mann-Nishijima relation, namely 


Q=T;+4(B+S+C)=7T3+5(V+C) , (11.19) 


i.e. the charge of the ccc state is Q = 2. The charge of the c quark, Q. = 2/3, also follows 
from (11.19). This can be verified by the experimentally measured charges of the D- and 
F-mesons. The quantum numbers of the baryons are listed in Table 11.7. ; 

Thus baryons which contain a c quark have open charm (C' # 0). Since the decays 
of charmed baryons into particles without charm are Zweig- or Cabibbo-suppressed, the 
experimental observation of baryons with C'>0 is very difficult. Until now only one of 
the charmed baryons is firmly established; the antibaryon A, (quark combination udc) 
decays through weak interactions into 

Ts Anta x , 
and this excitation is shown in Fig. 11.15. 

At Fermilab (USA) a resonance at M = (2282 +3)MeV was seen in the mass distri- 
butions of (Ax+x~x~) systems®, but not in the distribution of (Ar+at+x~) systems by 
bombarding a target with high energy photons in the 400 GeV accelerator (see Fig. 11.16). 
If the maximum is caused by the decay of A, particles, this can be easily understood, 
because A, has quantum numbers T = 73 = 0. Therefore it is an isospin singlet and 
appears in only one charge state. 

The quantum numbers T = 1 and T3 = —1 (A has T3 = 0; for x~, T3 = —1; for 
x+t, T3 = +1) follow from the quark configuration of the final state. If we try to explain 
the maximum by the strong decay of an SU(3) resonance, it would have to be an isospin 
triplet, i.e. there would have to be three charge states. Therefore one should also see a 
maximum in the (Anta+zx~) channel. The missing of such a maximum indicates the 
(weak) decay of a charmed baryon. 

Finally, note that the terms “flavour isospin”, “flavour hypercharge”’ etc. in the sense 
associated with the framework of strong-interaction theory should be differentiated from 


>> 66 


the terms “weak isospin’, “weak hypercharge” etc. in the theory of weak interactions’. 


5 B. Knapp et al. (19 authors): Phys. Rev. Lett. 37, 882 (1976). 


7 See Vol.5 of this series, Gauge Theory of Electro-Weak Interactions (Springer, Berlin, Heidelberg) 
to be published. 
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Fig. 11.15. The decay of Ac: A € quark with charge Qz = —2/3 
changes into an $ quark (Qs = 1/3) by emitting a W~ boson. The 4.0 


W~ decays into an Ud pair which “pionizes” Arner 
30 
20 

Fig. 11.16. Experimental excitation of the ‘Ac decay at Batavia 10 

(Fermi Lab.). The excitation of Ac (i.e. the resonance which is 

interpreted that way) occurs in collisions with high-energy photons 0 fa 


1.5 2.0 2.5 3.0 oko) 


EXERCISE 
11.4 SU(3) Content of the SU(4) Meson Multiplet 


Problem. Calculate the direct product [4]suc4) Q [4lsuca in SU(4) (a meson multiplet). 
Decompose the result into the representations of the $03) subgroup and determine the 
charm content of each SU(3) representation. 


Solution. (a) Calculation of the direct product. First of all we represent [4] and [4] by 
their associated Young diagrams. Then we multiply both representations with the help of 
our multiplication rules. The graphical representation is 


[4]suca) @ [4lsuca) =L]® z a : @ EP =[Nsuca) ®U5lsucay - (1) 


(b) Reduction of the SU(4) representation to SU(3) representations. If we reduce an SU(4) 
representation to the group SU(3), we perform this by subtracting one box after another 
from the Young diagram. Here one uses the following rule®: If h;, is the number of boxes 
in the kth row of an SU(4) representation and hy the corresponding number of the SU(3) 
representation, then we have 


hy Shy >ho>ho>h3 . (2) 


Therefore it follows that 


su(3 
[Usuca) = © oe) =[Hsuca) » 


[5]sua) = Pe FPeHs H 


= [3]su3) © [8lsucsy ® Msuay ® [3lsucsy_ - (3) 
8 M. Hamermesh: Group Theory and its Application to Physical Problems (Addison-Wesley, Reading, 
MA 1962); J.P. Elliott, P.G. Dawber: Symmetry in Physics (Oxford University Press, Oxford 1979). 
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50 IK UAE 


mass [GeV] 


(c) Determination of the charm content. The SU(3) multiplets lie parallel to the Y — T3- 
plane within the SU(4) multiplet. As a first step to determine the charm content of an 
SU(3) representation we decompose [4lsua) and [4] sua) into their SU(3) components: 


4Isuca) = Bisucsy @ sua) > lsu = Blsuca) ® Msucy wy 


The superscript 0 or 1 denotes the charm content of the SU(3) multiplet. Antiquarks are 
represented by [4]. Now negative charm values may occur as a result of the presence of 
a charmed antiquark (in contrast to the baryon multiplet). 

With (4) the product [4] @ [4] (in the following we drop the indices SU(3) and SU(4) 
becomes 


[4] @ [4] = (3]° @ [1]') @ (BY? @1]7 
= ([3]° @ [3]°) @ (3]° @ [1]~1) @ (J! @ B)) @ Ci} @ [17 
=(8 eae @YeByeq)) . (5) 
By comparison of (3) and (5) we get 
[sua =O8ur3)_ > 
[15] sua) = Wsuray © (8]8ur3) ® [surs) ®Blsucay (6) 


This means that the SU(3) octet and the SU(3) singlet lie in the Y — T3 plane, whereas 
the SU(3) triplet is shifted one unit downwards on the C axis and the antitriplet is shifted 
one unit upwards on the C axis. So we obtain Fig. 11.8. 


RRR BE SESE Sn EE ee 
11.5 Decomposition of the Product [4] @ [4] [4] 


Problem. Verify the decomposition (11.17) of the product [4] @ [4] @ [4] using the method 
of Young diagrams. 


Solution. First we calculate the product [4] @ [4]. 


e4-OeL-Hell-weno , a) 


since we have 


oA Bs. 
(2) 
dim] = (1S): B= £33 = 10 


If we multiply that product by [4] once again, we obtain on one hand 


ae , where (3) 
ae 


and on the other hand 
[10] @ [4] -CeO-Hent- [20] @ [20], where (5) 


; 4-5-6 

dim| T_T J=(475]6]:B]20)= 3 =20 - (6) 
The two 20-dimensional representations He and (1) are different irreducible representa- 
tions. This is the first time we have encountered a case where an irreducible representation 


is not uniquely classified by its dimension as it has been in simpler groups like SU(2) and 
SU(3). 


EXERCISE 


11.6 SU(3) Content of the SU(4) Baryon Multiplet 


Problem. Calculate the direct product of three fundamental representations [4] of SU(4) 
(i.e. the baryon multiplet). Decompose the result into representations of the SU(3) subgroup 
and determine the charm contents of every SU(3) multiplet. 


Solution. a) Calculation of the direct product. First we represent the fundamental repre- 
sentation [4] by the Young diagram [and take the product of two of these. That product 
is then multiplied with the third representation. The graphic representation of the result is 


@etyel) = (Cel) eO- (Me) eH 


- (FP sco) (FH) 
= [20]  [20]' © [20] @ [4]. (1) 


In the last line we have written down the dimensions of the representations. Note that 
there are several multiplets of the same dimension. 


b) Reduction of the SU(4) representations to SUG) subrepresentations. This reduction 
can be performed by subtracting boxes from the Young diagram; first no box, then one 
box, then two boxes, three boxes, and so on. If the Young diagram to be reduced has h, 
boxes in row k, only those Young diagrams of SU(3) are allowed that have hi, boxes in 
row k with 

ep eh, 2 ee, = hh, See (2) 


Thus we obtain 


[20] sua) =e eH eLT] ee 


= [8]sua) ® Blsusy © [4sua) © Blsucs) 


Puy LOIS ome eO #® 


=[10]su3) © (suis) ® Blsuisy ® Usui) me 


[4]sua) = cee EF a — =[I]suia) ® Blu) - (3) 


c) Determination of the charm content. The SU(3) multiplets lie parallel to the Y — T3 
plain in the SU(4) multiplets, but their exact position, ie. the charm content is not yet 
clear. In order to determine it we first decompose the fundamental representation [4] su; 4) 
into the SU(3) subrepresentations which are contained within it: 


0 1 
[4]suca) = Blsucay ® Wsucay_ - (4) 
The superscript on the upper right describes the charm content, i.e. the number of charmed 
quarks contained in the particles forming the submultiplet. The indices remind us which 
group we are actually concemed with, but in the following calculations they will be omitted 
since it is clear from the context which group is meant. 

We repeat the direct product in order to compare it with the previous results (1) and 
(Qh 
[4] @ [4] @ [4] 

= 3)" © 1]') 8 (3) 6 [1)) @ 3)" @ 1) 
= ((3]" ® BI’ @ (3]*) @ (3)° @ 3° @ [1] 

© ([3]° @ [1]’ @ [3]°) & (1)! @ B)° @ [3]°) 

6((1]' @[1]' eB) eC} @ By e py) 

6 (3]" @ (1]' @ (1) ei} @ 4]! @ yy 

= ({1]° © [8]° @ [8]° @ [10]°) @ (3! @ [6]') @ (B] @ [6]?) 

6 (3) 6 [6] BP eBPeBrely> . (5) 
Except for the singlets the relation between the representations _is unique. Taking into 
account that the representation [4] is decomposed into [1]° and [3]', we obtain the final 
result 
[20] = [8] ® [6}' @ 3)’ @ [3]? 

[20]' = [10]° @ [6] @ [3] @ [1]° 
Bl SPP. 
and, as we know from (1), the representation [20] appears twice. Note that [1° a) ee is 


indeed a [4], but with the singlet [1]° at C =0 and the antitriplet [3]! at C = 1, ie. shifted 
by one unit along the positive C-axis. 


EXAMPLE —$ SSS ry 


11.7 Decomposition and Dimension of Higher SU(4) Multiplets 


We now calculate the direct product of several representations [x] with [4] in SU(4) and 
decompose them into SU(4) representations before determining the dimensions of some 
of these representations in SU(4). We use the rules for the decomposition of the direct 
product of two multiplets, which we studied in Chap. 9, in the following examples. 


[4]@4]=LJea @ -C+H = [10] © [6], (1) 
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: oo = 
aeta-He @) AP eH 
El a 


sllis ©). (2) 


=(20] e[4] , (3) 


poe)-[e © -LOHe,H 
=[20)! [20] , (4) 


sll Sem) oO 
rook 


= (36) [4] . (5) 


TH 7 - 
Ses) GR) SPs hes 
a oe 


= [36] [20] @[4] . (6) 


poy ei-[LDle ® -CLTie, 4 


= [35] @ [45] , (7) 


ftacien) |e 
(20)' @ [4] = ao) “AHP EEE 
aan Bais eH 

= [70] @ [10] , (8) 


: eee), 2s 
coowif Ps © -EBeEeER 


=(45] © (20)" @[15] , (9) 


- com) Fa He 
Poe4J=-[ [le @ =_[J eL] je 
TT al 


=(64] [10] @[6] . (10) 
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er oi-FFp © -EEP 
= [60] a, 


(11) 
Now we try a more complicated example 
[20] ® [15] =! 
= [140]”’ © [20]’ & [60] @ [20] @ [20] @ [36] @ [4]. (12) 


According to the rules given in Chap.9 the following tableaux are not allowed: 


AL rule 3 (numbers descending in a row) ; 

EEL rule 5 (“3” appears on the path before “2”)  ; 

era 

StH rule 5 (“3’” appears on the path before “2”)  ; 

2 

| a 

ath rules 3 and 4 (numbers descending in a row and in a column) 
Sil 


Finally, we determine the dimensions of some of the representations of our example: 


(4:5-6-7)3-4)-2_ . 
vn TP (6 20n 1) (GES: one (13) 
Hs 1G 
* tT eh ee (14) 


_ (4-5-6)3-4- (2G aa 


5 Glo) ee (15) 


: : (4-5)-3 
dim = aim} GE S710) 5 (16) 


_ 4+5+6)3-412+3) 

tg ~ 64-1)(3-DQ1) > Oe) 
“ coger _@BQ)@) _ 

me = aye (18) 


11.6 The Potential Model of Charmonium 


We have explained the W particles as bound states of c and € which have the overall 
charm quantum number C’ = 0, ie. “hidden” charm. Furthermore we have seen that 
for energetic reasons the J/P and the W’ can only decay in a Zweig-forbidden way, 
such as YW —- atone, but not into the Zweig-allowed channels ¥ — pD°p?, Yop Dp. 
W — F+F-. On the other hand, those decays are possible for the higher charmonium states 
wv" and Ww’, because these states are sufficiently heavy to decay into D mesons and F 
mesons respectively. This explains their much larger width I’. If we now consider all Y 
resonances as states of the bound system cC, we see that the higher excited states are able 
to decay into D and F, but not the ground state and first excited state of spin 1. Since the 
ct system is formally similar to the bound states of an electron and a positron, which are 
called “positronium”, we call the cc system “charmonium’’.® 

We now try to describe the ct states by a suitable potential model, in which we 
assume the system to be spherically symmetric and to be described by the nonrelativistic 
Schrédinger equation. After a transformation of the coordinates to the centre of mass of 
the cC system, we get 


ly eld ei + 1) 
— + 
E ( r dr2 r2 
where m, is the mass of the charmed quark. From the fact that free quarks have not been 
observed, we conclude that the potential must cause quark confinement at large distances 
(more precisely, for distances r much larger than the diameter of a hadron). The simplest 
choice is to assume that the potential of the quarks increases proportionally to the distance, 
ie. V(r) = kr, and the constants k and m, must be fitted to the experimental data. 
For 1 = 0 we can solve the Schrédinger equation 


) + (V(r) - B)| R(ir)=0 , (h=1) , (11.20) 


+(kr — E)rR =0 (11.21) 


9 A. de Rujula, S.L. Glashow: Phys. Rev. Lett. 4, 46 (1975); T. Appelquist, A. de Rujula, H.D. 
Politzer, S.L. Glashow: Phys. Rev. Lett. 34, 365 (1975); E. Eichten, K. Gottfried, T. Kinoshita, J. 
Kogut, K.D. Lane, T.-M. Yan: Phys. Rev. Lett. 34, 369 (1975). 
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exactly. We now introduce the notation L°® = 1/m,.-k and \ = L*m,E, and transform to 
a new variable z, defined by 


r=7—A , SHO sues). 


obtaining 
——— -zu=0 . (11.22) 
Since the wave function should be regular at r = 0, i.e. R(O) < 00, we get es rho 
r— 
which requires 
u(—A)=0 . Cie 22) 


Furthermore, we have to demand u(oo) = 0, because the bound states must be normalizable. 
The solutions of the differential equation (11.22) can be expressed in terms of modified 
Bessel functions of order 1/3, and that solution satisfying the boundary condition u(oo) = 0 
is called the Airy function (see the Mathematical Supplement 11.8). Hence 


u(x) =C x Ai(z) , where (11.24) 


. 1 
Ai(z) = 2 zi, /3 (329/?) for c >0 


The asymptotic behaviour is derived from the formula 


iia je? for z— 00 , 
22 


so that 
eC G37 
ula) + = [2e 1/4 axp (- 329/?) (Orn ee oe (11.25) 
In the range x <0 the Airy function is expressed as 
Ai(—2) = hve {Jays (32°/?) ay (329/?) \ ; (11.26) 
so that 


u(x) = 5 Viel {1/5 (4121/7) +J_ay3 (4121?) \ for x <0 


Because of the second boundary condition we require Ai(—A) = 0. Note that A is just 
the energy eigenvalue (in units of L?m,), which means that the energy eigenvalues are 
determined by the roots of the Airy function 


2 1/3 
Me 


These energies have to be added to the rest mass of the cé pair, so that the mass of the 
nth excited state of charmonium is given by 


K2 \1/3 
M() =2me + (=) Xen (11.28) 


Cc 
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where Xp, is the nth root of the Airy function: Ai(—) = 0. Since we have the two input 
parameters m,_ and k, we need two masses for the fit. We choose M() = 3.097 GeV and 
M) = 3.686 GeV and obtain from this k = (0.458 GeV)? and for the mass of the c quark 
Me = 1.155 GeV. We see that the effective mass of the c quark is much larger than that 
of u, d, or s quarks which are about 330 MeV, which explains why particles containing c 
quarks have very large masses. With the knowledge of the parameters we are now able to 
calculate the masses of the higher excited states, and these are listed in Table 11.8. 


Table 11.8. Masses of radially excited states (ns states) of charmonium in the linear potential model 


3.097 (fit) 


3.686 (fit) 


In this table we have taken into account that states with n >2 can no longer be 
described by a nonrelativistic equation, and the relativistic mass correction AM,.), is a 
consequence of this relativistic generalization of our model. Comparison with experiment 
shows that the excited spin-1 states of charmonium are well described by our simple 
model. 

Next we have to solve the Schrédinger equation for arbitrary orbital angular mo- 
mentum [. Furthermore, we have to consider the quark spin, for which there are two 
possibilities: 


a) Spin antiparallel,  “paracharmonium”’ (s = 0), 

b) Spin parallel, “orthocharmonium” (s = 1). 
Since the state with antiparallel spin has lower energy than that with 
parallel spin, it appears natural to identify the pseudoscalar mesons 7. Fig. 11.17. Level scheme of char- 
and 7. (masses 2.98 GeV and 3.59 GeV) with paracharmonium and the (0.2117 (y" iaseriepest 
vector mesons W, ¥’, etc. with orthocharmonium. Further consideration 3s - a x 
of the spin-orbit coupling (L-S) and the hyperfine structure (HFS) (0,007Mc (1,1) aE 
leads to the level scheme shown in Fig. 11.17. 2p wanee 

The paracharmonium states are characterized by dashed lines and (1,011 

those of the orthocharmonium by solid lines. The states are character- (2.0)2\ 17> 
ized by their total angular momentum J and the parity I, written J! (0,14 (y) 
(e.g. 3~ means J = 3 and negative parity). The numbers in parentheses aS areal) jd) a 
denote the orbital angular momentum and spin, (/, s). In analogy to its 19.010 1p — | Us 
use in atomic physics, the spectroscopic notation n “1; is employed, (ones 
where n is the principal quantum number, M is the multiplicity (e.g. 
“3” is a triplet), / is the orbital and J the total angular momentum. In 


this notation, Ne is the 2 1S state, etc. The presently (1985) accepted (0,111 snp) 
assignments are listed in Table 11.9. (A question mark indicates that Is == (n.) HFS 
the assignment is not unique.) The mesons with open charm can be oD 

classified analogously, as shown in Table 11.10. {=0 [=1 l=2 
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Table 11.9. Masses of experimentally observed states of charmonium 


Mass 


(4.41) 

[GeV] v — 
= F F*D0 ,0D*etc. 
4.2 ) (415) 

“4,03) * DD,DD*D*D* etc. 
4.0 ae —" 
DD,DD*,D"D* 

3D (3.77) 


3.4 


EW! 
~(13%I! 4Tletc. 


21U,2K,4Teetc. 


30L 174)(3.09) 


3 
P23 


1D) 


Ss 


ES 


Fig. 11.18. Experimental level scheme of charmonium 


Finally, Fig. 11.18 shows the experimental level scheme of the charmonium system. 


Name State Mass Name State Mass 
[MeV] [MeV] 
J/¥ 19S; 3097 ne 11S 2980 
wy! 275) 3686 40 (2) 2° Sq (ean 
Xo 21 Po 3415 
xi ie s24 3510 
8& 15 Po 3556 
yp 33S, 4040 13D, 3770 
? 4160 
yi 43S, 4415 
Table 11.10. Classification of mesons 
with hidden charm 
Name State Mass [MeV] 
19 1Sy  1864.7+ 0.6 
De 1s)  1869.4+0.6 
[pee 35, 2007 +2 
Di 3S, 2010.1+0.7 
lor 1S, 1971 +6 
Ft*(?) 35, 2140 +60 


Here the decay modes are denoted along with their respective branching ratios. 


RRAMPLE = — SS ee EEE EEE SSS SS ee 


11.8 Mathematical Supplement. Airy Functions 


The Airy functions are solutions of the differential equation 


(1) 


which has two linear independent solutions. The solution 
which decreases to zero as x — 00 is called Ai(z), and the 
one that diverges at infinity is called Bi(z). These functions 
can be represented by normal and modified Bessel func- 
tions, as we will see in the following. First we consider the 
range x >0 and introduce the coordinate transformation 


z= Px" (2) 
We try the ansatz 
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u(x) = 2% f(z) (3) 


in order to solve (1), where the constants a, @ and ¥ still 

have to be determined. We obtain 

d?u 

aaa = 12 “2 {alyo— Ife) 
zx 


+Qay+y—Dzfl(Z)+y27f"(2}, (4) 


where a prime indicates a derivative with respect to z. 
Inserting (4) into (1) we obtain the equation 


2: 
O= figh= Fe) 


a 
= ep) (ay = D9 Hes (5) 


We can eliminate the x dependence in the third term of 
the rhs by a suitable choice of , so that the coefficient of 
f(z) becomes constant. We set 


ce 7 
aa =} © 
and get, according to (2), the condition 
7) (7) 
Thus, (5) is cast into the form 
Q@ 
0= "+S @- (1-@- DS) fo . ® 


and, with the can of a = 1/3, we obtain the standard 
form of Bessel’s differential equation 


/ 1 1 1 
O= f"(2)+-f'@)- (1+()?5) fe , (9) 


the solutions of which are the modified Bessel functions 
of order 1/3, 


f= {Lis Jaye Kys} 


It is common to represent the Airy functions by 


t= 1 EK (32°/) 
Bi(x) = 5 { ts (82 2) +14/3 3 (3 291) | 


for x >0 (10) 
where we have reintroduced the original variable x. 
Next, to derive the solutions for negative values of z, 
we make the transformation 


te et) uly) (11) 
whereupon (1) takes the form 
d2 
ae) +yv(y)=0 . (12) 
dy 


Now we perform the same calculations as before, except 
with the variable y instead of x, using 


z=By , v(yy=z°f(z) . (13) 
We then get the already familiar form 

2ay+ 
0 NO erm ) 


= rue D-f@) 


In analogy to (7) we choose 


amy ew p=2 ’ (14) 
and obtain 
0= fly+°S=* + (1+ (a-2S) FO | 


which a reduces toa ase equation of the 
Bessel type if we set a = 1/3. 


1 
O= f"(z)+ “f@ a (1 = (3) f(z). (15) 


The solutions are Bessel functions of order 1/3 or —1/3, i.e. 
the functions J+ ;/3(z). Returning to the original variable 
x, We write the Airy-functions in the form 


SQ) = VFel{ Jj (3lel*/?) + Jy1/s (3121?) } , 
Bi(2) = V3lel{ a1 (let?) — Iya (3121°) | 


forz<0O ., (16) 


The definitions (10) and (16) determine the Airy func- 
tions uniquely in the full range of x [cf. (11.22)], and, 
using some well-known relations concerning Bessel func- 
tions, we try to investigate their behaviour for x — 0. The 
following relations are taken from standard mathematical 
literature.1° 


Airy functions 


10 eg. M. Abramowitz, J.A. Stegun: Handbook of Mathematical 
Functions (Dover, New York 1965). 
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For small values of |z| we find 


1,\v 
Wome) “a 


ie . 2? 


The behaviour of K,(z) can be calculated by means of the 
general formula 
x 1p 


K pers > Ey ’ (19) 


22 
Aw+ 5) ‘ wp 


and in particular we get 
s T = 
Kays(ed~ 7 (WE(9)) (Gey 
x {1- Ge) rgyr(s)} 
Thus, for small positive values of x we obtain 


(ax) {- er ar} 


~(2) 
(3) 2 
(3) 
1 
Bico=(4)" (sax) (1+ Mar Qin} 
and for negative values near zero, 


Ai(e)~ (1) (ray) { ){ 1+ (3) air 3) (4) } 
3) 
1 


nicer (4) (stax) {1 a ir @yer )} 


Thus we immediately see that the Airy functions are con- 


tinuous at z = 0 and also have continuous derivatives at 
this point. 


Aid) = (4)? ; Avt@=—(4)? ; 


Bi(0) = (1) /r (2); Bi'@) =— (4) vr (4). QD 


For application to physical problems it is necessary to 
know the asymptotic behaviour. This is easily derived from 
the well-known behaviour of the regular- and modified- 
Bessel functions. For |z| + 00 we see that 


2 

Iz) yf — cos (z-F(v+4)) (22) 

I ae: (23) 

v(z) as Inez € ? 

Ky@) (|= ene (24) 
22 

Thus we obtain for x — oo 

IAN Ue [exp(—23/2)}2/8 (25) 
4n 

Bi(z) 3 ye“ [exp(a"/))2 (26) 


For negative values both functions are oscillating and ex- 
hibit asymptotic behaviour. 


ls eee 
Ai(z) > tle 1/4 cos 31219”? = =) 


Bi(x) > — “|s|-¥4 sin (3 nee ) 


(27) 


(28) 


11.7 The SU(4) [SU(8)] Mass Formula 


If we want to extend the mass formula of SU(6) to hadrons containing charmed quarks, 
we obtain SU(4) multiplets with spin, i.e. SU(8) multiplets. The mass formula of SU(6) 


was (cf. Chap. 8) 


M=Mo+aY +0TL+1)—-4Y7] +c +), 


(lie2g) 


where J is the spin of the particle. Again, we assume the Hamiltonian of the strong 
interaction to be composed of two parts, i.e. Elpea = = Hes + ms. The Hamiltonian of 
the basic strong interaction Hg is invariant under the group SU(4), which means that all 
particles of an SU(4) multiplet have the same mass, Mp = (Hes). Furthermore, we assume 
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the symmetry breaking part Ties to cause mass splitting only between different isospin 
multiplets, and not within such a multiplet, ie. (ins: T3] = 0. Thus, we simply take the 
mass formula of SU(6) and consider how to describe the mass splitting between multiplets 
with different charm content. 

Besides \g = 2h, = VBY, only the generator \j5 commutes with T3 = 443. We 
now construct the operator from \15 


0 

a Cee | 0 0 0 

Z= Jibs =} aoe (eG (11.30) 
Ode 0 3 


which obviously satisfies [73, Z] = 0. The operator Z acts on the quark states in the 
following way: 


Zu) = Flu) , Zld)= 41d) 

Z\s)=4|s) , Zlc)=~3]c) . (11.31) 
It is now easy to construct the charm operator from Z. We try the ansatz 

C457 (11.32) 
where B denotes the baryon-number operator. The relation 

Blq;) = 4|q,) fone lee 


is valid for all quark states, because each quark has by definition the baryon number 
B = 1/3. This ensures that baryons, consisting of 3 quarks, have baryon number B = 1. 
Hence 


Ga tiles (11.33) 
which can be checked explicitly, i.e. 
Clu) =Olu) , Cld)=0]d) , Cs) =O[s) , Clc) =1\c) 


We see that C is indeed the charm operator with the eigenvalues C; = 0, 0, 0, 1 for the 
quark quartet. Since Z and 1! commute with 73, the commutator of C’ and 73 vanishes 
as well [C, T3] = 0, ice. C is the desired operator. The mass formula for baryons must 
therefore have the form 


M = Mo +a¥ +6|T(T +1) 4Y?| eh eiecdG (11.34) 
Table 11.11. Quantum numbers 
where the parameters Mo, a, 6, c and d have to be fitted to the experimental masses. As of some baryons with J = 1/2 


fe = . . . bal h SE 
up to now no charmed baryon with J = 3/2 has been found, it is sufficient to consider the tad Wee 7 OF G 


flavour SU(4) mass formula, [MeV] 
M=Mo+aY+A[TIP+1)—4Y*]+7C , Nucleon 939 4 1 0 

instead of the full SU(8) formula. To determine the parameters we use the data from Table 5 11922 1 0 O 

ET rege er 
With the values My = 1116 MeV, a = —196 MeV, 8 = 38MeV and y=1349.5MeV 4 pe 

(compare with Sect. 8.12) the remaining masses can be calculated and the theoretical val- ae 2282 0 1 1 


ues are compared with the experimental data in Table 11.12. 
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Table 11.12. Comparison of theo- 
retical and experimental values for 
the masses of the baryons with J = 
1/2 


Table 11.13. Masses and quan- 
tum numbers of three vector 
mesons 


Particle Mass T Y C 
[MeV] 


0 73 0 0 
w 783 0 0 0 


Doe 2010 


El Lad 
i) 
— 


Particle Calculated Observed Ly 
Mass [MeV] Mass [MeV] 


g 1331 1317 


Ey 2494 2465? 
SBE 2336 2450? i peal 
Xu,Xq 3638 ? z; 12 


Xs 3815 ? 0 0 2 


As the charmed baryons have not yet been clearly identified, it is difficult to determine 
the success of the extended mass formula. 

Next we write down an extended mass formula for mesons. We have already noted, 
in the context of the SU(3) group, that the meson mass formula holds for the squared 
masses and not for the masses themselves. Since the mesons with C' = 1 as well as those 
with C' = —1 have larger masses than mesons with C' = 0, the mass formula must not 
contain C’ as a linear term, because in that case either the states with C = 1 or those with 

= —1 would have smaller masses than the states with C = 0. Therefore the simplest 
choice for the mass formula is a term proportional to C2, so that 


pe = pe + BO? +4 [Tr + ie +Y?] Gel) (11.35) 


This formula cannot explain the mass differences between w®, 6° and W, because these 
states are degenerate within the T3-Y-C-diagram. These differences can only be ex- 
plained by taking into account the different quark compositions of the states (w® ~ uu, dd, 
f9 WSs, w ~cC), i.e. different quarks should have different effective masses. Considering 
the magnetic moment, we obtain Mud © 330 MeV, ms ~ 470 MeV, while the charmo- 
nium model yields me & 1.15 GeV. These mass differences can in fact be explained by 
these data. 

In order to apply the mass formula to vector mesons (J = 1), we use the SU(4)- 
formula 


we eyieee yc” ae [T(r Ty +Y?| (11.36) 
With the data from Table 11.13 we derive the following values for the parameters: 

ug = (783)? (Mev)? , 

+ =—-77180MeV" , 

B =3432846 MeV? 


The masses of the other vector mesons are listed, in comparison with the observed values, 
in Table 11.14. 

As in the case of the spin-flavour group SU(6), we note that the SU(4) meson mass 
formula is much worse than the baryon mass formula. Because § is very much larger than 
ue and +, the largest contribution to the mass is due to the charm term $C?; therefore it 
is not surprising that the masses of F* and D* are nearly equal (the difference is 2 MeV). 
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Table 11.14. Comparison of the predicted and ob- 
served values for the masses of the K*, F* vector 
mesons 


a ee 
Particle Calculated Observed T Y C 
Mass [MeV] Mass [MeV] 


re 790 892 - i @ 
ee 
F* 2012 2140 0 -1 -1 


To summarize, we can state that the SU(4) symmetry is far more strongly violated 
than the SU(3) symmetry. This can be seen especially in the mass formulae. Therefore 
the applicability of the SU(4) symmetry is much more restricted than that of SU(3), and 
one mostly tries to explain the fine structure of the level splittings of the charmonium 
states with a potential model. This also yields the transition probabilities and the decay 
widths from first principles without taking into account the SU(4) symmetry. Such a treat- 
ment may be successful, because the probably fundamental theory of interactions between 
quarks, the quantum chromodynamics (QCD), at energies much higher than 1000 MeV 
leads to weak coupling and allows perturbative calculations. In the case of “light” baryons 
and mesons (i.e. those without charm), perturbation theory cannot be applied and symme- 
try considerations are quite successful. The spectrum of charmonium can be reasonably 
well explained in analogy to Bohr’s atomic model, because it can be understood as a 
nonrelativistic, bound state of two heavy particles. 


11.8 The Y Resonances 


In 1977 a team of physicists!! observed the reaction p+N— pty +X at the Fermi Na- 
tional Laboratory (Illinois, USA) another family of very heavy meson resonances. These 
so-called upsilon resonances Y, Y', Y", Y"" are in a way the “big sisters” of the char- 
monium states. Shortly after, experiments at DESY in Hamburg!” confirmed the Fermilab 
results with much higher resolution, and since then the masses of Y, Y’ and Y”’ have been 
measured very accurately at DESY: 


M(Y) = 9460GeV/c? , 
M(Y') =10.023GeV/c? , 
M(Y") = 10.355 GeV/c? 


The cross-section for e*e~ scattering as a function of CM energy is depicted in Fig. 11.19. 
One concludes from the small leptonic decay widths!* of the resonances that they must 
be interpreted as bound states of a new heavy quark and its antiquark. The new quark is 
called b quark (“bottom”’ or “beauty’’). 

To explain the upsilon masses of about 10GeV within the framework of a symmetry 
group SU(5) would require symmetry violations even larger than in the SU(4) theory, so 
that such symmetry considerations are abandoned. Instead this system is described within 


11 SW. Herb et al. (16 authors): Phys. Rev. Lett. 39, 252 (1977). 
12 C,W. Darden et al. (15 authors): Phys. Lett. 76 B, 246 and 78 B, 364 (1978). 
13 JL. Rosner, C. Quigg, H.B. Thacker: Phys. Lett. 74 B, 350 (1978). 
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Fig. 11.19. Obscrved cross-sec- 
tions o« (e*e— — hadrons) in the 
region of Y (hs) and Y’ (ths). 
The total widths are Io(Y) ~ 
7.8MeV and = Ient(Y’) = 8.7 
MeV, while the decay widths into 
electrons are [.(Y%) ~ 1 keV and 
I.(Y') = 0.32 keV 


a q 
Fig. 11.20. Creation of a quark- 
antiquark pair 


10.00 10.05 10.10 
Vs{Gev] 


a potential model. Because of the high-energy scale, such a 
model represents an excellent approximation, and in this way 
the b quark mass is found to be 


My = 4500 MeV/c? 


Since the relativistic corrections for the heavy b-quarks are 
smaller than for the light c-quarks, one hopes to get new 
information about the quark-antiquark potential from the 
measurement of the decay modes and further excited states of the 
bb system. In this way a better understanding of the fundamental 
interaction between quarks and antiquarks and the confinement 
problem is hoped for. 


The new resonances are clearly apparent in a plot of the ratio R, 


+ = 
= a(ete” — Hadrons) (11.37) 
a(ete— — utp) 
which plays, as we have seen, a decisive role in determining the correct quark model. In 


the energy region 2GeV < Epm <3GeV, R is nearly constant at 
i 2 


At higher energies R increases and reaches the value 3.5 at an energy of 4.5 GeV. In this 
region all the charmonium resonances are found. At an energy of about 10GeV, R runs 
through another threshold region, the region of the upsilon resonances. Here it rises to a 
value of nearly 4. 

The elementary process which produces the cross-section e+e~ — hadrons is the 
annihilation of an e+e~ pair into a virtual photon followed by the creation of a quark- 
antiquark pair (see Fig. 11.20). 

Quantum electrodynamical calculations show!‘ that this cross-section is essentially 
given by the square of the charges of the created particles. Since all quarks are created 
with the same probability (given sufficient energy), we sum over all quark charges and 
find that 


(11.38) 


he Oe (11.39) 
t 
By using the usual SU(3) quark model we obtain 
Rguay=gtgtg=g=s > (11.40) 


though obviously this value does not agree with the experiment. If we take into account 
that each quark appears in three colours, we get 


Tigi 30s One (11.41) 
i 
and for the flavour SU(3) model follows 
Suga) = 3X 3 =2 (11.42) 


14 W. Greiner, A. Schafer: Quantum Chromodynamics (Harri Deutsch, Thun 1989). 
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In fact this is the experimental value in the energy region Eem <3 GeV. Hence we con- 
clude that the [SU(3).4jour X SU(3) favour} Model describes the low-energy behaviour of 
R correctly. 

Evidently a new channel of particle production opens between 3GeV and 4.5 GeV, 
and we cannot explain the detailed structure of this transition within our simple model. 
However, starting at Ecm = SGeV, R is once again nearly constant. According to our 
considerations the value of R should now be described by the charm model. The charge 
of the c quark is Q = 2/3 and therefore we would get the wrong value, i.e. 


Raasc) =F > (11.43) 
if we counted each quark flavour only once. However, if we allow for colour, we obtain 
Regee =3X Paw , (11.44) 


and once again this value agrees well with experiment. 

The recently discovered increase at 10GeV can only be explained by a further quark 
flavour, the b-quark (‘“‘bottom” or “‘beauty”). Denoting the charge of the new quark by 
Qp, the relation 


Re 9 43Q? (11.45) 


must hold beyond 10 GeV. If we restrict ourselves to charges which are one or two thirds 
of the elementary charge, the experimental value of R yields Q, = + 1/3. The possibility 
Qp = +1/3 can be excluded by a simple consideration: The so-called A; particle, which 
consists of one u-, one d- and one b-quark, has the charge 


Q(Ap) = (+9) + (—4) +Qp=4+Q | (11.46) 


In the case of Q;, = +1/3, the charge of Aj, would not be an integer. Consequently, because 
of charge conservation, the Aj, particle could not decay into known hadrons which all have 
integer charges. The A, would be absolutely stable. Since such a stable particle has not 
been observed, the b quark must have the charge —1/3, like the d- and the s-quarks. 

Based on considerations of the theory of weak interactions,!* it has been conjectured 
that there is at least a sixth quark flavour, the t-guark (“top” or “true”). This quark, which 
has not yet been discovered experimentally, should have the charge Q, = +2/3. Then all 
quark flavours can be arranged into doublets to give 


@ ©) é ) and so on (?) (11.47) 


It is not known how many of these doublets exist. It is quite possible that more and more 
quark flavours will be discovered until it may become questionable to consider the quarks 
as “elementary” constituents. Various models of such possible quark substructure have 
already been proposed.?® 


15 See Vol. 5 of this series, W. Greiner, B. Miller: Gauge Theory of Electro-Weak Interactions (Springer, 
Berlin, Heidelberg) to be published. 


16 See e.g. R.N. Mohapatra: Unification and Supersymmetry (Springer, Berlin, Heidelberg 1986). 
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12. Mathematical Supplement 


12.1 Root Vectors and Classical Lie Algebras 


In this chapter we shall try to classify all semi-simple Lie algebras. Since we know that 
one basis of a Lie algebra can be transformed into another by a linear transformation, we 
first search for a standard form of the commutators of the elements (generators) v p of 
a semi-simple Lie algebra. One arbitrary linear combination of these elements is denoted 
by A, where 


Aa G20) 
and another by X, defined by 

Sn 5 (iz) 
We now demand that these operators fulfill the eigenvalue equation 

[A, X]=rX , (12.3) 


where r and X represent eigenvalue and eigenvector respectively. By using the commu- 
tation relations between the X,, 


Pon Syl = Cree (12.4) 
equation (12.3) takes the form 
OPC yelp = G25) 


Since the X, are by definition linearly independent, then (12.5) is equivalent to 
(a"*Cuve —T6yg)z" =0 , 

and the corresponding secular equation is 
detja"Cyve —révol=0 . (12.6) 


If the Lie algebra consists of N elements, then (12.6) has N solutions, although some of 
them may be degenerate. As Cartan showed, one can choose A in such a way that the 
number of different solutions of (12.6) becomes maximal. In the case of semi-simple Lie 
algebras only the eigenvalue r = 0 remains degenerate. If r = 0 is / times degenerate we 
call J the rank of the semi-simple algebra, because (12.3) with r = 0 defines the commuting 
elements H; of the Lie algebra. ; . 

The eigenvalue r = 0 has / corresponding linearly independent eigenvectors H; which 
make up an J-dimensional subspace of the N-dimensional vector space, 1.€. 


307 


(A, Hi) 2=0 Gal, 2)... 72005 (12.7) 
The eigenvectors Eq, which correspond to the remaining (NV — 7) solutions, form an 
(N — 1)-dimensional subspace for which 

(A, EoJ_ = akg (12.8) 


holds, where the eigenvalues are now denoted by a. The values a are called the roots of 
the Lie algebra. Next we write 


ee Pa sala, (vA =0 

The commutativity of the H; may be understood by initially assuming that the H; 
do not commute, so that 

[H1, Hi)=Ci,H; with Cl40 , 
i.e. the equation 

(Ci, — s62)H; = 0 
has at least one eigenvalue s that is non-zero. Now we replace A by 

Al=AteH, , 


where e€ is chosen so small that the eigenvalues r of (12.6) which are non-zero are 
not decisively altered (i.e. none of the eigenvalues becomes zero). We also obtain the 
eigenvalue ¢-s if we choose a suitable linear combination of H; for X and thus the 
degree of degeneration of the eigenvalue zero becomes smaller. This is in contrast to 
the assumption that A has already been chosen so that (12.6) has the greatest number 
of different solutions. Any operator A that commutes with all H; [as in (12.7)] can be 
expressed as a linear combination of the operators H,, i.e. 


Az=a'H; . (12.9) 
To study the properties of the roots a, we calculate 
[A,[Hi, Eol_] - =[A, Hj Ea)_ -[A, Boi) 
= (A, ;)_Bo+ Hj[A, Eal_ — (A, Eol_H; — BalA, H;)_ 
=a(Hj; Eal_ . (12.10) 


Here we have taken into account (12.7) and (12.8), though (12.10) can be obtained more 
quickly and in a more elegant way by using the Jacobi identity. 


[A, [Hi, Eol_]- = - [Ay (Bo, A)_] - - [Ba [A, Hi)_] - 
=a[H;, Eol_ , 


once again using (12.7) and (12.8) in the last step. If Eo is an eigenvector with eigenvalue 
a, then, because of (12.10), there exist / eigenvectors [H;, Ea]_ with the same eigenvalue. 


But since a is not degenerate, all (A; Bal must be proportional to E,, i.e. 
(A;, Eol. =a;Ea , or (12.11) 
Ce, = abe 212) 
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In other words the H; and E, span the Lie algebra. The structure constants defined in 
(12.12) are denoted by CZ, and have a very simple form because they are diagonal in a 
and o. From (12.8), (12.9) and (12.10) we see 


a=a'a; , G=1,2,...) . (12.13) 


Here the a; can be considered as the covariant components of a vector a in an I- 
dimensional space. This vector is called the root vector. 
The Jacobi identity 


[A, [Zo, Eg]_]_ + [Eo,[Bg, Al_]_ + [E,,[4, Ba]_]_ =0 (12.14) 
in connection with (12.8) yields 
[A,[Ea, Eg)_]_ =(a+A[Eo, Eg], (12.15) 


ne [E.., Eg)_ is an eigenvector with eigenvalue a + f, if a+ 8#0. Hence 
[Ea, Eg]_ = Ci p63? Eat 
If a+ 8 =0, then (Eo, Eg)_ is a linear combination of the generators H;, 
(iss Bn) SG eRe (12.16) 


where CoB = 0 in the case o#a + f. If a+ B is a nonvanishing root, then 


(Ea, Bgl. =NopEare » ie. Cot" =Nog (12.17) 
holds. Next we construct the metric tensor 
Gao =Chy Con - (12.18) 
The summations over yp and v are performed with respect to the restrictions (12.11), 
(12.12) and (12.16), 
SC eer Cl nC,” pep 4G 
Jao avVoa + a,—-a~ou ag S ap o 
pt—a 
a@ as well as o is a fixed index, i.e. although a appears twice, one must not sum over it. 
In this equation only terms with o = —a can exist [cf. (12.11) and (12.16)], ice. 
Jao =0 , if o#-a . (12.19) 


If —a does not solve (12.6), then det|ga¢| = 0, which means that Cartan’s condition for 
a semi-simple Lie algebra is not satisfied. We thus conclude that for each nonvanishing 
root a of a semi-simple Lie algebra, —qa is also a root. 

By normalizing the Eq in such a way that gga = 1 and by reordering the basis 
elements, we obtain 


a+B 
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From det|g,1|#0 follows det|g;;,|#0 and we obtain, by using (12.11) and (12.12), 
Vin = eC Cea = LCC (12.20) 
[a4 [a4 


This tensor g;; can be considered as a metrical tensor of the /-dimensional space, which 
is spanned by the vectors a [cf. (12.13)]. It is only left to determine the coefficients in 
(12.16). 

Since in C;,; = Ij Ch, the indices may be cyclically permutated, i.e. Cyy7 = Cpu = 
Cizp aS Shown in Exercise 12.1, we find 


C= 9 Coca =9 Chase =6) Cen oe tee MADD) 
Hence 
(Eo, Eo]. =0'H; . (12.22) 


Here the a* are the contravariant components of the vector a. Now we can write down 
the so-called Cartan-Weyl basis of the commutator relations of a semi-simple Lie algebra: 


(4;, H,].=0 , G@=1,2,...,D (12.23) 
Ee, Dalene (12.24) 
[Eo, Egl]_ = NogEatg » (a+8#0) (12.25) 
[Eo, E-a]_=0'H; . (12.26) 


Equation (12.23) may be used to define a commutative subalgebra, also called Cartan 
subalgebra, from the elements of the semi-simple Lie algebra. It represents the maximal 
abelian subalgebra of a given Lie algebra. 


CRS awe eee 


12.1 Proof of a Relation for the Structure Constants C;,, 


Problem. Show that Cj,; = Cy7; = Cijy is valid. 


Solution. By definition we have 


Cnt = 915 C3, = Clim jn Ciy (1) 
so that, using the Jacobi-identity, we may write 

z j i j Hi 
Cikt = =C) Gs, (Ce ae CC ee ot CCC ™ CC Cin : (2) 
We see immediately by suitably renaming the indices j, m, and n that it remains unchanged 
under a cyclic permutation, e.g. 


Chi Ci, Ce = Ch, CimCH (3) 


In~1m 


SEE 
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12.2 Scalar Products of Eigenvalues 


In (12.13) and (12.21) we have seen that the eigenvalues a may be considered as vectors 
in an [-dimensional space. Now we define the scalar product of two root vectors as 


(a, B)=a'B; . (12.27) 


For these scalar products the following Lemma 1 holds: 
If a and f are roots of (12.6), then 2(a, 8)/(a, a) is an integer and {G—[2a(a, B)a, a)]}} 
is also a root. 


Proof. We suppose that a and # are roots of (12.6) and choose a third root + in such a 
way that a + y does not solve (12.6). From (12.25) then follows 


(Be: E,)_ = alae 


Since we do not care about normalization, we denote the rhs by E’ _ «: Also adopting this 
definition in the following, we get 


(ete Ey\_ = ey ’ pole ale aa Eee ? 
and finally 
fee eile Es (12.28) 


This series of equations has to terminate after n steps, because there only exist a finite 
number of a that is 


omeae 2 = ale = El Becrie Oy (12.29) 
From (12.17) an analogous relation is also derived, i.e. 
[Eas Darel = pees ae é (12.30) 


By eliminating By 
deduce that 


1541 By ja = [Ber [Bo Ey ja)-]_ 
= [Ey jar [Bor B-a)_|_ — [B-e» [Ey jor Eal_]_ 
[due to (12.23—26)] and because of (12.30), 
ee Bey sl 
which with (12.28) 
Se HE let hj Ey —ja 
and finally using (12.24) 


“rele from (12.28) and (12.30) and using the Jacobi identity, we 


= alii — joy) Et _ fe RD —ja 


The £’, are linearly independent (since the Eg are) and the last equation therefore yields 
the recursion relation 


Hj41 =(a, Y) -Jla, a) + py. (12.31) 
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fo is not defined originally by (12.28), so that choosing pg = 0, we apply (12.31) for all 
values 7 > 0; therefore we obtain by recursion from (12.31) 


Hj = ja, 7) — 35G — Ia, a) . (12.32) 
But now (12.29) shows that un+41 = 0; hence 
(a, y)=$nl(a,a) , oF (12.33) 
a . 
Hj = ain —j+1)(a, a) 


If 6 is any root, there exists a certain 7 >0 with the property that 7 = 6 + ja is also a 
root, but not 7 + a. Inserting this into (12.33) yields 


(a, B)=4(n-2j)(a,a) , oF 


2B) =n-2j) . (12.34) 
(a, a) 
This equation proves the first part of our lemma, because the rhs is certainly an integer. 
(a, a) must not be zero, because otherwise (12.33) would imply that a is orthogonal 
to all roots. Since these roots make up the whole /-dimensional space, this would be in 
contradiction to Cartan’s criterion for a semi-simple algebra. Thus we can always divide 
by (a, a) and (12.33) also yields 


(6,4) 
n= ae ay 


To each pair a and y for which a + ¥ is not a solution corresponds a series of roots 
Vee Verses — 11 (12.35) 


which is invariant under reflection at the hyperplane. This series also touches the origin 
and is orthogonal to the vector a. Since each 6 must be a member of one of these series, 
we can say that 8 = y — ma. 6 = y — (n — m)a is also a root because of reflection 
symmetry, i.e. @ = 8 —(n — 2m)a. Therefore (12.33) implies that 

§=B- Fg Cale, (12.36) 

(a, a) 

is also a root, which proves the second part of Lemma 1. 

It is almost trivial to prove Lemma 2. If @ is a root vector, then a, 0 and —a are 
the only integer multiples (denoted by k) of o that are also root vectors. 


Proof: From ee bale = 0 and (12.25) we directly see that 2a cannot be a root. But 
each value |k| > 1 gives rise to a root series, which must contain 2a. Therefore |k| > 1 is 
impossible and Lemma 2 has been proved. 


Lemma 3 is also important. A root series based on a which contains another root 8 
consists of not more than four roots, which satisfy 


6 B) 


(a, @) 


= Onee ae 2d (1237) 
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Proof: Since the case 6 = + a was considered in Lemma 2, we can assume that BHta. 
We further assume that at least five roots exist, which we can denote by 8 — 2a, B —a, 
B, Bta, B+2a. 


Lemma 2 shows, however, that 2a and 2(@ + 3) are not roots. On the other hand we 
have 


2a=(8+2a)—f8 and 2(a+f)=(B+2a)+ fh 


Therefore the #-root series, which contains 6 + 2a, only consists of a single member, i.e. 
B+2a. Hence (8 +2a, 8) =0. Similarly neither 6 —2a — 6 nor B —2a+ f are roots, so 
that (6 — 2a, 6) = 0 holds. Addition of both these equations yields (3, 8) = 0, which is 
only possible for 6 = 0. Zero roots, however, are excluded from our considerations and 
therefore at most four roots are left. 

We still have to prove (12.35). To that end we write down a root series analogous to 
(12.33). On one hand we have 


k+7+1<4 (12.38) 
and on the other, according to (12.32), 
ACD py (12.39) 
(a, a) 


if we set n =k +7. But (12.38) yields k, 7 <3 and so (12.39) proves the assertion. 


12.3 Cartan-Weyl Normalization 


Before we consider the graphical representation of the root vectors, we make some remarks 
about the Cartan and Weyl normalization. The constants N,g appearing in (12.25) have 
not yet been determined. Combining (12.28) and (12.30) and setting 8 = y—ja, we obtain 


15 Bath = [Bos (Bae, Eo+e)_)_ - eypettet | hay E,)_ 
SN Saag hang (12.40) 
using (12.25) twice. Since yz; is known from (12.32) and (12.33), then 


NapN-eatp = Hj = 3(n—Jj+1Na,a) , 


and writing n = k + 7, as above, we arrive at 


NapN ajar = 3(k+ 1a, a) (12.41) 
The series of roots 
Bee ee HCmaret. 6, ...,6— ka (12.42) 


belongs to (12.41), for which the constants Ng are determined only up to a phase. 
However, we reach a consistent choice of phase if we take into account the antisymmetry 
of the Ng. For that purpose we have to require the validity of the relations 


Nop = —Nga = —N-a,-p = N-p,-0 
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12.4 Graphic Representation of the Root Vectors 


In view of (12.13), 
a=Na; G=1,... 0 

can be considered as a root vector in an /-dimensional space with | covariant components 
a;. If we draw the vectors, beginning at a certain point, an [-dimensional diagram arises. 
Van der Waerden showed that exactly one system of root vectors corresponds to each 
diagram and he used this to give a complete classification of the simple Lie algebras. His 
method is based upon the three lemmata which we have proved above. Here we once 
more repeat their relevant statements: 


1. If a is a root vector, then —a is also a root. 
2. If a and # are root vectors, then 2(a, 3)/(a, a) is an integer number. 
3. If a and £ are root vectors, then 6 — [2a(a, 3)/(a, a)] is also a root vector. 


With help of the scalar product, defined in (12.27), we are able to introduce the angle 
@ between the root vectors a and £, where 


(cr, B) 
oC) ae 12.43 
seme (eh (Oa) a 


With (12.11) and Lemma 2 this yields 


cose Ot 5 eas ee coc lee (12.44) 


Because of Lemma 1 it is sufficient to consider only positive angles, i.e. the angles 
@ =0°, 30°, 45°, 60°, and 90° 

Now we connect these angles with the ratios of the scalar products: 

1. ¢ =0°. This angle only appears in the case a = #. 

2. @ = 30°. Then we have (a, §)/a, a) = ; or 3 and (a, 2)/(G, 2) = 3 or 3. Therefore we 
get (2, Ba, a) = 3 or 3. 

3. ¢ = 45°. Then we have (a, B)/(a, a) = 5 or | and correspondingly (a, )/, 8) = 1 or 
4. Therefore (8, 6)(a, a) = 4 or 2. 

4. ¢ = 60°. Here (a, B)/(a, a) =4 and (a, 2)/(G, 8) = 4. We obtain (3, 8) = (a, a). 

5. 6 = 90°. (a, 8) =0 and (8, 8)/(a, a) is not determined. 


It is useful to introduce the ratio of the lengths of the vectors a and , 


(2, B) 
If @ is the shorter vector, the following picture is obtained from the statements made 
above: 


Ca $= 60°: k? =1 
mean k2=2 g= 90°. k? not determined 


(12.45) 


Now we are able to construct vector diagrams for all simple Lie algebras. 
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12.5 Lie Algebra of Rank 1 


In the case | = 1 (12.23—26) and Lemma 1 yield only two nonvanishing roots, +a. 
Therefore we obtain ¢ = 0° and the diagram becomes quite simple, which is shown in 
Fig. 12.1. There is only one Lie algebra of rank one, which is the SU(2) [or the SO(3), 
which is isomorphic to SU(2)] and is commonly called Aj. 


12.6 Lie Algebras of Rank 2 


The various diagrams of second rank Lie algebras are two-dimensional. We describe them 
separately according to the angle @. 


p=30°: 


The system of coordinates is chosen such that the vector a given by (1,0) is shorter than 
the vector 3. From (12.45) we have (6, 3) = 3, and because the angle between a and 6 
is 30°, the coordinates of G are (3/2, \/3/2]. From (12.43) it follows that the vectors —a 
and —f belong to the diagram, too. Since (a, 8)/(8, 8) = 1/2, we see from Lemma 3 that 
a — 8 is a vector of the diagram with the coordinates [ — 1/2, — 3/2]. Thus it follows 
from Lemma 1 that 6 — a, with the coordinates [1/2, V3/2), also belongs to the diagram. 

By successive application of this method we can find all 12 vectors which are non- 
zero. (Of course, for | = 2 there are two null vectors which belong to the Lie algebra.) 
The diagram of this Lie algebra, labelled Gg by Cartan, is represented in Fig. 12.2. Note 
that the long vectors pointing to the outer edges are each given by the sum of their two 
neighbouring vectors. 


6=45°: 


Proceeding in the same way as above we obtain Fig. 12.3. This represents the Bg Lie al- 
gebra according to Cartan’s notation. It contains 10 vectors including the two null vectors 
and describes the Lie algebra of the group SO(5). 


b=60°: 

In this case one obtains a hexagonal vector diagram that belongs to the Ag Lie algebra. 
This Lie algebra represents the group SU(3) and contains 8 vectors, including the 

null vectors. 


b=90°: 
There are two different diagrams in this case (shown in Figs. 12.5a and b). 

The vector diagram Dz contains 6 vectors and can be 
separated into two groups of orthogonal vectors. Therefore it 
represents the Lie algebra SO(4), which is isomorphic to the 
direct sum of two SO(3) algebras. The second diagram belongs 
to the Lie algebra denoted as C2 by Cartan. It results from a 
rotation of 45° of By, thus being isomorphic to it, and represents 
the algebra of the generators of the simplectic group Sp(4) in 4 


dimensions. (a) 
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—a O (ey 
oo 


Fig.12.1. Diagram of the Lie 
Algebra Ay 


Fig. 12.2. Vector diagram of the 
Lie algebra G2 


Fig. 12.3. Vector diagram of the 
Lie algebra Bo 


Fig. 12.4. Vector diagram of the 
Lie algebra Ag 


Fig. 12.Sa. Vector diagram of 
the Lie algebra D2 
Fig. 12.5b. Vector diagram of 
the Lie algebra C2 


12.7 Lie Algebras of Rank / > 2 


The generalization of the vector diagrams for all possible simple Lie algebras of higher 
rank was given by Van der Waerden. 


B,: We introduce the vectors 
e, =(1,0) and e2=(0, 1) 


and construct the vectors +e;, te and +e; +e, with all possible combinations of the 
sign. Then we have 


GeO ce eUIRSE)))  eiyel (eile) 


in the coordinate representation. There are 8 vectors, which together with the two null 
vectors form the diagram By. For Bs we consider the orthogonal vectors 


e; = (1, 0, 0), e =(0, 1,0) and e3=(0,0, 1) 


We build the vectors +e; and +e;+e; and obtain 18 vectors, which represent the 21 
roots of B3 including the three null vectors. For the general diagram B; we consider | 
orthogonal unit vectors and construct the vectors 


oC, ANG. Bare) eel. LL) (12.46) 


of an I-dimensional space, which yields 2/* vectors. Including the / null-vectors we obtain 
the vector diagram which represents the Lie algebra of rank [(2/ + 1) and belongs to the 
group SO(2/ + 1). 


C;: For C; we can use the same unit vectors as in the case B;, but we need to con- 
struct 


26; and’ “are, 0,9 — la) (12.47) 


as vectors of the diagram. Evidently C; is of the same order as B;, but it belongs to the 
Lie algebra of the simplectic group Sp(2). 


D,: For 1>2 we again use the same unit vectors and consider the vectors 
Se; Cpa) — ee eee (12.48) 


21(1 — 1) vectors of this kind exist, thus the algebra is of order 1(2] — 1) and therefore D, 
represents the Lie algebra of the group SO(2)). 


A,: We choose | + 1 orthogonal unit vectors of an (/ + 1)-dimensional space and build 
all vectors of the form 


e:—e; (ij=1,..,141) . (12.49) 


Now we project the vectors onto a suitable /-dimensional subspace, yielding (/+1) vectors. 
Together with the / null vectors they correspond to a Lie algebra of order I(/+2), belonging 
to the group SU(/ + 1). 
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12.8 The Exceptional Lie Algebras 


The four series of vector diagrams A), B;, C; and D; correspond to the four classical Lie 
algebras of the groups SU(/ + 1), SO(2/ + 1), Sp(21) and SO(2]). As Van der Waerden 
showed, there are only five other diagrams which belong to the exceptional Lie algebras 
and there are Go, Fy, Eg, Ez and Eg (in Cartan’s notation). 


Gg: This diagram has already been discussed. 


F 4: For this diagram we add the 16 vectors 
3(+ e; eo +e3 +4) (12.50) 


to the vectors of B4. These 48 vectors, together with the 4 null vectors, represent 52 roots 
and the algebra of Fy, is therefore of rank 52. Obviously By is a subalgebra of F4. 


Eg: We add the following vectors to those of As: 


+2e, and p(hei ben tes teq testes) + ; (12.51) 


where in the parenthesis we choose three positive and three negative signs. Then we have 
72 nonvanishing roots, and the algebra is of order 78. Clearly the Lie algebra Eg contains 
the algebra of the group SU(6) ® SU(5) as a subalgebra. 


E7: Together with the vectors of A7, we consider 
4(te;tegte3+egtestegteztes) , (12.52) 


where we choose four positive and four negative signs and obtain 126 non-zero vectors 
belonging to the algebra E7 of order 133. Evidently the algebra of SU(8) is a subalgebra 
of E7. 


Eg: For this diagram we take the vectors of Dg and add 
(te; tegtezstegtestegte7tes) , (12.53) 


where we choose an even number of positive signs. Therefore the algebra Eg is of order 
248 and contains the algebra of the group SO(16) as a subalgebra. 


12.9 Simple Roots and Dynkin Diagrams 


Van der Waerden’s method for the construction of the vector diagrams is suitable only for 
groups of order | <2, because for | > 2 a two-dimensional representation is not possible. 
Dynkin showed that most of the information about the roots of a semi-simple Lie algebra 
are contained in a small part o of the entire set of root vectors X’'. These special root vectors 
are called simple roots. Dynkin also showed that the simple roots can be represented in 
two I-dimensional diagrams, the Dynkin diagrams. From these diagrams one can easily 
obtain the complete set of root vectors, including their lengths and the angles between 
them. 
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We call a root @ a positive root if in some given basis the first non-zero coordinate 
is positive (or course, this depends on the basis choice). For example, we consider all 
non-zero roots in the diagram Bg, for which there are 8 vectors 

(CS) ACG h el, aut RU EKE — Ne uO (Sibel = 1) 


The first four of this set are positive root vectors. Generally speaking, one half of all 
non-zero vectors of a diagram are positive. 

We call a root simple if it is positive and cannot be represented as the sum of two 
positive roots. For example we have 

le 0) =, =e 1) + (0, 1) or ae 1)=(1, 0) + (0, 1) ’ 
and therefore (1,0) and (1,1) are not simple roots. A corresponding decomposition of 
(0,1) and (1, — 1) is not possible, implying that the simple roots of Bz are 

a=(0,1) and @=(1, -1) . (12.54) 


Obviously, all simple roots are linearly independent and we denote the system of all simple 
roots by o. We can represent every positive root as 


ya SS ere (12.55) 
a;ea 


where the k; are non-negative integers. A semi-simple Lie algebra of rank | has exactly | 
simple roots, which form a basis of the [-dimensional space of the root vectors. 

Because the connection with the lemmata given above is evident, we give the three 
following lemmata without proof: 


Lemma 4. If a and f are simple roots, then their difference is not a simple root, ice. 


if a,B €oa , then a-B goa 


Lemma 5. If a, 8 € o, then 
(a, f) 
SoM 
(a, @) 


where p is a positive integer. 


=P (12.56) 


Lemma 6. If a, 8 € o, the angle $og between them is either 90°, 120°, 135° or 
150°. If (a, a) <(8, 8), then 


| for ¢ag = 120° , 
(8, 8) _ 2 HP Gag STE 
(a,a) )3 for dog = 150° , (12.57) 


not determined for ¢ag= 90° 


For illustration we consider Bz and B3. Due to (12.43), for By the angle between the 
simple roots @ and £ given in (12.54) is found to be 


us (a, B) Be, il 
Del emaGm ke 
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es 


bap =135° , (12.58) 
and due to (12.57) the relation between the lengths is 
(8B, B) _ 5 
ea as ; (12.59) 
For B3 there are three simple roots 
a = (0, 0, 1g B=(0, 1 ae ID). y=(, ras i 0) ’ (12.60) 
which obey the relations 
cos =, / oeie = 135° ae) 2 
Pop ft Pap oe aia 
COS gag=0 , ite. dag =90° , ) _» 
(a, a) 
areal ; (6, 9) 
COS dog =—5 , ie. bag =120° , (aa Si (12.61) 


A usual representation of the vectors (12.60) would be three-dimensional. Dynkin gave 
a prescription how to present the simple roots of every semi-simple Lie algebra in a 
two-dimensional space. 


12.10 Dynkin’s Prescription 


Every simple root is represented by a small circle in the diagram. The circles are connected 
by one, two or three lines, according to whether the angle between the corresponding sim- 
ple roots is 120°, 135° or 150°. Circles which belong to orthogonal roots remain uncon- 
nected. Circles corresponding to simple roots with the shortest length are filled, whereas 
circles corresponding to roots with the largest length remain unfilled. This prescription is 
unique because every simple Lie algebra contains simple roots with at most two different 
lengths. 


GN SSS SSS EEE eS Saas 


12.2 Dynkin Diagrams for B, ay an 
According to (12.58) and (12.59) the Dynkin diagram for 


ay 


Ba is simply 

_—— | 

B a 

and due to (12.61) the Dynkin-diagram for B3 is repre- 
sented by 


Oo hn 

: B a 

Repeating this method we obtain the Dynkin diagram of 
every Lie algebra By, i.e. 


Dynkin showed that to every simple Lie algebra there ex- 
ists a unique representative diagram. These diagrams are 
given in the following table. Other diagrams are not pos- 
sible. 


319 


A. ee a2 a3 Ow, 


a1 2 AZ Aq AS 


1 &%2 &3 Aq 5 AE 


es 


1 @2 &3 4 AS Ae AT 


a 


Order Cartan’s | Group Dynkin 
Notation Diagram 
(1 +2) SU(I + 1) 
1(21+ 1) SO(2! + 1) 
ey) ee 
C Sp(2l 
Cas 1) |Cr p(2/) ae 
(21 - 1) 
I>4 
: 
: ai 
| 
133 E7 E7 
a7 
248 Eg Eg 
ag 
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Solutions 


6; — e; (tf eee) 


+e; and =e, e, (t,7) — Wee!) 


+ 26; onde, -t €, (7 sleet 


aE; 1 6; (on epee) 


€; — €j Ow) = Ti Zy3; i#j) 
+ 2e; Fe; Fez (i,j,k =1,2,3, tA7Fk) 


As for B4 plus the 16 solutions 
$(te1 +e2+e3+€4) 


As for As plus solutions 

Se J/2 e7 and 

$ (te; te2te3 +4 te5 + eg) te7/V2 
(an arbitrary choice of 3 “+” and 


3 “—” signs for the terms in parentheses) 


As for Az plus the solutions 
t(tex theo te3te4testeg te7 te) 
(an arbitrary choice of 4 “+” and 


4 “—” signs for the terms in parentheses) 


As for Dg plus the solutions 
t (tei ez te3 te, te5+e5 be7 e8) 


with an even number of plus signs. 


12.11 The Cartan Matrix 


The Cartan matrix is important for subsequent applications; hence we show the Cartan 


matrix (A;;) with the elements given by 


Ajj = 2(a;, aj Maj, a4) 


(12.62) 


for a, € o. For every Dynkin diagram we can easily calculate the corresponding Cartan 
matrix by making use of the Lemmata 4 to 6. From (12.62) the diagonal elements are 
always 2 and the non-diagonal terms are equal to —3, —2, —1, and 0. 


VIE aE ESE Oe ESS Se _ eae 


12.3. The Cartan Matrices for SU(3), SU(4) and G. 


The Dynkin diagram for the Lie algebra of the group SU(3) 
is 


oS 9) 
Qy a2 


From this we calculate that 
(a1, 22) =(a2,02)=1 and (a,a9)=—4 , 


because the angle between the simple roots aj and ag is 
120°. Therefore the Cartan matrix for SU(3) is 


2 -1l 
—-1 2 
The Dynkin diagram for SU(4) is 


o--—_0-—-—-—_-———_-9 
Qy a2 a3 


and thus 


(a1, Qa) = (ag, ag) = (a3, a3) = is 
(a1, @2) = (a2, a3) = —4 


and (a1, a3) = 0. For SU(4) the Cartan matrix is 


2 -1 O 
( —1 2 —1 
Cpe | ee 
For Gg we have the simple Dynkin diagram 


——————————_ 
ay a2 


where (a1, a1) = 3, (a2, a2) = 1 and (a1, a2) = -3 
because 


(a1, a2) = V(a1, a1)(a2, a2) COs 150° 
=— Sar, arvana) /§ 


Therefore the corresponding Cartan matrix is given by 


(2 2) 


12.12 Determination of all Roots From the Simple Roots 


We now show how to determine the complete Lie algebra from the system o of the simple 


roots. For that purpose we search for a series ky, 
is a root. 


..., ky of integers, such that D704. ¢g kiai 


For practical applications it is sufficient to determine only the positive roots. If 6 = 
>> kya, is a root, then we call |f| = >> |k;| the height of 8. Obviously the height is a 
positive number and all simple roots have the height 1. To continue, we assume that we 
know the positive roots of height n. Then all the positive solutions of height n + 1 have 
the form 6 = a+a;, with a; € a. For a given positive root a of height n, we must 
therefore determine those a € o whose root is given by a+aj;. If a = aj, then it follows 
that a+ a; is no root and in that case we can assume that a = >> k;a;, with some k; >0 


(¢#7). These linear combinations a — aj, a — 2a;, .. 


., being roots, are positive and are 
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of height lower than n, so that we can deduce from our assumption which combinations 
yield roots. Thus the number s of the a,;-series which contains a, 


& — SMy, Soop is 


wo ALO 5) 


is already known. For ¢ the relation 


t=s— 2a, ajMa;, aj) =3 — 


(12.63) 


l 
> Agi 
w=1 


holds and it may be determined by using the Cartan matrix. Because a +a; is a root only 
if t > 0, we can easily determine whether a given a + a; is a root or not. 


DAE SESE ee 


12.4 Determination of the Roots of Gz 
Using the Corresponding Simple Roots 


From Example 12.2 we know the Dynkin diagram 


SSS 7 
ay a2 


and the corresponding Cartan matrix 


( ee Bo) (1) 
for the Lie algebra Ga. Therefore we know from (1) that 
2(a1, a2V/(a1, a1) =—1 and 

2(aj, a2)Mag,a2)=-3 . (2) 


Because a1 ~— a is not a root, it follows from these re- 
lations that the series aj containing a and the series ag 
containing a1 have the form 


ag, ag+a1 3 a1, a, +a9, a, +2a09, a] + 3a 

Here the only positive root of height 2 is aj + ag. Also 
because a2 + 2a 1 is no root, we conclude that a; + 2a9 
is the only root of height 3. 2a, + 2a is also not a root; 
thus a; +3qaz is the single root of height 4. Finally, from 
(12.63), we find that 


Aap + 300, 2 eal — 2 — = 


which means that (a1 + 3a2) + a, = 2a; + 3a is a root. 
It is the only root of height 5, because a1 + 4a does 
not represent a root. Since the linear combinations (2a1 + 
3a2)+a 1 = 3(a1 +a2) and (201 +3a2)+a2 = 2(a1 +2a2) 
are not roots, there are none with a height greater than 5. 
Consequently the roots of Gy that are non-zero are 


EON), Se Om, Gry) ae aph se (24) te UG) 
+ (ay + 3a), + (2a1 + 3a2) 


a 


12.13 Two Simple Lie Algebras 


As an illustration we want to determine the Lie algebras of the groups SO(3) and SU(3). 
The Dynkin diagram for SO(3) is simply one circle 0, meaning that there exists one sim- 
ple root, which we mark by J. In Van der Waerden’s representations the corresponding 
figure looks like 


ye ihe 
O_o 9 
—] 0 +] 


The corresponding commutator algebra follows from (12.23)—(12.26), ice. 
oe =0 = (Ay, Je ee eeeo)meeery 


In order to obtain the above ; algebra, we express Ay and J by the infinitesimal operators 
of angular momentum J,, Jey and J, for SO(3), so that 
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H,=J, and Jz =4 (J, +iJ,) 
Thus we obviously obtain the known commutator algebra for angular momenta. 
The Dynkin diagram of SU(3) is 


C—O) 


This means that there exist 2 simple roots of equal height, enclosing an angle of 120°. Of 
course —q@ and —{ are also roots, as is +(a + {), so that adding these roots we obtain 
the diagram for Ay shown in Fig. 12.6. We normalize the roots by using 


Diaiay= bij, 
a 


and thus obtain 


at 


1 1 1 
= —— il. , = ———— i — 5 = Se (1l,, 
a@ aJAi 36 773! 3), a+ ma 0) 


For the commutator algebra (12.23)—(12.26) we obtain ce 126. a oe for 
(Ay, Beal =12V3 Baa i, Sea oul, a 
[M1, Eg) =12V3 Exp [H2, Es )_ =+th Exp 
(i, Ex (atayl=WV3 Bs(arp) (Ae, Bs (a4py|_ =0 
[Ea, B-a]_ = 1/2V3 Ay + Ae [éy, B_g)=4V3 — 1A, 
[En+g> B_(aspyl_ = UV3 Si (Eo, Eg) =UV6 Eoip 
[Eo, Eo+,]_ = 0 [Ep Eo+al_ =0 
(Eo, Bag) =-UV6 B_p [E5, E_(o4p)l_ = V6 B_o 
[H,, H2]_ =0 


12.14 Representations of the Classical Lie Algebras 


There is a method which allows us to construct the irreducible representations of every 
Lie algebra using the above table. We want to illustrate this method without further proof. 
The basis vectors |w) of an irreducible representation are classified by their eigenvalues 
with respect to the operators H; of the Cartan subalgebra, i.e. 
H;|u) =A;(u)|u) (12.64) 
One defines the weight of a state |u) to be the vector (rank for N of the Lie algebra) 
A(u) := (Ai (u), A2(u), 5 ANC). (12.65) 


For the weights one introduces the following ordering relation: The weight A is called 
greater than the weight A’ if the first non-zero number \; — Aj, 7 = 1, 2, ..., N, is positive. 
This ordering relation determines uniquely a maximal weight Amax for each irreducible 
representation, which has the properties: 
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As =(, — 1/V3) 


Fig.12.7. Illustration of the de 
rivation of the weights of all 
members of an irreducible re- 
presentation from the largest 
weight Amax 


a) Amax iS not degenerate, i.e. there exists only one state with the weight Amax. 
b) There is a one-to-one correspondence between the occuring irreducible representa- 
tions and the corresponding Amax. 


One can prove these statements by generalizing the considerations of Chap.7 in connec- 
tion with SU(3). To justify the following procedure, we want to ilustrate for the SU(3) 
triplet that one can deduce the entire irreducible representation from the largest weight 
Amax- To this end, in analogy to Lemma 1, we need the following: 


Lemma 1’. For every weight of an irreducible representation 
A and for every root a, 2(A,a)M(a,q) is an integer and A — 
2a[(A, a)/(@, a)] is a weight of the irreducible representation. 

The greatest weight of SU(3) is Amax = Au = (1/2, 1/23). 
The simple positive roots for the SU(3) are (see last section) 


a= 2(1/2, — V3/2) ; B= V2(1/2), V3/2) 
Because of (A, a) = 0, (A, 8) = 1/\/2 it follows from lemma 1’ that 
Seely: 1/2V3) 2 eyes (ll, 1/2V3) , A, =(@, — 1/2) 


The complete determination of an irreducible representation 
from Amax is generally more complicated because of the degenera- 
cies, i.e. there are more states with the same weight. To obtain the 
general scheme for the complete determination of the irreducible 
representations of any simple Lie algebra, we must therefore: 


1. be able to write down all the largest weights Amax and 
2. know how often each state is occupied. 


Problem 1 was solved by Dynkin by defining a new weight A, 


INOW son Vipin 4 ie) 8 OS aan : (12.62) 
(a;, a) 
where the positive roots are denoted by a1... ay. From lemma 1’ it follows that all \, are 
integers and so the first problem is solved; Dynkin showed that all A= (Aq, Ag, ..., A~), 
with A; >0,2=1, 2, ..., N, appear as the largest weights. The first problem thus reduces 
to writing down all N-dimensional vectors A with non-negative integer components. 
By considering the series of roots one can derive the following extension of lemma 1’: 


Lemma 7. If A and Aj >0, then A — a; is also a root, where a; is the simple root 
a; in the “Dynkin basis”, and 

(aj, a) 
(a), @)) 


Lemma 7 provides the weights in the Dynkin basis. To transform this basis into the usual 
one we write 


(Qj), = 2 Sy = al 
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A= bi bj; > a; = 9) b;Aij 9B; = hala); (12.63) 
j j i 


For the calculation of the degree of degeneracy one can use the so-called Freudenthal 
recursion formula, given by 


ete Ane (1 o, A+ din, 
=2 So natea(Atka,a) with (12.64) 


@ pos. root 
k>0 


c= 
a@ pos. root 
6=(1, 1,..., 1) in the Dynkin basis; 
na is the number of states of weight A; 
and 
(pA) = 5) 0.0, (ez, a5) 
a) 
= SF ag(AM")uilais aj)aj(A~!),; 
ijkl 
= Sy aya; s(a;, a;(A7")13 
jl 
= Diary; 
jl 
Gy = [Mana,/2[A*), (12.65) 
The metric G); is uniquely determined by normalizing the longest appearing roots to 2. 


Finally we give the so-called Weyl formula, which allows us to compute the dimension 
of an irreducible representation from Amax. 


N(Amax) = [[ CAmax+é,@(6,a) . (12.66) 
@ pos. root 


Concluding, we summarize the procedure for determining the irreducible representations 
of a given simple Lie algebra: 


1 From the Dynkin diagram (see the table of Example 12.2) we obtain all positive 


roots a;. 

a We calculate the Cartan matrix A and the metric G using (12.62) and (12.65). 

5 From (12.66) we get all Amax of the irreducible representations with not too large 
dimension. 

4. For the irreducible representations of interest we construct the diagram for the 


weights, making use of Lemma 7 and (12.66). 


In Example 12.5 we shall perform this calculation for the octet representation of SU(3), 
though in practice one can use tables calculated by computers. 
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EXAMPLE oS Se a a 


12.5 Analysis of SU(3) 


1. We make use of the above table. Because the SU(3) is 
of second rank, with the two simple roots 


a, = V2(1,0) a2=Vv2(- 12, v32) , 
it follows that 
a3 = ay tag = V2 (1/2, V3/2) , 


where aj, a, a3 are the positive roots in the considered 
basis, which where fixed by a, = V2(1, 0). 


2. We calculate A and G. Ai; = 2(a;, ajay, a. 
2 =)l Lf2 jl ; 

an (?, ar and e=5(; 1.e. 

@ =(, —1), &2=(-1,2), &@=4, + & =(1, 1) 


3. We take Ajax which has the general form Amax = 
(p,q), so that from (12.66) follows that 


1/3(p + 1, ¢+1) (; ae 


13(1, 1) ( ee 


1/3(2p+q+3, p+2q+3)a2 
(1, lat 


N(pg) = ~~ 


A= O17 , 12, &B 


= lll 


A=] , AQ, ag 
=(p+1) x (q+1) x 5X (ptqt2) 


This is exactly the relation which has been derived in Ex- 
ercise 7.9. Thus for SU(V) the so-called Dynkin labels 
correspond to the labels derived from the Young diagrams. 


4, We want to construct the octet Amax = (1, 1), for which 
the scheme below holds. 


Amax = (dl, 1) 
Sey ees (, 1) 
(Hl, 2 2, -—1 
Mi ( s ) “Spindle-rule” (-1, 2) 
=O) — a ee | 
(00. (0, 0) (0, 0) 
ee See 1 i} 
es ee) ' ! 
Pi, eae (-2, 1) (1, — 2) 
== “<3.. poee 


(2, — 1) 
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For Amav = (— 2), 1268) yields 
oak?) @) 
-09h(F 3) @)]raws 
renee I) 


Because Amax is not degenerate if follows that 


(ota) 2G) 2 


ei E) a 
Correspondingly, (2.68) results in 
A=(,-1) , m4) =1 


50, for Amax = (0, 0) we have 


sa, D5 G ) (1) | re.0 
=2{ a, -0); 6 3) (2) 
+meaayt-b 3 (73) (4) 
swanton(? 4) (2)] 


= 20404 2) oe 


SEL) =e = ee ay 


This result could also have been obtained by the “spin- 
dle rule”, which states that the root diagrams are convex, 
i.e. the number of states which are obtained by the first, 
second, etc. subtraction, cannot decrease and then increase. 


13. Special Discrete Symmetries 


In the last two chapters of this book we return to symmetries which have a general 
significance in quantum mechanics. We shall begin with the discrete symmetries of space 
inversion and time reversal. 


13.1 Space Reflection (Parity Transformation) 


Parity plays an important role in quantum mechanics. One often finds? that the eigenfunc- 
tions of the Hamiltonian either stay the same or change sign when a parity transformation 
is performed, i.e. when r is replaced by (—r), as long as the transformation does not 
effect the potential energy. A physical state is defined to have positive parity if the wave 
function does not change, whereas it is of negative parity if the wave function changes its 
sign. 

At first we adopt a similar approach as in the case of rotations [cf. Chap. 1, Eq. (1.46)] 
and the transformation is written as 


r’ = Ryr= —r (13.1) 
If we choose R, to be 
; Sj aed 
R, =-= ( eo se Fy ; (13.2) 
OO i 


this yields a space reflection. Obviously R;, is real, orthonormal and, in addition, ie _ 
R,. But as the determinant of R, is —1 this cannot be a transformation of the group 
SO(3), because the determinant of a rotation matrix is always 1. Every real orthonormal 
3 x 3 matrix which has the determinant —1, can be written as a product of Ry and a 
matrix that represents a rotation. The unit matrix Il and Ry together form a discrete group 
of two elements £; for which E? = 1. 

Now we consider a physical system in a state |a) represented by the wave function 
tba(r). Under a space reflection this state is transformed into |a’), with g(r). We assume 
that these two states are related by 


Por(Rir) =abolr) , (13.3) 
where we still have to determine a. The discrete nature of a space-inversion implies that a 
1 See Vol. 1 of this series, Quantum Mechanics , An Introduction (Springer, Berlin, Heidelberg 1989). 


327 


appears in this relation, in contrast to the analogous relations for translations or rotations 
[see (1.17) and (1.64) respectively]. 


Remark. For such continuous transforamtions one could also introduce factors a analogous 
to (13.3). These factors would be continuous functions of the respective transformation 
parameters, i.e. a = a(a) for translations and a = a(@) for rotations. These continuous 
functions must have the value 1 if the transformation parameters are zero, i.e. if the trans- 
formation is just the identity transformation. However, one can show that factors with this 
property have no physical meaning. 


In | analogy to former definitions we now introduce the unitary space-reflection oper- 
ators U by the equation 


Oibalr) = der) , (13.4) 
which [with (13.3)] yields 
Oibolr) = abe(Ry'r) =ab(Rir) . (ie) 


Here we have made use of the fact that the inverse of a reflection is also a reflection; thus 
we apply this operation twice, we get 


C2 balr) a aU o(Ryr) 
= a b(t | Riv) 
=a dolr) . (13.6) 


On the other hand, two consecutive space reflections transform coordinate space into itself, 
so that Us must transform every state into itself. This means that UPom and we can a 
only by a phase factor, since Uj is a unitary operator. Therefore the absolute value of a” 
must be 1 and consequently the same holds for a. In addition we can impose a further 
restriction on a. 

The physical states of a system of particles, which we denote by wa(r), can be 
superposed to give 


Wr) =D Aabalr) » (13.7) 
leading to 
Ufvbl(r) = Sa Aalr) . (13.8) 


The rhs of (13.8) describes a state which is different from w(r) unless all factors ay are 
equal. Only then do two space renee Coney in sequence reproduce the original state up to a 
phase factor. This means that a2 has to be the same for all states that can be superposed. 
Therefore it seems adequate to ‘choose a certain value of a for each kind of particles. A 
rotation by 27 does not change the state ees of particles with integer spin; we assume 
the same for space reflections, and therefore a? = 1, which implies a = + 1. Particles with 
half-integer spin can be coupled in pairs, yielding states with integer spin. Therefore we 
expect that a for particles with half-integer spin can take on the same malucs as the factor 
a? for particles with integer spin, so that a can be +1 and +7, ie. at = 1. 
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In order to determine a experimentally for different particles, one has to include 
their mutual interaction. Let us consider for example the n° meson, which has zero spin. 
It decays into two photons (see Example 8.6). Assuming that the parity of a system is 
conserved during the decay we can determine the internal parity of 7° relative to that 
of the electromagnetic field. One finds a = —1, so that the 7° meson has a negative 
parity. It is called a pseudoscalar particle, whereas a spin zero particle with a = +1 is 
called a scalar particle. The charged mesons 1* also have spin zero, though it is not 
possible to determine their internal parity relative to the electromagnetic field, because 
they cannot decay into photons due to charge conservation. On the other hand these pions 
are created and annihilated in interactions between nucleons. Thus we can determine their 
parity relative to the nucleons, provided that parity is conserved in these interactions, too. 
According to such considerations, one assigns negative parity to pions and positive parity 
to nucleons. 


13.2 Reflected States and Operators 


The equation of motion of a space-reflected state is obtained by the application of U; to 
the equation of motion of the original state. As expected, a reflected state fulfils the same 
Schr6dinger equation as the original state, if H and U; commute, i.e. 


i wl So.. (13.9) 


In this case H and Uj can be rerpesented by diagonal matrices and the energy eigenstates 
can simultaneously be chosen to be states of good parity. In analogy to Example 1.6, (1) 
the matrix elements of a dynamical variable A for reflected states are equal to the matrix 


elements of o} AU, for the original state, because 
(Grbal Alida) = WWalOf ATi Iba) (13.10) 
Since U, was chosen to be a unitary operator, (13.5) becomes, on applying U i 


olr) = a0! vel Ry r) 


or 
Of valr) = —vaRir) (3.11) 
By means of this equation the expression an rU, can easily be calculated: 
tl ety belr) = atl rbd Ry 'r) 
= a— (Rares Ry") 
=(—r)alr) . (312) 
Since (13.12) holds for every #%(r), we conclude that 
Olety=—r (13.13) 
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so that instead of (13.4), the last equation could also be used to define the operator U. 
Because of p = —ihV and L =r xX p, one finds in the same way that 


Olpt,=—p and (13.14) 


ia (13.15) 


Given that the operator U, acts only on spatial coordinates, but not on the spin, it must 
commute with S. Because of (13.15) we therefore find that 


o150,=5 , (13.16) 
Ola, =F , (13.17) 


with J = £ +S. The results (13.13)-(13.17) show that coordinates, momenta, and angular 
momenta behave under space reflections exactly the way as expected classically. Accord- 
ingly, spatial coordinates and momenta are examples of vectors, also called polar vectors, 
whereas angular momentum is an example of an axial vector or pseudovector. 


13.3 Time Reversal 


The classical equations of motion for particles which move in a conservative potential are 
symmetrical if the direction of time propagation is reversed, since they only contain second 
derivatives with respect to time or squares of first time derivatives. In general we expect 
that this symmetry of time reversal also holds for quantum mechanical equations. However, 
we shall see that time reversal has some special properties in quantum mechanics. In 
part this is due to the fact that in quantum mechanics the time coordinate (contrary to 
the space coordinates) is not represented by an operator in Hilbert space, but is taken 
to be a parameter of the state. Therefore there is no analogue of (13.13). We require 
time reversal to transform the wave function (r,t) of state a into py/(r, —t), i.e. we 
demand that ~o(r,—t) propagates according to the reversed time direction. In this new 
state the signs of momenta and angular momenta are reversed, whereas all other quantities 
remain unchanged. Time reversal is described by the time-independent operator T', which 
is defined by the equation 


Todt, = Yoelr, —t) . (13.18) 


In the following we shall consider physical systems for which T' is a symmetry transfor- 
mation. This implies that, with u,, T'u, is also an eigenstate of the Hamiltonian (which 
is supposed to be time-independent) with the same eigenvalue Ey. 

Let us consider the Schrédinger equation 


ihe alr, \N=Addlr,d , (13.19) 


where A does not depend on time. For the time-reversed function Wo (r, t), the Schrédinger 
equation therefore becomes 


oa Bs 
—ihs Part, )= Abar(r, t) , (13.20) 
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where the negative sign on the rhs is due to the time derivative. For T' to be a symmetry 
transformation it must commute with the Hamiltonian, which can be expressed by 


TH=HT , o THTO=A . (13.21) 


This can be verified in the following way: we multiply (13.19) with T from the lhs, which 
yields 


(PIT ME Pale, t) =(TAT Today, d 
=HATudl(r,t) . (13.22) 


This operation has been performed carefully, in the sense that Le have included the 
imaginary unit i into this operation, i.e. we have allowed that T'i7'—! ¥i. Furthermore we 
have taken into account that the real parameter ¢ commutes with Hee [Instead of (13.21) 
we could have required that THT! = —H, so that i commutes with T. In this case, 
however, time reversal would also change the spectrum of the Hamiltonian, which is then 
no longer positive definite. This would be physically unacceptable.] Comparing (13.22) 
with (13.20) shows that we have to postulate 


i or (13.23) 
This 1s a special case of the general relation 

Tap)=a*Ty , (13.24) 

Taptbpy=atTo+oTyo . (13.25) 


An operator which obeys these equations is called an antilinear operator. Accordingly the 
time reversal operator 7’ is antilinear. 


13.4 Antiunitary Operators 


We introduce the operator of complex conjugation K by the definition 
Kyb=y* , (13.26) 


for any function 7. Obviously K2 = 1, and K obeys the relations (13.24) and (13.25), 
i.e. it is antilinear. Now each antilinear operator can be represented by a product of K 
with a linear operator. Of special importance are products for which the linear operator is 
unitary. Such operators are called antiunitary, and clearly K itself is antiunitary. 


331 


BRE Se ——————————_———————=—Z{Z—“>*$_—— EEE 


13.1 Effect of an Antiunitary Operator on Matrix 
Elements of Wavefunctions 


Problem. Prove that the inner product of two states is 
equal to the complex conjugate of the inner product of the 
states which are obtained by applying an antiunitary oper- 
ator A to the former states. What follows for the norm? 


Solution. The two states are characterized by their wave 
functions, which we denote by wy, and ~g. From these 


states we obtain yy = Ava and gi = Arg. Since A is 
antiunitary this can be written as 


ES nie (1) 
with unitary U. This yields 


by =Up, and op =U, . (2) 
Using this we can write the inner product as 
(ale) = fb rblivg = [ar GvtOvp 

= / Br polis 

= { fPrylvg} = (als) = (le), @) 


where we have made use of the fact that U is unitary. For 
the norm we get 


(a'la’) = (ala)* = (ala) , (4) 


since it is a real number, which means that the norm re- 
mains unchanged. 


According to the result of this problem, it is plausible to assume the time reversal 
operator to be antiunitary since it does not change the norm of the states and the absolute 
value of the inner product of two states also remains unchanged. Therefore we write T' in 


the form 


PSUs 
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with unitary U. Now we want to find an explicit expression for the operator 7’ in such 
a way that in the time-reversed state the signs of all momenta and angular momenta 
are reversed, whereas all other quantities remain unchanged. First we examine — as the 
simplest case — the situation for a particle with spin zero. The corresponding states are 
characterized by a single component wave function. From any given wave function Wee 


we construct 


alr, t) = rbalr, t) 


(13.28) 


Denoting the corresponding time reversed states by w,/(r, t) = Tboalt, t) and wg = Tg 


we get an analogous relation, 


pei (r, a t) = TWo! Cie t) Py 


(13.29) 


since r does not change sign under time reversal. From this we find that 


rT be = TW! = pai = Tp = Trba 


(13:30) 


wq can be chosen arbitrarily and so it follows that 


rT =Tr 


(123) 


We now write the state which is obtained from 74 by applying the momentum Operator 
as py, Le. p+(r, t) = pyalr, t). Concerning the time-reversed states we expect 
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pylr, —t)= por, -t) , (13.32) 
to hold, because the momentum changes its sign under time-reversal. This yields 


PT bolt, t) = Phar, —t=Py(r, -2) 


= —Ty,(r, t)=—Tpvalr, t) or (13.33) 
pr=-Tp . (13.34) 

In a similar way we find for L =r x p that 
be = Tie (13.35) 


In the coordinate representation r is a real operator and p = —ihV is purely imaginary. 
The simplest choice for T which fulfils (13.31), (13.34) and (13.35) is 


U=1 , 
so that 
T=K , (13.36) 


though this conclusion depends on the representation chosen. In the momentum repre- 
sentation (where wa is a function of p, not r) the momentum p is a real multiplicative 
factor and r is purely imaginary (r =ihV >). In this case the representation (13.27) for T 
is also valid, but now U has to be an operator which transforms p into —@, i.e. 


Oalp) = va(—p) 


We now return to the coordinate space representation, where for a particle with spin we 
expect 


Sh=]-T'S)., (13.37) 
[in analogy to (13.35)] as well as 
JES =m (13.38) 


We have already seen that the form of ia depends on the representation. Furthermore 
we have to choose a specific set of spin matrices if we consider particles with nonzero 
spin. We choose them in such a way that S, and §, are real operators and Sy 1S puey 
imaginary [see e.g. (2.21b) for particles with spin 1 and (2.21a) for particles with spin 5]: 
This can always be achieved by a suitable unitary transformation. 

The symbols T, See and § z are now real operators, whereas p, iby and Sy are purely 
imaginary. If T were equal to RK, then (13.31), (13.34), and (13.35) would be fulfilled as 
well as (13.37) for the component Sy. On the other hand the equations for $, and S, 
would not be fulfilled. Therefore we have to choose a unitary operator U in the general 
representation (13.27) of T which commutes with 7, p, L, and So, and which obeys the 
relations 


Oreo eS Ue Soe (13.39) 
If we choose U to be a function of S, alone, then the first three conditions 
[r, O]_ = [p, O}_ =[£, O)_ = [S,, U]_ =0 
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are satisfied. On the other hand one can show (see the following problem) that (13.39) is 
also fulfilled if one chooses 


U = exp(—in $,/h) 


Our considerations of rotations in Chap. 3 also led us to this expression. There we saw 
that the unitary operator exp(—id - S/h) represents a rotation by an angle @. Therefore a 
rotation by an angle 7 around the y- axis as in (13.40) transforms ce into =o and 5, 
into ~$,. For a particle with spin 5 4 this takes on a simple form, 


(13.40) 


Pe alo (13.41) 


where dy is the Pauli matrix 


CERO: aaa nt 


13.2 Commutation Relations Between U and S 


Problem. Prove, for U = exp(—irS,/h), the validity of 
the relations US, = —5,U and US, = = —S, U by using 
the commutation relations between Sy and $4 = §,+ vata 


Solution. Using the general commutator relations 


[Si, Sj]_ = ies Se, (1) 
it follows directly that 

[Sy Sz] = tase . (2) 
These relations can then be cast into the form 

SyS4 = SiS, 45s =5.(8, +A) , (3) 
with the unit matrix I. Now we assert that 

Hse OS) rll) (4) 


holds for every n. 


Proof. Obviously (4) is satisfied for n = 1. If we assume 
that it also holds for a certain n > 1, we only have to show 
that it is also true for n + 1, ice. 
S48, = 8,595 
Sy {Sz(Sy +A} 
a (Sy + AM)(S, + All)” 


ayy (5) 


Now we can calculate U Sie 
we ie a 
Coote = ‘Ss a — Sy Sac 
a —it il Ue 
= Oy, (=) 71 oy = AI)” 


= St exp { — + (by =e ni} 


= $40 exp{+(-in)l} . (6) 
On the other hand, the last factor is equal to —1l, because 
exp(tirll) = lexp(tix)=Icos7=—-1 , (7) 


and thus (6) becomes 

Sn = Sal (8) 
If we write down the real and imaginary parts separately, 
we get 

OS, 5550 am (9) 
US, eS Ue (10) 
This separation is possible because U, Se and & are real 
operators. 


SSS Sy 
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13.5 Many-Particle Systems 


If we have a system of many Particles, the time reversal operator T' can be written as the 


product of unitary operators U7 belonging to the individual particles and the operators K, 
Le: 


T = exp{ —indyy/h}...exp{ —itSny/h} RK. (13.42) 


These operators may be placed in an arbitrary order, since each operator acts on the state of 
a different particle. Therefore they commute and the operator T' obeys the relation (13.37) 
for each particle spin. Since all operators Sh, are purely Pa IBE all exponentials in 
(13.42) are real and therefore commute with Ky’. Knowing K2 = 1, we find that 


T? = exp{ — 2inS1,/h}...exp{ — 2ixSny/h} . (13.43) 


Each exponential represents a rotation by 27, so that the corresponding coordinate space 
is transformed into itself. For particles with integer spin, the exponentials are equal to 
+1, whereas for particles with half-integer spin they are —1. Therefore T? is +1 or —1, 
according to whether the number of particles in the system with half-integer spin is even 
or odd. 

As we have already mentioned, if uw; is an energy eigenfunction, then so is Tup, and 
both have the same eigenvalue. Let us first assume that there is no degeneracy. In this 
case T'u, represents the same state as uy, SO that we can write 


ee. (13.44) 
with some complex number c, leading to 

Tuy = T(eup) = c* Tu, = |cl2up, (13.45) 
T? = +1, |c|? = 1 describes one possible situation. On the other hand, if T2 = —1 there is 


no c, in accordance with (13.46). This means that the application of 7 must yield a new 
state and the corresponding eigenvalue is degenerate. 

In this case we can show that u, and Tu ; are orthogonal to each other. According to 
Exercise 13.1 we have (Th, Tro) = = (v1, %2)* = (2, 1). If we now Choose y1 = Tup 
and y2 = uz, we get 

(T7up, Tup) =(up,Tup) . (13.46) 
On the other hand, 7? = —1, so that the Ihs of (13.46) is —(u,z, T'u,). Therefore both 
sides of (13.46) differ by a sign, and this is only possible if 

(up, Tup) =O , (13.47) 


which means that both states are orthogonal to each other. Hence for every state uz, we 
can find a well-defined degenerate state T'u,, so that the number of degenerate states is 
always even. 


13.6 Real Eigenfunctions 


We now want to consider a system which has no spin (or where the spin is irrelevant). 
In this case U = Il is the unit matrix, and 7 = K if we choose to work in the space 
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representation. Furthermore we assume that there is an operator A, which commutes with 
K and whose eigenvalues A,, are not degenerate. We shall denote its eigenfunctions by 
ay, SO that 


Zs 7) SE OR (13.48) 


As we have explained above, K a, Tepresents the same state as a,,, and we can write K 
Ay, = aj, = cay, where c is again complex. The function a, can be split up into its real 
and its imaginary parts, i.e. a,, = v, +iw,, with two real functions v,, and w,,. The above 
equation now reads 


Vp — wy =clvy tiwy,) oF 


(l—c)vp =i tow, . (13.49) 


This shows that v, and w, are proportional to each other; therefore a, is real up to some 
complex factor. In this sense, in particular all nondegenerate eigenfunctions can be chosen 
real if the system is invariant under time-reversal. 

Sometimes the above arguments can also be extended to the case of degenerate 
states. An interesting example is the real Hamiltonian which includes an arbitrary spherical 
potential, i.e. which fulfils the relations 


[f,2£7)_=0 , (8, &]_=0 and [R,£7)_=0 | (13.50) 


It is well-known that the energy eigenfunctions (belonging to Ej) can be characterized 
by the quantum numbers k, | (angular momentum), and m (projection of the angular 
momentum), so that we can write these eigenfunctions as u,),,. The operator of the z- 
component of the angular momentum (with eigenvalues m) is purely imaginary: (ne 
ih(0/O0¢). In accordance with (13.35) it does not commute with A’; therefore we cannot 
argue in the same way as above that K uzim = CUkIm» Which would imply that u;,,, i 
real (up to an irrelevant complex constant). This can also be seen directly by the fact Aes 
these eigenfunctions are proportional to the spherical harmonics Yj,, (6, 6), which are all 
complex for m # 0. On the other hand, if we restrict ourselves to functions with m = 0, 
then we only have eigenfunctions of £, with the eigenvalue’ zero, i.e. Luxio = 0. From 
the general relation (13.35) then follows, because of L,K = POG i 


ib ee) (13.51) 


kK uglo is therefore an eigenfunction of £, with eigenvalue zero, too. If we do not have 


an additional degeneracy, we can be sure that the eigenfunctions of H and ig with m =0 
are real functions in a generalized sense, i.e. up to a phase factor. 
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14. Dynamical Symmetries 


We have seen in the preceding chapters that the symmetry and degeneracy of the states of 
a system are associated with each other. For example, a system that possesses rotational 
symmetry is usually degenerate with respect to the direction of the angular momentum, 
i.e. with respect to the eigenvalues of a particular component (usually J,). An exception is 
the case J = 0. In the case of the discrete symmetries of space-inversion and time-reversal 
discussed in the previous chapter, degeneracy is less common since the transformed states 
are quite frequently equal to the original states. 

Subsequently we will see in more detail that beyond the degeneracies arising, say, 
in rotational symmetry there is the possibility of degeneracies of different origin. Such 
degeneracies are to be expected whenever the Schrédinger equation can be solved in more 
than one way, either in different coordinate systems, or in a single coordinate system which 
can be oriented in different directions. From our present considerations we should expect 
these degeneracies to be associated with some symmetry, too. These symmetries differ 
essentially from all the others considered so far, because their nature is not geometrical. 
They are called dynamical symmetries, since they are the consequence of particular forms 
of the Schrédinger equation or of the classical force law. We shall examine two relatively 
simple quantum mechanical examples which, starting from the corresponding classical 
systems, allow the derivation of the existence and then the general form of the dynamical 
symmetry in very nearly the same way as for geometrical symmetries. Of course this 
is not possible in general; indeed many quantum mechanical systems have no classical 
analogue. 


14.1 The Hydrogen Atom 


First we investigate the classical Kepler problem. In relative coordinates the Hamiltonian 
is given by 


He=p2u—xnlr . (14.1) 


Here py is the reduced mass of the system and x is a positive quantity (for the hydrogen 
atom « = Ze”). The bound solutions of the classical problem are ellipses, and the distance 
from perihelion P to aphelion A is called 2a. If b denotes the length of the minor semiaxis, 
the eccentricity e is e = (eo b2)!/2/q and the distance f from focus M to the geometrical 
centre is f =a-e (as shown in Fig. 14.1). 

Since H is independent of time, the total energy E is a constant of motion; and, 
because H possesses rotational symmetry, the orbital angular momentum L = r X p is a 
constant of motion. L is evidently an axial vector perpendicular to the plane of the orbit. 
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Fig. 14.1. Classical Kepler orbit 
with the centre of gravity M 
located in one of the foci of the 
ellipse 


It is easy to show that (Exercise 14.1) 
E=-«/2a , and L*=pra(l—e?) . (14.2) 


The rotational symmetry of H implies that the orbit lies in some plane through the centre 
of gravity M though it is not enough to ensure that the orbit is closed. A small deviation 
of the potential term from the Newtonian form V(r) = —«/r causes the major axis PA 
of the ellipse to precess slowly and so the orbit is not closed anymore. This suggests that 
there is some quantity other than H and L which is a constant of motion for potentials of 
the form —x/r. It can be used to fix the orientation of the major axis in the orbital plane. 
We thus look for a constant vector M pointing from M to P or to A. 

Such a vector has been known for a long time and is called the Runge-Lenz vector. 


It has the form 


M=pxX Lin—e«rlr_ , (14.3) 


for which M is easily seen to be a constant of motion. Since I, = 0, we find, by differ- 
entiating M with respect to time, that 


M =p X Lip — weir + xr(r- pur?) , (14.4) 
using the relation p = yr. If we take into account the relation L =r xX p, we find 

M = rp: pu — p+ r)/u — prlur) + r(x p)al(yur) 
Since Newton’s equation is p = —«r/r> we see that 

M=0 , (14.5) 


i.e. M is a constant of motion being a vector of length ke directed from M to perihelion 
P (see Exercise 14.2), There are two relations that are independent of the special choice 
of the orbital parameters a and e (see Exercise 14.3): 


L-M=0 and M*=2ED%u4n2 (14.6) 


In order to treat the hydrogen atom quantum mechanically we have to replace the classical 
functions by operators, which can be done easily for r, p and L. However, the vector 
products p x L and —L x p are not identical, because the components of £ and p do 
not commute. Therefore the expression in (14.3) following from the replacement of the 
functions by operators is not Hermitian and we redefine Nf as a symmetrized expression: 


7 tly eee a a 
M= > @xE-Exp)— x7 (14.7) 
Lb iF 
By considering the commutation relations for r and p we can show that 
[M, H]_=0 , (14.8) 
L-M=M-£=0 and (14.9) 
M =2B uh +8242 | (14.10) 


Relation (14.8) is the quantum-mechanical analogue to (14.5) and the expressions (14.9) 
and (14.10) correspond to (14.6). 
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The relations (14.7—10) were used by Pauli in 1926 to calculate the energy levels of 
the hydrogen atom. He regarded the three components of M as generators of infinitesimal 
transformations. Following this method we deduce the algebra of the six generators 1 and 
M, which consists of 15 commutation relations. Three of these are the known relations 
for the angular momentum operators: 


[E., £,)_ = ihe; ;, Lp . (Tat) 


The commutators that include one component of M and one component of L yield nine 
further relations, 


[M;, Lj)_ =ihezj,M, (14.12) 
After some additional calculations, we find the last three commutation relations, 


a 2 io e 
[M;, M;)_ = pole cakts : (14.13) 


The components of L constitute a closed algebra, as we have seen in Chap. 2, and generate 
the group O(3). The LT and M together, however, do not form a closed algebra since, 
although the relations (14.12) involve only Mand L, relation (14.13) brings in the operator 
H as well. However, given that A is independent of time and commutes with £ and M, 
we Can restrict ourselves to a subspace of the Hilbert space that corresponds to a particular 
eigenvalue E of H. Then Ff in (14.13) can be replaced by its eigenvalue E. For bound 
states EF has negative values, and it is convenient to replace M by 


M'=./—-p2EM . (14.14) 
Evidently (14.12) and (14.13) are thus transformed into 

[M), L;]_ =ihe;;,M, and (14.15) 

[Mj, Mj]_ =ihesp Ly - (14.16) 


14.2 The Group SO(4) 


The six generators Ts M ’ constitute a closed algebra. To clarify this we relabel the indices 
of the components of L. First we write 


r=(r1,72,73) and p-=(f1, po, p3) » (14.17) 
for which 

[r;, Pj]_ = ihd;; (14.18) 
holds and we find, because of 

Lea = a Os (14.19) 


the “natural indices” 
LE = (ho3, £31, £12) (14.20) 
for the £-operators. We now extend the indices to 7, 7 = 1, 2, 3, 4 by introducing fourth 
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components r4 and pq that fulfill (14.18) and (14.19) and for which 
M,=Ly , My = Ee = (14.21) 


is valid. It is easily verified that (14.18), (14.19) and (14.21) lead to the commutation 
relations (14.11), (14.15) and (14.16). The six generators Li; obviously constitute a gen- 
eralization of the three generators [ from three to four dimensions. The corresponding 
group can be shown to be the special orthogonal group or the proper rotation gorup in four 
dimensions, i.e. SO(4). It includes all real orthonormal 4 x 4 matrices with determinant 
equal to +1. This evidently does not represent a geometrical symmetry of the hydrogen 
atom since the fourth components r4 and py are fictitious and cannot be identified with 
geometrical variables. For this reason SO(4) is said to describe a dynamical symmetry of 
the hydrogen atom. It contains the geometrical symmetry SO(3), generated by the angular 
momentum operators £;, as a subgroup. 

It is essential to note that the SO(4) generators are obtained by restriction to bound 
States. For continuum states E is positive and the sign inside the square root of (14.14) 
has to be changed in order for M’' to be Hermitian. But then the sign on the rhs of 
(14.16) changes and the identifications of (14.21) are no longer possible. It turns out 
that the dynamical symmetry group in this case is isomorphic to the group of Lorentz 
transformations in one time- and three space-dimensions, rather than to the group of 
rotations in four space-dimensions. This is expressed by the notation SO(3, 1). 


14.3 The Energy Levels of the Hydrogen Atom 


It now is comparatively simple to find the energy eigenvalues. We define the quantities 


T=3(L+M') and K=4(L-—M') , (14.22) 
which satisfy the commutation relations 

Ueelg |. laggy: . (14.23) 

[K; Kj]_ =the, By, (14.24) 

ea ae. (14.25) 

(7, H])_=[K,H#]_=0 . (14.26) 


Because of (14.25) the algebras of the I;, and K;, are decoupled; therefore each J and K 
constitute a SO(3)- or SU(2)-algebra, and we at once realize the eigenvalues to be 


Gas 5 eS hes. - (14.27) 
Ke =ke+ 1h? , €=0,4,1,... . (14.28) 


Relations (14.23)—(14.26) show that the SO(4) group is of rank 2, because one operator 
J; and one operator A’; form a maximal system of commutating generators. Thus there 
are two Casimir operators which may evidently be chosen to be 


P=i(L+M'? , and (14.29) 
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=4ii-mM'y . (14,30) 


Alternatively they may be chosen to be the sum and difference of 7? and K?: 


Q=P+k?=4(0?+M") , (14.31) 
Co=P—~K2=E.M' . (14.32) 


Equation (14.9) shows that Co = 0, so that we should only deal with that part of SO(4) 
for which 12 = K?. Thus i =k, and the possible eigenvalues of C; are 


Cy =2k(k+1h? , k=0,4,1,... . (14.33) 
Transforming (14.31) by taking into account (14.14) and (14.10) yields 

Ci = i (Ue = tM’) = —pK2/4E — sh? , (14.34) 
so that, using (14.33), the energy eigenvalues are found to be 

E = —px?/(2h?(2k+1)?] with k=0,4,1,... . (14.35) 


Note that one is allowed to use half odd-integer values for 2 and k; as we soon will 
see this does not yield any contradiction for the physical quantity L = 1+ K. Using 
the triangle rule we see that / [in [2 = i+ Dh] can have any value in the interval 
1+k = 2k, ..., |i — k| = 0 (subsequent values differ by steps of one unit). Obviously 
lis an gcse as it should be in the case of the orbital angular momentum. Also the 
degeneracy of states is reproduced correctly: [, and K’, can each have 2k+1 independent 
eigenvalues, and therefore there are altogether (2k + 1)? states. Also, in the preceding 
chapter we recognized that L is an axial vector, not changing its sign on space inversion. 
But it is apparent from (14.7) that M is a polar vector, which does change sign. We 
thus expect that states characterized by the symmetry generators L and M need not have 
well-defined parity. This is actually the case, since states of even and odd / are degenerate 
in the hydrogen atom. 


14.4 The Classical Isotropic Oscillator 


The three-dimensional isotropic harmonic oscillator is described by the Hamiltonian 
H=p/2m+hkKr? . (14.36) 


A particular classical orbit is an ellipse with semiaxes a and b. The major semiaxis forms 
an angle a with the z axis (see Fig. 14.2). As in the Kepler problem, H and L are constants 
of motion with values given by 


E=4K(a?+b’) and (14.37) 


L2=mKa?b? . (14.38) 


The fact that the orbit is closed again suggests that there is some other constant of motion 
that can also be used to characterize the angle a. But comparing the corresponding figures, 
(Fig. 14.1 and Fig. 14.2) there is a striking difference: In the Kepler problem the centre of 
force is a focus of the ellipse, whereas in this problem it is at its centre. 
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Aa 
ch 


Fig. 14,2. Orbit of the classical 
harmonic oscillator. Centre of 
force in the middle of the el- 
lipse 


x 


Therefore the directions OA and OP are not equivalent in the Kepler problem, and 
the minor semiaxis is not a symmetry element. In contrast, in the oscillator problem both 
directions along the major semiaxis as well as the minor semiaxis are good symmetry 
elements. We thus expect that the additional constant of motion is not a vector (as in the 
Kepler problem), but rather a quadrupole tensor. We get 


Qey = gaa” — b*) sin2a , Qyz = Qzz =0 
Qo = $a/V3(a? +67) and Q; = dala — 47) cos 2a . (14.39) 
As already expected from Fig. 14.2, the tensor components remain unchanged if a is 


replaced by a + f, or if a and b are interchanged and a is replaced by a+ sTp at the 
same time. 


14.4.1 The Quantum Mechanical Isotropic Oscillator 


Since the quantum mechanical problem separates in cartesian coordinates, the energy levels 
are easily found to be 
En =(n+3)hVK/m with nengtnytnz , 
ay Tey Wg = 0,1, 2, (14.40) 
Obviously the states are $(n+ 1)(n+2)-fold-degenerate. The parity of the states is positive 
or negative, depending on n being even or odd. Thus the only possible values of / are just 
n,n —2.... down to 1 or 0, and each / occurs just once. It can be shown that in SU(3) it 


is possible to construct a Casimir operator from L and the quadrupole tensor. Using the 
spatial representation one can find the relation 


C = Lt? + mK Mh a?)(Qy + Qe + Qe + Q5 + Qi) 
2 
=-3+ 5h? (Vike? +p'vinK) (14.41) 


If we express the quantities in brackets in terms of the Hamiltonian, we find that 
C=-3+4m/Bh?K)H? . (14.42) 
Substitution of the eigenvalues (14.40) yields 
C = $(n? +3n) (14.43) 


for the nth eigenvalue. Since SU(3) is of rank 2, there are two Casimir operators, which 
can be characterized by two parameters \ and pt, and which take on the values 0, 1, 2, .... 
The general expression for one of the Casimir operators in terms of these parameters is 


C= S007 + Apt 2 4343p). (14.44) 


Comparison with (14.43) shows that only the representations of SU(3) with (), t) = (n, 0) 
are realized by the isotropic oscillator. The situation here is somewhat analogous to that 
in the hydrogen atom, where only the representations of SO(4) with ¢ = k are realized. In 
contrast to the hydrogen atom we have seen that there is no parity mixing in the isotropic 
oscillator, since the | values in each degenerate state are either all even or odd. This is 
to be expected, because all eight generators, i.e. the three components of L and the five 
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components of the quadrupole tensor, do not change sign on space inversion. The group 
theoretical classification of the isotropic harmonic oscillator plays an important role in the 
explanation of the structure of light atomic nuclei in the framework of the shell model!. 


1 
ed. (North. Holland, Amsterdam 1972). 
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14.1 Energy and Radial Angular Momentum 
of the Hydrogen Atom 


Problem. Derive relation (14.2). 


Solution. In spherical coordinates the Hamiltonian (14.1) 
is given by 
2 L2 
qa 4 or (1) 
2p Qpr2 . 

At the aphelion r, and the perihelion rp the radial mo- 
mentum is p, = 0, so that we have two equations for the 
total energy: 


L2 
= Se (Aphelion) . (2a) 
Zee arn 
2 
E= zeae — (Perihelion). (2b) 
2uT5 Tp 


If we divide (2a) by Te and (2b) by r2 and then subtract 
them from each other, the unknown angular momentum is 
eliminated, yielding 


E(ratrp)=—-« . (3) 
By subtracting (2) directly we have, in addition, that 


L? 
aa +Trp)=KTaTp - (4) 


With the help of the peecie tical relations rg = at f, 
rp =a—f and f = (a? — b”)!/?, we find that 


Patp =a? — f? =p. (5) 
Equations (3) and (4) thus yield the desired result. 


TptTa=2a and 


Bee: ¢ (6) 


L’*= 2uKTaT pra t+ Tp) = unb?/a = pra(l — e) en) 


. J.M. Eisenberg, W. Greiner: Nuclear Theory, Vol. III: Microscopic Theory of the Nucleus, 2nd 


EXERCISE = ae 
14.2 The Runge-Lenz Vector 


Problem. Show that the Runge-Lenz vector can be written 
in the form 


M = KeTp/Tp, (1) 
where rp is the vector directed from the centre of the 
ellipsoidal orbit to the perihelion, and e is the eccentricity. 


Solution. We start with (14.3). Since M is a constant of 
motion, we can evaluate the rhs for r = rp and, because 
of the relation L =r X p, r, p and L form a right-handed 
system of vectors at every point of the orbit. At the perihe- 
lion r and p are perpendicular, that is, p x DL is oriented 
in the same way as r. This can easily be seen using the 
general rule for double cross products: 


pxL=px(rXp)=rp*—p(r-p) , (2) 
yielding 
(p X L)p = pp” = rpL*/r2 (3) 


at the perihelion. With the help of (3) we have, using rp = 
a—f=a(l—-e), 
1 
“ xX D)p = pit). =PpK(lt+e/rp . (4) 
Mp 
This enables us to write the desired equation for M, ice. 


Mt = “(px Dp — TP = neZ 3 (5) 
Pp 


EXERCISE Ei ei es Ey eee 


14.3. Properties of the Runge-Lenz Vector M 


Problem. Derive relation (14.6). 


Solution. First we prove (6a) by writing 
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1 
L-M=—L-@XxL)~"Lxr 
Tr 


=-<(r X p)xr=0 (1) 


because a mixed product including two identical vectors 
always vanishes. Next we establish (6b) through 


1 
M? = —(p x L)? — 27 (px L)-r+ 02 
ls yr 
1 
= —5[p?L? —(p-L)?|—2(r x p)- L + 6 
f per 
1 
= Fy) 21? + 6? ; (2) 


because again p- L = p:(r X p) = 0. The first two terms 
can be combined to produce 


D “ 
M? Se? (5-5) +62 
2 
=-E’H+n7 = EL? +x? (3) 
LL 


EXERCISE Es 
14.4 The Commutator Between \/ and H 


Problem. Prove the quantum mechanical relation 


fat 


[M, H]_=0 for ae end 
wag 
~ 1 Be = as i P 
M=—(p xX L—L x p) —c— 
2p iP 


Solution. Since we only have to deal with operators in the 
test of the exercises in this chapter, confusion is hardly 
possible so from now on for convenience we drop the 
operator sign. It is well known that the above Hamil- 
tonian commutes with the angular momentum operators, 
[H, L;]_ = 0, for all 7. Next we calculate two auxiliary 
commutators, necessary for the subsequent calculations: 


[lle Se [bs =| 


= ihe (3:2 me 31) =~ihe-= , (1) 
T T 


r 


= k 


Es Eri] SOL ROE oe) 
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Now we have 


i 
394 {Oe} 
6; ee 


&: ryx2 
= my ips ete) oj 
k T iP li 


Tyr Ly ay) 
— DO EOE 
and therefore 
Gps 2 2 cow ee 
zs Ent = Vij (-3+4a-3 Ena) (2) 


For the commutator in question we have 
1 
[M;, H]_ = 2, |” x L-LXp);, H\_ 
—c[S,H]_ , 3) 
5 


and the second commutator can be further reduced yielding 


which just corresponds to (2). The first commutator is then 
treated in the following way: 


[px L—Lxp);, H)_ 
=) eijellojL, —Ljp,), A) (4) 
jk 
Since H and L commute, H can be brought into the left- 
most position [note (1)] so that 
pj Ly H — Lip, 
= pjHLy — LjHpy + iheLs 


J epee) 
= Hp; Ly, — HLjp;, + ithe 7 30a k 


r 


Now we insert L; = an Ejmntmpn and the analogous 
expression for LD, and find 


(px L—-L*xp);, 184 = pe e Eijk 


jkmn 


X 4Ejmne& pee 5 
gmnt&mPn 7S oes Ekmn&mPn . (5) 


To proceed further we use the simply derived auxiliary 
commutator 


=| = ip, ( Skn _ 3 2ktn 
[Pn Be | th ( ne oa ro ) 
and thus we have 
[(p x D-LExX P)is ell = = —(ih)? c SS Cijk 
jkmn 
Imp LiL 
x {€imn a5 i tooled On 
= (ih)? c SS sjhejmk— 3 
jkm 
43Gh)"e > egpejmn— (6) 
jkmn : 


Doan EijmnZmIn Vanishes for all 7, as can easily be seen 
by explicit notation, since [rz,,, £,]_ = 0 in the last term of 
(6). The indices 7 and k may be interchanged in the second 
term of the first sum, yielding (by use of €;,; = —e;;,) the 
first term of this sum once again. Now we have 

y igh jn ay On 


jkmn 


Bain) 


= —2ce(ih)? oS (dkm4 on 5knd im) =m On 


kmn 


2 : 1 
= 2th)? (3 v4 — la) | 
if k if 


using the relation 


De Sone = Sjmokn = 8jn km ’ (7) 


i 
which can easily be verified. The second sum in (6) can 
be simplified with the “ of this relation, too, 1.e. 


—(ih)? c 3 €iskEjmk = 3 
jkm 


zr 
= —(ih) 76 1(5i55jm — bim55) < 


Collecting all the contributing terms, we find on the one 
hand, using (6), that 


i 
3, ex E- 2X iis HI 
Ca. mel ie 
= —(ih)” (3 = —9i ea E21 (8) 


and on the other hand from (2) that 


Adding Egs. (8) and (9) yields [M;, H]_ = 


RRS ——__e_—X—X—X—X—X—SS———_————_——————S oe ———_————E———EE———— See) 


14.5 The Scalar Product L - 


Problem. Prove the quantum mechanical relation L- M = 0, using the definition of M 


given in Exercise 14.4. 


Solution. a) We have L- a = 0 since 


Lait = SS Eimn®mPn— 


Le 
- => €imnPntm— +ih VE Buea caoken oe . (1) 


imn imn imn 


Since Lm Ejimn& mz; = O, the first sum vanishes, as does the second because of €;mm = 0. 


b) Furthermore we have L-(p x D) — 


L-(L x p) = 0 due to 


SD sape hs (p; Ly, = Ljp,) = = Sg a Eigk(EkmnPj™MmPn zs EjmnZmPnPk) 


igk t jkmn 


Es dL 2D (Sim4jn a bindjm)PjomPn — 


t gmn kmn 


dH aS (Skmé in 


= b4n°%m)ZmPnPk 
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=k, Lif Dosey — PjXjPi — TjPip; + nipsp)} (2) 
a j 


(in the last transformation we have changed the summation index from & to 7). Using the 
commutation relations for x and p, [p;, x;]_ = —ih6;;, we end up with 


2 
» Lf Ss (vj2ip; — PjLjPj — LjViP; + 2;p3) } 
a i 


2 
= : oon fae 6 arab a aaa 9 ft v; ps 
= y Eimntm| Pn Pili Pj — PnPy Pi Pn TyPi Dy Pnvi 7 

ijmn ( eH oe re Pe hae 
Lip; —ihd;; piv; +ih6é;; pie; +ikd;; LiPn—Ihbn; 


> cin | Pnzj ps — 1hé;;Pnpj — Pnpipjzj — hd; pnp; 
a 


igmn 


Lipn—ihbin 
= PnPi UyPy — thpndi;p; + vy PnP5 —th bj #) 
= 0 aftersum = 0 aftersum =0 since 
over n,t over m,i Eimi = 0 


2 . 9 . 
»S fa Ti PnPG—th bai DF — 1hb;;Pnp; 
aamn . G 
J = 0 aftersum = 0 since 
over i,m Gone = 


= Pn Pipjtj — 1hb;;pnpj — ihn) 


= 0 aftersum 


over n,t 
= D0 €imntm(—3ih6;;pnp;) = 0 (3) 
ijmn 
since 
> bi5Pj yee bis Eimn@t=mPnPi = a ae Dy Pee =0 , 
j imn m aa 


Note that )°,, 6,4 = 3, and that the last sum vanishes for the same reason given for the 
case of the position operators in Exercise 14.4. 


EXERCISE SS er 
14.6 Determination of 12 


Problem. Prove the quantum mechanical relation Va = 2H /t (he +h?) + c?. For the 
definition of M see Exercise 14.4. 


Solution. First we prove the auxiliary relation 


(LX p)i = dl ikeizeL jpn = > eijeppl; tih eee hae 
jk jkm 
(p< Lie inp. (1) 
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using Bah EjkiEjkm = 26im and the well-known commutation relation [Z;, pe]. = 
ih Yom EjkmPm: Hence we find 


1 2 
M? = {yy XE-Lxp)— 2} 
2h ie 
1 c oe oa r? 
= —A(p x L —ihp)* — = Pp) L-ihp)+?— . (2 
pp? (p ihp) Bes wD aes mS inp)t+e"> . (2) 
The first quadratic expression on the rhs yields 
(p x L —ihp)’ = (p x L)’ —ih(p x L)-p—ihp-(p x L) — h?p’ 
These terms are now evaluated separately [see Exercise 14.4, Eq. (7)]. First we obtain 


(p x L)? 


i 


OL, eh yisharniny Oeniies 


wgkmn 

=, ORCS em ot am 
jkmn 

= @jLepj Ly — py Lyppl;) 
jk 


Using 0, Lepp = ieee EkmnZmPnPk =O, the second term vanishes, while in the first 
term the commutation of Ly and p; yields 


272: 272 
= 3 i cM rg pes a ee (3) 
gk jkm 
with the last sum again vanishing. Furthermore we have 


p-(px L)=) ecjupipjb, =0 , (4) 
Be 


which is the same for the classical case, whereas 


(px L)-p =) exsnp;Lyp; 


ijk 
f dy 
= eigkPppiLle tih So €ijgpekimPjpm = 2ihp?  , (5) 
ijk ijkm 


since the first sum vanishes and the relation Doh Cae = 25;m may be used in the 
second sum. Collecting the terms yields 


(p x L —ihp)? = p?L? — 2h)? p? — h2p? = p*(L? +2) (6) 


The further terms are treated as follows: 
Tr Le 

(px L)-- =)  éijnpjLe— 
iP Gh r 


Zi; : Lm 
= D> cigkPj— Le ale CijkEkimPj— 


ijk igkm 
5 bij Lis va fe 
= D1 fijk— Pi Lk —ih DL eijgk— = a Le + 2ihp- ef 
ijk ijk 
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(using the commutator [z;/r, L,]_ =ih 0, €ikm2m/r in the penultimate line), 
The second sum, however, vanishes since ¢€;;, =O and Da Ejjeti2; =O. Substi- 
tution of Dons €ijk tip; by Ly yields 


r | 
(p xX D)-- = 
a 


r 


Altogether we find that 


inp (7) 
E iP 


Z 3 , fio eee lL) Tr 
- = Jip) = — lh pe 2 
(PX e ihp)+(p X L —ihp) se WI Esr S (P Pape 


and, using p-r/r = r/r +p — 2ih/r, we get 


2 2 


272 Deere 
=-[* — =-(L* +h (8) 
ie r(ih)2 = ) 
Collecting all these partial results we end up with 
M? = 4p 1? +h?) — £2 (02482) 42 
(21) pr 
and therefore 
2 
om? =* (F-£) (1? +n?) toe, M? = =H (1? +h?) tor, (9) 
w\2n or be 
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14.7 Proof of the Commutation Relation for (Mi, (bg | 
Problem. Prove the commutation relations 
[M:, Lj = ih Y eijn My 

k 


Solution. It is convenient to verify the relation explicitly 
for its components, e.g. 


1 , 
pe r = 
1 


ap 2 gf 
+iT Lyre — Poly) +e (Zy= = ~Ly) . (1) 
We have 


and 
Pzelbyby = Lypzly —ihpzLly , 
and therefore 
PyLzLy — pzlyLy — LypyLz + LypzLy 
=1h(prLy — pyLz) 
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In addition, 
Lypz — prLy = —ihp, , and = = 21, = ae : 
ror r 


using the commutation relation [L;, py]_ = ih 1, €ikmPm 
already mentioned in Exercise 14.6; thus we obtain 


ae . : 
[M;., log = 1 @ely — pyLy Sie) = ihe 
=in iin (2) 


What we still have to prove is that, e.g., [Mz, Lz] = 0. 
Continuing, we write 


1 
Fe ol ip Ls] 
m P 


1 
pPybele = pzlyLy = LypyL;z ne Lyp,Ly) 

TA 
Cig be (1.= x = Lz) (3) 
Lt if if 
which leads to 


= L,pyL, —ihp,L, +ihpyLy, , and 


pzLlyL, = PzLzLy —ihpzL, 
=LzpzLy + ihpyLy —ihp,L, , 
yielding 
PyLzLyz - pzLyLz —- LypyL,z + LzpzLy = ; (4) 


Furthermore L,p,;—p,L, =0, but also L,2/r—2/rL, =0 
(since [x,/r, L;}_ =ihk Dy €:;n04/7). So we end up with 


[Migs Ue) Se, (5) 
The remaining commutation relations can be derived by 
cyclic permutation of z, y, and z. 
EXERC (SE 
14.8 Proof of the Commutation Relation 

for [M;, fal ale 
Problem. Prove the commutation relations 


[M;, Mj]_ = 2BA Yes ly 
k 


Solution. As in the preceding problem we proceed by 
proving it for its components. 


M,M, — M,M, 


= {2@ x = itp), —¢ 
av 
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KH’ 
SSS 


il : 
x {<P x L itp), ~¢ 
z {<@ x E-itp)y ~¢ 
pb 


(1) 


3/8 31S sI[e 
———— 


1 : 
x {2@ x Ein), ~ 6 


KHS—’ 


1 . : 
= pa Pubs = Dzly —ihpz)(pz Dz — pr Lz — ihpy) (2a) 
1 , : 
+5 [Yoyb, — ped ~ itp) 
alia 


— (pyLz — peLy — ifipe)” (2c) 


‘ x 
= lot. — pels — ihpy)— 
pb r 


z 6 
ca —(zbe = he ihpy) : (2d) 


After performing the multiplications in (2a) and (2b) we 
end up with 18 terms. All terms created by multiplica- 
tion with ihp, or ihp, cancel (maybe one has to commute 
terms). This leaves 


“ay LzpzLyz — pyLzprlz — pzLypzLz + pzLyprL, 
—pzLzpyLz + pzLzpzLy + prLzpyLz — prLzpzLy). 
We have 
PyLzpzLe = pypzbrzbz +ihpypzLy 
= pzlzpyLz+ihpypzLy —ihpzpzLz , 


pzLlzpzly = PzpzLzLly = ihpzpyLy 
= pzPzLyLz — ihpzpyLy + ihpzpz Lz 
= pzLypz Lz — ihpzpyLy + thpzpyLy 
—thpzprL, , 


PeLzpyLz = PrPyLzLz = Wippopiee 
= PyLzprLz = ihprpzLz = thpypyLz ’ 


PzLyprL,z = PzPzrLlyL, —ihpzp, Lz 
= Pelzpzly i ihpspzLz + ihpzpeLlz ’ 
so we obtain 
ih ; 
pe (ypety _ pele a PzPyLy +prLz 
iy ee lby, em slp i 
— PzPzblz — Prhz — Pybz — Pzbhz + pzPrbz 


= ae Lz (3) 


for (2a) and (2b). Now consider the remaining terms of 
(2c) and (2d), which lead to 


zx i f £ 
pzLyz— — przLz— —- ihpy— = lee 
r r P iP 
W . y x 
+pzLy= +ihp,— iy Shelly + Seslbe 
P iP r r 
ae: y sa 
tih=py +p, L,—2p,Ly—ihZp, . (4) 
P r iP r 
Here we find 
z y 
oF Sty = Ps =0 ’ 
r Pp 


wl cog! 
7 Pr Ye 


349 


: z z : 
“pe +ihyz/r? and — Py = ~~ Py — ihzy/r? . 


The differences of the terms remaining in (4) may be sim- 
plified with the help of 


ag ay 8g sn, d8S 
pzlyz- =p,—-Lz= = pele +ih— Ly > 
P iF r iP 


yy uy y 72 Ye 


x i ay 
=Pslz— = Se thpy— 
Tr i Tr 

1 2x2 


= — ppl, +ih € 2 =) inp. 
‘e iP ip 


r 
y y , x 
—pyLz- = —py-L, +ihkpy— 
Py a Be Zz Eu 
2 
ee) ct ee oe 
= — a Pyl: +ih (> = Ly Tihpy— 


r 


This leaves the remaining terms as 


x ae og ag 
Dh ed oe —pzLyz + —Pprlz 
rT Tr rT Tr 

y YY y 
— pylbz— + pzLy= +=pyb,+ =p, Lb 
Py Zs Pz ua poe Zz Bez y 


I Z z 
- a Ly +=py — {pe ’ (5) 
PF r ie 


and we have 
tL, —yLy = —ih (2(yd,z0y) + y(zd2 — Poy) 
= —thz(yO, — rdy) = —zL, 
Substituting xp, — yp, by L, we can transform (5) into 
1 wee 
ih { = = (2 +27 +y*)L,+ mai + 2, =ih-L, (6) 
ie if iP rT 


Collecting the partial results (3) and (6), we end up with 


Jb jig c 2ih 
[M,, M,\_ = met (E) L,+ te 
WG eB 
au = - =) a 
7 
=-2i-HL, . (7) 
bb 
[M,, M,]_ = 0 is evident, and the remaining commuta- 


tion relations are derived by cyclic permutation. 
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a 
15. Mathematical Excursion: Non-compact 


Lie Groups 


SS SS Se EE Ee eee 


15.1 Definition and Examples of Non-compact Lie Groups 


Compact and non-compact Lie groups differ from each other in their essential properties 
(which will be discussed later), so we should investigate the group quality “compactness” 
more fully. 

A Lie group is compact, if its parameter range is compact. This non-topological def- 
inition is somewhat simplified, but is perfectly adequate for our purpose. In the case of 
parameter ranges that are subsets of R”, this means, owing to the theorem of Heine-Borel, 
that the parameter range has to be closed and bounded. 

As an example we consider SO(3): every element of this Lie group can be written as 
exp ( — ifL), where = (¢z,¢y,¢,) stands for three real parameters. As discussed in 
Sect. 1.9, the parameter range of SO(3) is the set of all rotation vectors ¢ whose endpoints 
lie within a sphere of radius z, so that |@| < x. A sphere is a compact set, and therefore 
SO(3) is compact. 

The case of SU(2) is similar; its elements are given by 


exp (F¢ . ) = COS @ ll —isin ($) n-o (ISI) 


(with the unit vector n = ¢/|¢| = @/¢). Because of the periodicity of sinz and cos z, 
we need only a range |¢| < 27, and thus the rotation vectors @ fill a sphere with radius 
2x. Another proof of the compactness of SU(2) will be given in Exercise 15.1. 

As the first example of a non-compact Lie group we take SU(1,1). To understand the 
definition of this group better, we turn to the definition of the Lie groups SU(n) once 
more: these are unitary n x n matrices (n lines, n columns) with determinant 1. For 
U € SU(n) we thus have Uf = 07!. 

Now let us consider the action of the transformation U on an n-dimensional vector 
Dae ae ce with complex components z; (i = 1,...,n). We get a vector Z’=UZ 
and 

yo? =(2')'2' = Zotz = ZtZ = |Z? 


(because Ut = U-'). Thus every matrix of SU(n) transforms n-dimensional complex 
vectors in such a way that their norm is conserved, where this norm is defined as 


Z| = Vlei? +--+ + len? 
As we have 


|| Z|| = VZtaz , (IS) 
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where g is the so-called metric tensor, we get such a norm if the metric tensor is just the 


n-dimensional unit matrix, i.e. 


9 = Wn) 


As a generalization of SU(n) one can now define the Lie groups SU(p, q) (with 
p+q=n), which transform n-dimensional complex vectors in such a way that a norm is 
conserved, but this is now defined in a different way: 


This norm corresponds to the metric tensor 


aie 
a= ( o ty} 


(15.3) 


For U € SU(1,1) we thus have 


i 
2D) 


z1 a [Z] : 112 12 2 2 
=U . with |z1| — |z9| = |z1| = | 


Furthermore, U-€ SU(p, q) has the determinant 1. 


SRS ELSE Eee ee eS 


15.1 Representation of SU(2) Matrices 


Problem. Show that every 1 € SU(2) can be written as 
3 


U =ugdo +i) upon (uy ER; 60 = ay) 
k=1 
with ue + ut + ud 25 ug = 1, and prove the compactness of 


SU(2). 


Solution. We use (15.1): 
U =I(9) cos (¢/2) — in - & sin (¢/2) 


3 
=59 cos(¢/2) ~i S> nyo, sin(¢/2) 
k+1 
Bis 5 
U =ugd0 +i S URC ; 
=I 


with ug =cos(¢/2), ug=—ngsin(d/2) , 


3 
=> 7 ug = sin? (4/2) > np = sin? (4/2), 
sal k 
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because |n| = 1, 


3 
=> ug t+ )> u? =cos? (4/2) + sin? (¢/2) = 1 
ik 
This is the surface (topologically, the boundary) of a 4- 
dimensional unit sphere and is therefore a compact set, so 
the SU(2) is compact. 


EXERCISE bn ee a 
15.2 Representation of SU(1,1) Matrices 


Problem. Show that every U € SU(1, 1) is a complex 2x2 
matrix with 

and detU = 1 

b) U = uj dq + 0161 + vgGq +ivgs3 


(vy EIR) , with Th ty = op eee = 1 


Why is SU(1,1) not compact ? 


Solution. a) As the norm is to be conserved, we have 


IS = VZ'gz' =/ztotgoz=/ztez , 


whence follows: 


UtgU =g 
With 


it follows that 
U's3U = 63 


det U = 1 is necessary, because U € SU(1, 1). 


a a b 
b) LeU = (4 : 
Stary a Oe 1 an 
UN @ | = 


4 ee —cc* a*h—c*d 
© ab" — ca" bb = dd" 


It follows that 


ioe d= 
Jal? — |c|* =1 
|d|? — |b? =1 


(C) 


der) ad — be (BD), 


(A) x a yields 


a 
c 


) 


b 
d 


0 =|a\2b — ctad > |a|2b —c*(cb+1) 


With (E) we get from (A) 


Thus 

ee (OR) 
b(a* — d)=0 
a =a 


) 


thus 


) with a,b, c,d € C. This leads to 


) 


Hence, 


2 a 6b 
a= (5 ‘) 
With a=a+tiy, b=z+it, 


ee a) 
CED eee) xr—ly 


=r6y+ 26, —tog+1yG3 , 
Le. with vg = x, v] = z, vo = —t, v3 = y. 
vg = ve - vs +03 =22% ty? — (2? Ae) = lal? — [o|? 


E B 
Praia? 1 


The range with ve - ve - v3 + ve = 1] is a non-bounded set 
and therefore is not compact, so SU(1,1) is not compact. 


EXER iim EE Ee eee See 


15.3 Non-compactness of the Lorentz Group 


Problem. Show that the proper Lorentz group L (Exercise 
3.4) is not compact. 


Solution. The 6 real parameters of L are the rotation angle 
w and the rapidity € = (9/|G|)tanh7!|6| with 6 = v/c. 

Now, the magnitude of the relative velocity v between 
two coordinate systems is always smaller than c, which 
leads to 0 < |B] < 1. This yields 0 < tanh~! || < oo and 
thus also 0 < || < oo. So the parameter range of L is not 
bounded and therefore is not compact. 


Remark. Here one can see that it is very important to use 
the correct parameters to check compactness. In the single 
components of the rapidity €, the Lorentz group is additive, 
by which the non-boundedness is immediately obvious. In 
the components of the velocity 8, however, we have a 
complicated law of addition, which makes the proof of the 
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boundedness much more complicated. One can show that 
|G| = 1 is not an element of the Lorentz group! 

Now we come to another class of non-compact Lie 
groups, the groups SO(p, q) (with p+ g =n), which are a 
generalization of the special n-dimensional rotation groups 
SO(n). 

Whereas U € SO(n) transforms a vector 2 € R® in 
such a way that ||x|| = Vx" is conserved (i.e. § = 1(,)); 
SO(p, q) transformations leave invariant the norm 


The determinants of the SO(p, q) transformation matrices 
ane ae 

As is well known, proper Lorentz transformations leave 
the quadratic form x? + y? + 22 — (ct)? invariant and can 
thus be described by SO(3,1). The non-compactness of 
the Lorentz group (cf. Exercise 15.3) is therefore a special 
case of the non-compactness of all Lie groups SO(p, q) 
(with p, q#0). 


EXERC SS) =i a ena 


15.4 Generators of SO(p, q) 


Problem. How many real parameters has a Lie group U € 
SO(p, q) with p+ q =n? Find a set of generators and show 
that the resulting infinitesimal operators (comp. Sect. 3.13) 
can be represented as 


a ‘ 0 O 
Li; =1 (sg 215) 5 


(ORS) OE = yee andi,j=pt+l,...,n 


forz=1,...,p andj=ptl,...,n 
Solution. For infinitesimal transformations we have 
U = Hn) ap SU, 
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where SU may contain only infinitesimal real parame- 
ters. With 2 = Ux (x € R") it follows from norm- 
conservation that 


OT 0x = 9+ 6079+ 950 + O(5U) £5 
Because g/ = G, this leads to 
jou = (EGU 
The following ansatz is very helpful: 

pe Aue 
6U = (4 A) 


(for example, B is also a p X q matrix), 


= 90=( “4 “)+- 960)" 
ao eT 
=(“ar br) 
It follows that 
Al == Ae = pea on 
Thus SU has the following form: 
st=(fr @) . 


where A and C are, respectively, real antisymmetric p x p 
and q x q matrices, and B is an arbitrary real p x q matrix. 
So the number of parameters is 


for A: p(p —1)/2 
for C: q(q — 1)/2 


for B: pq 
Together, 
1 1 5 
5 Ip? + 2pq+q? — p—q| a (p+ 9) —(p+4q)| 
1 
=5n(n —1) 
(n=p+q) 


Thus SO(p,q) with p+q = n has as many parameters 
as SO(n) (comp. Exercise 3.17). Now we determine the 
generators. Let 


0 2D —1p 
" @12 
A=| - 
—~4p—-1,p 
.A1p oiens ap-1,p 0 


an antisymmetric matrix. Then the corresponding generator 
is 


SAnige A 
Oot 
= rr fOR (tat = Lees at 
lee 
Analytically, 


(St), = i (—6,161; + 654i) 


t= leer: tee and t.9 — |e 72) 


Ina completely analogous way one gets for the generator 
of the matrix C 
(So) éj =1(—6,562; + 57564) 


Cag pale. me eand 7.7 = 1G. it) 


The remaining part of SU can be parametrized as follows: 


(ar 0) 
BT 0 


by p+ b1 ptg=n 


= by pt] bp.p-+¢ 


b1 pt] bp. p-+1 


bi p+q=n bp,p+q 
Correspondingly, we have 
(S71) = i (5,154; + 57554) 


(Ge Nyocog BS UH De ovo oeiligy = Lewy). 


Now the infinitesimal coordinate transformation can be 
written as 


=a, -i do si) >> (anSf), 
qe Pell 
(r<t) 
eC  < oB 
2 OE, eH8g) cE OS (br15%2) ., 
eee rast, 


Hence, we get the following infinitesimal operators he 
(Baie Porat — olen and air, 


a ee re) 
Liyt =i YS fa) De non 
ee ore Ne = Ok 


k+1 gel 
% 0 
= SO i( 61:15 + 675615) 25 5— 
ne One 


In an analogous way for r,t = (p+1),...,(p+q=n) and 


Ps ad Cae O 6) 
1 zi evi (e ge - a 

i & Ocrt ea Ox, " Ozt Or; 
For r=1,...,p and ¢=pt+1,...,n the minus sign is just 


replaced by a plus sign: 


jie Ree er | eee eee 
x Obi si=0 OTk Ox, "Oxy 


The commutators of these infinitesimal operators can be 
calculated easily knowing that [0/0z;,z;] = 6;;. 
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15.2 The Lie Group SO(2,1) 


In order to have a simple and clear example in mind, we concentrate in the following on 
$O(2,1), ic. p = 2 and g = 1. Here we have three generators (Lj9, £43 and L93) and their 
commutation relations 


[f12, £13] =—ibos , [Lr2, £3] =ifig , (£13, £03) =ilw . (15.4) 


However, usually we use not these three generators, but the following: 


ee eee | So wae ses 
Je Li i Gs “u5) ( ) 


(this choice is allowed, because the Lie algebras {Lo3, £13, £19} and {fo3, £13, £19} are 
isomorphic; see Example 3.20). 
Now, the commutation relations adopt a very suggestive form: 


ogdill= 1d, > inden ; [ea : (15.6) 


But for the minus sign in the first commutator, these are just the well-known commutation 


relations of SO(3) ( [J Ae i j] = 1k Eijk i ;)- Formally one gets the commutation relations 
of SO(2,1) from those of SO(3) by making the replacement 


ieee Iai 4 erate : ie ee IL. 
(However, this projection of the real Lie algebra of SO(3) on the real Lie algebra of 
SO(2,1) is no isomorphism, because imaginary coefficients are used.) 


This relation between SO(2,1) and SO(3) makes it possible to recognize immediately 
that SO(2,1) is not compact, because the group elements of the SO(3) transform as follows: 


Ss 


exp = (Je + yd + ards) — exp (nde + aa — ia. J) 


The first two terms in the exponent of the SO(2,1) group element are responsible for the 
fact that the absolute value of the group element is no longer bounded. Hence, it follows 
immediately that SO(2,1) is not compact. 


NES a re 


15.5 Casimir Operator of SO(2,1) 


Problem. a) Determine the Casimir operator of SO(2,1). 
b) Express this Casimir operator in terms of 


7. tid, and J, 


Solution. a) SO(2,1) has rank 1 and therefore only one 
Casimir operator. This Casimir operator is given by (comp. 
Sect. 3.9) 
C=93¢) i ae 

ij 
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where g’? is the inverse Cartan metric tensor: g@ = (9:3)? 
In its turn, gj; depends on the structure constants Cr 
(recall that [J;, J;]=i>, Cijr Je) as follows (comp. Ex- 
ample 3.9): 


915 = >> Cit C jn 
kl 


For SO(2,1), because Cj;, = —C,ix, one has only three 
linearly independent non-vanishing structure constants: 


Oe 231 Cig = 1 


All structure constants with two or three equal indices van- 
ish, and so g;; can easily be determined. For example, we 
have 


911 = >, CreiCin, = C193C132 + C132C 193 
il 


=2(—i)(-i)=-2 


= 1) i nO 
C= | re) 2 ae 
0 Le iP 


Hence, C= = (—7? — de + Je), or, if one suppresses the 


factor 1/2 for convenience, 

6-7 P+ 7 

b) We get 

5, 5_= 52+ 3? -i[5,, 5] = 52 + 32 - 9, 
and thus 

OS (i See aie Pf 
Alternatively, 


ake Suede at bea] =J2+J?+J, 


> C=-Jip+ P45, 


From these two representations of the Casimir operator in terms of J,, J. and J, one 
can deduce important consequences for unitary representations (i.e. a =)J; for: =a, 9,2) 
of SO(2,1). As in the case of the unitary representations of SO(3) one can choose the 


corresponding states to be eigenstates of C and J,: 


O|Xa)=X|Xa) , J,|Xa) =a|Xa) 


(15.7) 


with real numbers X and a, because C and J, are Hermitian for unitary representations. 
In the case of SO(3) we had the relations X = 3(j + 1) and a = m, and by this we got 


(j <9) 


j(g+1)—m(m+1)>0, thus 
X-—a(a+1)>0 with xX >0 


(15.8) 


This yielded —j < m < J, and so the existence of a finite number (= 27 +1) of different 
states |X9,a = m) for a fixed Xo = j(j + 1) was demonstrated. Here one speaks of 


finite-dimensional irreducible unitary representations. 


The relation for unitary representations |X a) of SO(2,1), which is analogous to (15.8), 


can be found as follows. 
We know from Exercise 15.5 that 


Go er pee i= C+ J? = J, 
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Now, J_ = nce which leads to J4J_ = Jiiey. But this means that J; J_ is a positive 
definite operator, because applying it to an arbitrary state |b) yields 


(vlF+FL Ww) = (ele) = 0 


with |p) = Ft ly). From this it follows for eigenstates |y) with (F, ED) lx) = bjx) 


(xlF+F{ lx) = b(xlx) > 0+ b> 0 
(6 is real, as Dell is Hermitian). In particular, when applied to |X a) we get: 
J,J_|Xa) = (-C+ J? — 5) |Xa) =(—X+a(at1))|Xa)_ , 


ie. |Xa) = is an eigenstate of J,J_ with the eigenvalue —X + ala 1) Oo In an 
analogous way it follows from Exercise 15.5 that 


ae ale 6 aye 
and thus 
mee reel) ea) 
Altogether we have 
=i aamae le), (15.3) 


As C is Hermitian, X is real. However, contrary to the case of SO(3), one cannot say 
anything about the sign of X, because here C is not a sum of positive definite Hermitian 
operators. 

The relation (15.9) has an important consequence for the dimension of irreducible 
unitary representations of SO(2,1), because for both positive and negative X the value la| 
has no upper bound. Hence, it follows that for every X there is an arbitrary number of a’s 
and so we have an infinite-dimensional irreducible unitary representation. The fact that 
the compact SO(3) possesses finite-dimensional, but the non-compact SO(2,1) infinite- 
dimensional, irreducible unitary representations is not pure chance. On the contrary, one 
can show that the following theorem is valid: 


i) Every irreducible unitary representation of a compact Lie group is finite dimensional. 

ii) A coherent, simple, non-compact Lie-group permits no finite-dimensional unitary rep- 
resentation except the trivial one (where all generators are represented by the unit 
matrix). 


We notice that SO(2,1) is coherent (ie. possesses a coherent, connected parameter 
range) and also simple (see Sect. 3.3). 


But let us return to the irreducible unitary representations of SO(2,1). The relation 
(15.9) furthermore states that the j in X = j(j +1) need no longer be an integer or half- 
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integer number. Again, the reason for this is that there is not always a breaking condition 
for a which gives a relation between a and X or j. Therefore one distinguishes between 
discrete and continuous series for X. In the latter, X can adopt arbitrary real values within 
a certain range. For details, please refer to the literature 1; we mention here only a special 
continuous series, namely that with X < —1/4. With X = j(j +1), this leads to 


2 


1 a! 


Therefore one chooses here 

gz —-l/2t+ik , kER . (15.11) 
Then we have 

X = j(j +1) = —k* - 1/4 


Because of —X > 1/4 and (15.9), for every fixed k, a has to fulfil the condition a(a+1) > 
—1/4. But as we have 

( £1)+5=( +3) 20 

a(a ome 


(for a € R), arbitrary real a are permitted. However, as shown in the literature, adjacent 
values of a differ by 1; this can be derived from the properties of J, and J_. 


15.3 Application to Scattering Problems 


Continuous series such as 7 = -} +ik are predestined for the group-theoretical treatment 
of problems in quantum mechanics, where continuous (energy) eigenvalues appear: for 
example scattering problems. The procedure will be outlined in the final exercise. 


1 L.C. Biedenharn in Non- 


compact Groups in Particle Physics , 
ed. by Y. Chow (Benjamin, New 
York 1966) p. 23. 


LR, SS aaa Se SSS SSS eee 


15.6 Coordinate Representation of equation 

SO(2,1) Operators Oi) CE ie) 
Problem. Determine the explicit coordinate representation 
of the SO(2,1) operators C’ and J, in polar hyperbolic 


(with Je|jm) = m\|jm)) 


Solution. The following differentials are to be calculated: 


coordinates: 

2 9,009 06 a 
z=rcoshecos¢ y=rcoshesind dz OrOr Ox00 Ox Od 
27 sink a) 0 

= wel == 
pel: -wm-.9-< co;0-o< 27. Oy Oy 

(Why do J and J, not depend on r?) Then perform a sim- Using the inverse transformations 


ilarity transformation 6 + 0O0-! with 0 = cosh!/? 0 
and find the coordinate representation of the eigenvalue r=aVarty*—2z2 , 
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o =sinh! (2/22 +y2 — 2) 
gatan—'(y/z) , 


one gets for these differentials 


3 Od sinhpcos¢ O sing 0 
—= = h Rl as ae a6 
Aa cosh ocos ¢ Or eS Oo rcoshgd¢ 
a . ,O sinhesingd 0 cosd O 
By = C00 QUID ye SE Gi Seer: 
-: QO  cosho 0 
oS eae r de 


and, hence, 


Thus these SO(2,1) generators are r-independent. This is 
clear insofar as in the given coordinates we have for r = 
const. (i.e. no r-dependence) 


az +y? — 2? =r*( cosh? 9 — sinh” 9) 
=r” =const. 

Thus the two coordinates 9 and ¢ alone completely param- 
etrize a domain of R® (a hyperboloid), which is invariant 
under SO(2,1) transformations. Therefore the generators 
J4 and J,, with whose help these transformations can be 
executed, have to be r-independent, too. (The analogue to 
this is spherical coordinates (r,6, ¢) with r =const. in the 
case of SO(3), whose transformations leave the surface of 
a sphere invariant.) 

The similarity transformation with U = cosh!/ 20 only 
concerns the operator (0/0g), because (0e¢/0¢) = 0. The 
transformation is 


6) ONG 1 6) 
Esc: eee A hi/2 p> -1/2 
Do aad ( a cos 0 ry cosh 0 
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1 6] 

5 tanh 9g + Fy 

(This similarity transformation is convenient, because the 

volume element for the byperolog, x? - y? — z* = const. 

(calculated with the norm |r|? = 22 + y? — z?) is propor- 

tional to cosh o. So the essential part of the Renine element 

is included in the wave functions »! = cosh!/? oy so that 

one can use a volume element proportional to do d¢ for 
integrations.) Thus we get 


ae i OQ 
(eee oct 
z=Jd,= 156 
OQ OQ 
hoe +id os hi h arty ees 
Jy =e E an 0 (5 isn) 
and so 
C= i ee 
_@ a /ag? +1/4 1 
~ Oo? cosh” 9 4 


To solve the eigenvalue problem 
C'lim) = 5(G+Vlim) , Flim) 
we make the following ansatz: 
(06|jm) = Ujm(o)e™? 


This immediately solves the second eigenvalue equation. 
Substituting for C in the first equation yields 


(-% m2 — 1/4 
do? cosh” 9 


= mljm) 


ane ie iG +1)+ ;] Ujm 


But this is just a one-dimensional Schrédinger equation 
(with h =m =1) for the so-called Péschl-Teller potential 
V(@) = —Vo/ cosh” g 


with strength Vo = m? — 1/4 ! The eigenenergy of this 
potential-problem is E; = —(j + 1/2)°. Using the contin- 
uous series (15.11), 7 =1/2+ik (k € R), one gets 

E;=Eyj =k? >0 , 
and can thus treat the scattering problem (E > 0) for 
the Péschl-Teller potential in a group-theoretical way. The 


infinite-dimensional irreducible unitary representations of space dimensions and other potentials are given in the lit- 
SO(2,1) (ie. & fixed, m variable) describe a scattering erature ?. 

roblem with fixed energy k? and variable nti 28 
P BY potential m 2 Y. Alhassid, F. Girsey, F. Iachello: Ann. Phys. one 167, 


1/4. — 181 (1986); J. Wu, F. Iachello, Y. Alhassid: Ann. Phys. N.Y.) 
Generalizations for scattering problems with up to three 173, 68 (1987). ; 
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